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Address of the President 
Sir William Bragg, O.M., at the 
Anniversary Meeting, 30 November 1938 

According to our honoured custom I preface this annual address by 
references to those of our Fellows whom death has taken from us during the 
past year. 

Akthuk Hutchinson (1860^-1937), Emeritus Professor of Mineralogy in 
the University of Cambridge and lately Master of Pembroke College, was 
elected a Fellow of the Royal Society in 1922. He had served on the Council 
from 1932 to 1934 and was a Vice-President for the year 1933-4. 

While still young Hutchinson made a name for himself by brilliant 
researches on the chemistry and crystallography of stokesite and other 
minerals. He devised a stereographic projector and a slide rule which are 
much used by students of crystallography: and he was skilful in the con¬ 
struction of crystal models and lecture-room apparatus. As a teacher in the 
University of Cambridge he was highly successful: though it was not until 
1926 that he became Professor of Mineralogy, his work had long been of 
professorial standing. When the use of X-ray methods from 1914 onwards 
opened up a new crystal science, he at once attached himself to its ways and 
aided its development. He designed liis instruments afresh. He devoted 
his energies towards the organization of his Department to meet the 
altered needs in teaching and research. He was a devoted servant to 
Science, an excellent investigator, an able teacher and one of the kindest 
and most loyal of friends. 

Geoeoe Henry Falkiner Nuttall was horn in San Francisco in 1862. 
He was educated in England, France, Germany and Switzerland, and to 
this cosmopolitan upbringing he owed his ability to speak several languages. 
He returned to America in 1878 and obtained the degree of M.D. at the 
University of California in 1884. Nuttall’s scientific work covered a very 
wide field; in addition to several books, he published numerous paj)er8 on 
bacteriology, serology, hygiene, tropical medicine and parasitology. His 
outstanding achievement was the discovery that the blood and other body 
fluids of animals possess bactericidal power, a discovery which laid the 
foundations of all work on serum antitoxins. In 1904 he published his 
classical monograph Blood immunity and blood. rekdionaMp; this investi- 
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2 Agnniveraary Address by Sir WiUiam Bragg 

gation has dearly demonstrated the existence of a distinct similarity 
in chemical structure of the blood in animals which are related phylo- 
genetioally. 

Nuttall was elected the first Quick l^ofessor of Biology in Cambridge 
and he held this Chair until 1931. He was elected a Fellow of the Royal 
Society in 1904, he was Sc.D. of Cambridge and had received honorary 
degrees from five other universities. 

In 1901 Nuttall founded the Journal of Hygiene and in 1908 Parasitology, 
both of which he edited with great distinction. He died suddenly in London 
on 16 December 1937. 

Louis Napoleom George Fiuon died on 29 December 1937 at the age 
of 62. Apart from three years at King’s College, Cambridge, as one of the 
early “advanced students his whole academic life was spent at University 
College, London. His contributions to applied mathematics were in the 
classical field and particularly in the theory of elasticity. His patience and 
thoroughness and his skill in algebraic manipulation qualified him well for 
work in this field, and his physical insight led him to choose problems of 
importance and significance. His most notable contributions were the 
principle of “generalized plane stress” which he enunciated early in his 
career, and the subsequent application of this principle in the development 
of photo-elasticity as a practical means of expressing stress distribution. 
His researches are contained in nearly sixty books and papers published 
throughout the course of a very busy life, for he was also an able and en¬ 
thusiastic teacher and took a very active part in the administration of his 
University. 

Ho was elected a Fellow in 1910 and served as Vice-President of the 
Society for 1936 and 1937. 

Aeebed Barton Rendle, who died in January of illness contracted on 
his way to attend the Jubilee Session of the Indian Science Congress, was a 
botanist esteemed abroad and at home for his knowledge, judgment and 
helpfulness to others. 

When Rendle entered St John’s College, Cambridge, in 1883, an interest 
in plants, encouraged at school, led him to study botany. He graduated in 
1887 and was appointed in 1888 an Assistant in the Botanical Department 
of the British Museum. In a very short time the quality of his work had 
brought him a request from Berlin to write a monograph on a family of 
plants for the Pflamenreich, and similar appeals on behalf of the Index 
Florae Sinensis and the Flora of Tropical Africa in this country. Permitted 
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by the Trustees of the Museum to comply with these requests, Rendle 
showed his readiness to help others and incidentally added to the prestige 
of the department, to the Keepership of which he was promoted in 1906. 
His judgment was subjected to a more searching test, and earned corre¬ 
spondingly enhanced appreciation, during his service from 1906 till 1936 
as an active member of the Editorial Committee of the International 
Laws of Botanical Nomenclature. The Royal Society, to which Rendle 
was elected in 1909, has reason to know that systematic botany was not 
the only subject to benefit from his exact knowledge and impartial judg¬ 
ment for, from 1913 till he died, his service on its various committees 
was almost continuous and he was a member of the Council during 
1929-31. 

Sir James Criohton-Browne, who died on 31 January 1938 at the age 
of 97, was the oldest Fellow of the Royal Society. For many years he 
occupied a unique position in the profession of medicine. He followed the 
speciality of his father, who was a distinguished psychiatrist, arid devoted 
the greater part of his life to the study and the w^elfare of the insane. At a 
relatively early age he was appointed to the charge of the West Riding 
Asylum at Wakefield and at once instituted a study of the brain and its dis¬ 
orders. The pathological laboratory which he established there was the first 
of its kind in England, and under his guidance Wakefield became one of the 
most important centres of neurology in this country. The Reports which he 
published “to give stimulus to the arrangement and elaboration of material 
hitherto buried in case books'’ contained important papers by Ferrier, 
Hughlings Jackson, Clifford Allbutt and others, who at that time had no 
more suitable medium of publication. Later he took a major part in the 
foundation of Brain, After he had been appointed, at the age of 35, Lord 
Chancellor’s Visitor in Lunacy, his work was mainly administrative, but 
various reports, as that on the influence of early education on mental 
health, showed that he retained his earlier interests. He took great interest 
in the work of the Royal Institution of which he was Treasurer for thirty- 
seven years. He was elected to the Fellow^ship of the Society in 1883. 

George Ellery Hale (1868-1938). Hale’s memory is to be cherished as 
that of a most noteworthy leader in the recent advances of our knowledge 
of the phenomena presented by the surface of the sun. By his invention of 
the spectroheliograph in the early years of his youthful studies, he opened up 
a new method of recording photographically the contribution made by any 
selected monochromatic solar radiation (and hence of any chosen chemical 
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element) to the pictures of the features of the sun’s surface as scrutinized 
in ordinary telescopic vision. 

In 1895, he undertook the initiation and direction of the Yerkes Obseiv 
vatory of the University of Chicago, and carried the work forward for ten 
years with marked success. Before he had reached the age of 27 he had 
gained recognition as a leader, without a trace of self-assertion. Failure of 
health and the desire for better physical conditions of astronomical obser¬ 
vations led him to California, instigated by the prospect of the foundation, 
by the Carnegie Institute of Washington, of a mountain observatory for 
intensive study of the sun. On the summit of Mount Wilson he established 
a solar observatory with novel equipment of powerful instruments. With 
these he discovered definite indications of vortical motions in and about 
8ims})ot8, and was led thereby to look for signs of the Zeeman effect in the 
broadened lines of the sunspot spectra. The success of his design of the 
60 ft. tower telescoj)C with a 30 ft. spectrograph sunk in a vertical shaft 
beneath the tower, led him to design the 150 ft. tower telescope with a 
spectrograi)h of 75 ft. in a shaft 80 ft. deep. With this equipment sj)ecially 
designed for the purpose he proceeded to detect and measure the intensity of 
the general magnetic field of the sun, analogous to the earth’s magnetic field. 

The remarkable success attained by the use of the 100 in. reflector, 
presented by J. D. Hooker, in studies of the remoter nebulae encouraged 
Hale to take a prominent part in the colossal enterprise of the 200 in. 
reflector, which is now under construction. It is to our deep regret that it 
has not been given to Hale to see its completion. Hale became one of the 
Foreign Members of this Society in 1909, and was awarded our Copley 
Medal in 1932. 

Edwakd Meyrick, who died on 30 March 1938, was a very remarkable 
man and exerted an influence both as a classical master at Marlborough 
College and as a naturalist—especially as an entomologist—far wider than 
he himself probably realized. During his active life of over 83 years, he 
became recognized os the world’s authority on the microlepidoptera. He 
continued working until within a few days of his death and retained to the 
end his firmness and accuracy of hand and eye. 

It was no small satisfaction to him to see some of the boys, whose 
scientific interests he had fostered at Marlborough, become eminent 
scientists of later days. 

He was educated at Marlborough and at Trinity College, Cambridge, 
where he wag a Classical Scholar. After nearly 10 years teaching work in 
Australia and New Zealand, where he also studied the microlepidoptera in 
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his spare time, he returned to Marlborough as a classical master in 1887, 
and was the inspiring President of the Natural History Society for 25 years. 

An indefatigable collector and an accurate observer from his schooldays, 
he found the microlepidoptera an almost unexplored field for study, and 
during 60 years of intensive work described some 20,000 species, besides 
hundreds of new genera and several new families. His magnificent collec¬ 
tion of over 100,000 specimens, minutely labelled, together with his own 
excellent water-colour drawings, and a complete index in his small, clear 
handwriting has been presented, under his will, to the Natural History 
Museum. 

Meyrick revolutionized the classification of the lepidoptera, basing his 
rearrangement on structural characters, and enunciated three principles, 
now known as ‘‘Meyrick’s Laws’’, by which he was convinced the systema- 
tist must be guided. 

He became a Fellow in 1904. 

Jamks Ernest Marsh, who died on 13 April 1938, aged 77 years, was 
associated all his life with Oxford. From 1886 onward he was an active 
worker in organic chemistry, notably in the field of camphor and the related 
terpenes. Early to grasp the principles of space isomerism, he found a virgin 
field in these complex ring structures, and, in the case of the camphoric 
acids, was the first to obtain optically active, dexiro- and Ibevo-varieties for 
both the cis and tram forms of geometric isomers. 

In association with his students, notably with J. A. Gardner, he mode 
a very original and still interesting, though unsuccessful, attack on the 
problem of the constitution of camphor and turpentine. 

Stone preservation was the subject of a highly original little momoii' by 
Marsh in 1926. Regarding the decay as due most frequently to bacterial 
life in the stone, his remedy was based on sterilization by weak alkalies. 
An occasional good wash with soap and water he regarded as beneficial for 
the outsides of buildings as of men. 

In his Origins and growth of chemical science (1929) he stressed the claims 
of the British workers, Black and Boyle, on salt formation and the fixation 
of gases, as the real founders of a science of chemistry. 

Marsh was a keen yachtsman and good company both in work and 
leisure. His original and independent outlook wiU be remembered affec¬ 
tionately by the many who came under his influence at Oxford. 


The Cavendish family has always been conspicuous for the importance of 
its contribution and great devotion to public affairs. Victor Christian 
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WmiAM Cavendish (1868-1938), ninth Duke of Devonshire, was actuated 
fully by this family spirit. 

Part of his early manhood, after Eton and Trinity, was spent in London 
offices and chambers in pursuit of that particular type of knowledge which 
he knew would fit him more fully for the work of administering the vast 
estates which it was his destiny to possess. 

His political life began when, as Mr Victor Cavendish, he was returned in 
1891 as member for West Derbyshire in succession to his father—a seat 
which he held until he succeeded to the Dukedom of Devonshire in 
1908. 

The Duke’s interest in the north of England found one of its outlets in 
his Chancellorship of the University of Leeds. There he continued a family 
association with the original Yorkshire College of Science, founded in 1874. 
The first President of the college was his uncle. Lord Frederick Cavendish, in 
whose honour one of the original chairs of the university bears the name 
of Cavendish, He had been High Steward of Cambridge University from 
1923. 

One of the Duke’s empire services was his very successful Governor- 
Generalship of Canada from 1916 to 1921. 

After Canada post-war England claimed his unremitting attention. A 
year in Mr Bonar Law’s government as Colonial Secretary and a close 
connexion with the production of the Empire Exhibition at Wembley 
must have taken up a very great deal of his time, and it is characteristic of 
his methods that he quietly took on his shoulders a very large part of the 
financial strain of the Wembley Exhibition as principal financial guarantor 
without the public of the time being aware of it. 

It was in 1926 that the strain of public life took such toll of his energy 
that a sudden collapse compelled him to limit his public work very strictly. 
He was elected to the Fellowship of the Society in 1914. 

Abthtte Edwin Boycott, who died at the comparatively early age of 61, 
was an eminent pathologist and also a distinguished naturalist. He re¬ 
ceived his early scientific education at Oxford and completed his medical 
studies at St Thomas’s Hospital. Subsequently he held pathological posts 
at the Lister Institute and at Guy’s Hospital. He was Professor of Patho¬ 
logy at the University of Manchester 1912-14, and at University College 
Hospital, London, from 1914 until 1936, when he resigned owing to ill 
health. 

He was a partner with Haldane in researches into the causation of 
miners’ anaemia, of caisson disease, and of the accidents attendant on deep 
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diving and into the pathology of mountain sickness. The practical applica¬ 
tions of these researches have been of great advantage to industry, mcreaeed 
materially the depth at which divers can operate with safety and have led 
to a better understanding of acclimatization to high altitudes. 

Boycott’s best known researches in pathology are those upon the volume 
of the blood and regeneration of blood corpuscles in anaemias produced by 
various causes. 

Boycott was an ardent and single-minded investigator, whose influence 
upon his contemporaries was good and great. He was an artist in fine 
expression and gave a number of stimulating addresses. As editor of the 
Journal of Pathology he rendered valuable service to British pathology. 

His work in the domain of natural history was equally esteemed by 
zoologists. He was a recognized authority on the ecology of the British 
land and fresh-water molluscs, and his genetical researches into the in¬ 
heritance of sinistrality in the pond snail Limnaea peregra published in the 
Transactions of our Society in 1928 is regarded as one of the classics of 
genetical research. 

Boycott was elected a Fellow in 1914 and served on the (>)uncil 1929-31. 

Joseph William Mellob, born at Huddersfield in 1869, spent most of 
his early days in New Zealand. After graduation at the University of 
Otago, he was awarded an 1851 Exhibition Scholarship, which took him 
to the University of Manchester in 1899. Under Dixon he completed a 
number of researches, perhaps the most important being concerned with 
the combination of hydrogen and chlorine. His long association with the 
ceramic industries began with his appointment as lecturer in XKittery 
manufacture at Stoke-on-Trent. He was the first Principal of the North 
Staffordshire Technical College, buUt in 1914. 

Mellor played a conspicuous part in the progress of clay technology in 
Great Britain. He raised the status of the Ceramic Society from that of a 
local association to that of an international institution. He was quick to 
realise the imx)ortance of refractory materials to the well-being of an 
industrial nation. In 1909 he was closely associated with the formation of 
the Refractories Committee of the Institution of Gas Engineers which has 
been responsible in Great Britain for pioneer work into the properties of 
refractory materials. 

In 1937 he completed a monumental work, A Comprehensive Trmtiae on 
Theoretical and Inorganic Chemistry, in sixteen volumes. The achieve¬ 
ment is almost beyond comprehension. He wrote every word and every 
reference. 
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Mellor waa a man of great courage, ability and pertinacity. He was greatly 
liked; perhaps, to those who knew hinj, his greatest attribute was his 
loyalty to his work and to his friends. He became a Fellow of the Society in 
1927. He died on 24 May of this year. 

The official notification of the election of .John Jacob Absi. to the Foreign 
Membership of the Royal Society was delivered at his house in Baltimore 
on the day of his death, on 26 May, a week after he had attained the age of 
81 years. He was born near Cleveland, Ohio, into a family which came 
originally from the German Rhineland. He graduated at the University of 
Michigan and subsequently continued his studies in a number of the leading 
medical centres of the continent of Europe. He retiimed to the United 
States to hold, in succession, the Chaira of Pharmacology at Ann Arbor 
and Baltimore, the latter for 39 years. Of the researches in which he was 
engaged throughout his long career, those on the chemistry of the hormones, 
from epinephrine to insulin, will probably leave the most permanent mark 
in the history of science. He played a leading part in establishing both 
biochemistry and pharmacology as separate subjects of teaching and 
research in the United States of America, and had a powerful influence in 
promoting the development there of all branches of medical knowledge by 
experimental research. He was busily engaged in new researches, under¬ 
taken in his retirement, right up to the onset of his last brief illness. 

William Arthur Bone (1871-1938), a man of great energy and forceful 
character, made many important contributions to the chemistry of com¬ 
bustion, the constitution of coal and the analysis of reactions in the blast 
furnace. His work was characterized by great thoroughness, pertinacity, and 
experimental care, and was rewarded by the discovery of many interesting 
new features in the behaviour of gaseous mixtures on combustion. His 
early work on the slow combustion of hydrocarbons (1902-6) led him to hold 
tenaciously the theory that their oxidation occurred through successive 
stages of hydroxylation, to which view his experiments on the high tem¬ 
perature combustion of the simpler hydrocarbons lent further support. As 
Livesey Professor at Leeds University, he developed the technical applica¬ 
tions of surface combustion in collaboration with the late C. D. McCourt 
and was awai’ded the Howard Potts Gold Medal of the Franklin Institute 
in recognition of the advance in technology so made. 

As Professor of Chemical Technology at the Imperial College of Science, 
he built up a school of research, and with the assistance of his collaborators 
studied combustion at high pressures, reaching an explosion pressure as high 
as 10,000 atm. He discovered phenomena relating to the effect of nitrogen 
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in carbon monoxide explosions and proved that carbon monoxide could 
bum even when completely dry. He studied the initiation of detonation, 
the helical propagation of the head of detonation, and the effect of electrical 
fields on the propagation of flame. He started a series of researches on the 
constitution of coal in which field he became the foremost investigator. 
He proved the benzenoid character of the coal substance. He returned in 
later years to his studies on the slow combustion of hydrocarbons, publishing 
a series of valuable pajjers. He was elected to the Society in 1905, gave the 
Bakerian Lecture in 1932, and in 1930 received the Davy Medal. 

William Waixace (>ampbkill’s outstanding contribution to astronomy 
is his determination of the radial velocities of the stars. In 1890, when the 
radial velocities of only a few of the brightest stars were known, he designed 
a suitable spectrograph for the great telescope of the Lick Observatory, 
with which results of surprising accuracy were obtained. He embarked on 
the ambitious programme of determining the radial velocities of 2770 stars 
of visual magnitude greater than 5™ 60, and carried this through. It in¬ 
volved an additional observatory in Chile under Dr Wright’s direction 
with a similar 8j)ectrograph on a 36-in. reflector. 

The observations disclosed a large number of spectroscopic binaries. The 
peculiarities of the orbits of these stars threw light on the evolution of 
double stars. In addition they showed that the stars of earliest spectral 
type had large masses. 

The radial velocities were naturally discussed to give the motion of the 
sun among the stars. The direction agreed substantially with that found 
from proper motions, but the velocity of 19 km, per sec. was determined 
with much greater precision. Incidentally Campbell made the discovery 
that the early tyi>e or hottest stars had an apparent recessional velocity of 
4 km. iier sec. 

Campbell made six expeditions to observe solar eclipses and devised a 
beautiful method of showing the reversal of the Fraunhofer lines. In 1922 
with Trumpler he confirmed the verification of Einstein’s prediction made 
by the British observerls in 1919. 

He was elected a Fellow in 1918; he died in 1938 at the age of 66. 

Alfred Edwin Howard Tutton, who died on 14 July 1938, was elected a 
Fellow of the Society in 1899 at the age of 34. His scientific life was mainly 
devoted to a single research begun when he was a young lecturer in chemistry 
under Sir Edward Thorpe, and continued for 40 years. For 26 years his 
scientific work was carried on concurrently with the duties of H .M. Inspector 
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of Technical Schools in London, Oxford and Devonshire successively. In each 
of these centres he established a private laboratory in which he determined 
the changes in form and physical properties which are produced in the 
crystals of an allied series of compounds by the replacement of one metal 
by another. For this purpose he investigated a vast number of crystals of 
sulphates and selenates and their double salts. It was a striking example 
of persistence, patience and successful achievement. 

After his retirement from the inspectorship in 1924 he returned to 
another task begun many years previously and involving the greatest 
patience and accuracy, namely, the evaluation of the length of the imperial 
standard in terms of wave-lengths of light. 

Crystallography was the passion of his life. He published a valuable and 
comprehensive treatise on the subject. He also published some lighter and 
more popular work on ice and snow, to the study of which he devoted much 
time during holidays spent in the Swiss Ali>s. 

All Tutton’s w'ork was characteriased by great experimental skill and fine 
finish. 

In the death of Ern kst W xuuam Brown (186fi-1938) we have lost one who 
embodied the spirit of the older mathematical astronomy, that concerned 
with the motions of the planets. His name will stand as the culmination of 
a list, beginning with Newton and Laplace, of those who have attempted 
to explain the detailed motion of the moon. It is a problem that he mastered 
completely, though his work involved an almost unbelievable degree of 
elaboration moluding the evaluation of some ten thousand separate terms 
and the rejection of a still greater number. His Lunar Tables are now 
universally accepted as complete for the time being, and the fact that 
there are still minute discrepancies is left to provide future workers with in¬ 
teresting fields for speculation. In his later years he attacked with much 
success problems connected with the very peculiar motions of some of the 
minor planets. Brown was by birth a Yorksbireman. He learnt his subject 
at Cambridge, but soon afterwards removed to America. It was at Haver- 
ford that he began his great work on the moon and it was concluded when 
he later removed to Yale, where the remainder of hie life was spent. He 
had the very rare distinction of being a full member both of our Society and 
of the National Academy of Sciences. 

Basil Mott, born on 16 September 1869, died on 7 September of this 
year. When a young man Mott was an assistant to Greathead during the 
construction of the City and Southwark Subway, which formed the first 
I)art of the City and South London Railway. This work involved the 
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pioneering nee of the Greathead shield. So much were his skill and energy 
relied on that he became Greathead’s partner; and he operated the railway 
for the first eighteen months after it was opened in December 1890. He 
afterwards joined Sir Benjamin Baker in the construction of the Central 
London Railway, which was opened in 1900. These works and others which 
followed were the means of establishing the practice of deep tube tunnelling 
as an engineering method, and the process was thereafter applied in many 
other cities throughout the world. 

Mott was responsible, at first in j)artner8hip with Sir Benjamin Baker, 
and later in sole charge, for the widening of the Blackfriars Bridge com¬ 
pleted in 1909. In later years with his partners in the firm of Mott, Hay and 
Anderson he was responsible for a number of important bridges. Possibly 
the greatest of the works with which he was associated, and one which fully 
absorbed his time and his energies in his later life, was the Mersey Tunnel, 
the largest under-water tunnel in the world, completed in 1934. In 1925 he 
was chairman of a committee of engineers and architects which took the 
necessary steps for the preservation and safety of St Paul’s Cathedral. 

He was elected to the Royal Society in 1927. 

The Society records with regret the death of H.R.H. Prince Arthur of 
Connaught, K.G,, which took place on 12 September 1938. Prince Arthur 
was elected a Fellow on 26 March 1914 under the Statute providing for the 
election of IVinces of the Blood Royal: he attended a meeting of the 
Society and signed the Charter Book on 25 June of the same year. 

Rorbrt Ludwig Mono (1867--1938) was the second son of Dr Ludwig 
Mond, F.R.S. Like his father he was devoted to scientific research and parti* 
culorly to the advancement of industrial chemistry. When young he assisted 
in the investigations leading to improvements in the production of zinc by the 
electrolysis of zinc chloride and to the discovery of nickel carbonyl. This 
and later work on other carbonyls w'ere notable achievements. Yet his 
greatest contributions to the advancement of science were due to the en¬ 
thusiasm, good judgment and generosity with which he promoted other 
work than his own. Under his father’s early direction he designed and 
equipped the Davy Faraday Laboratory of the Royal Institution, and 
afterwards gave liberally to its support. He took a great interest in the 
foundation of the Maison de la Chimie in Paris, contributed largely to its 
funds, and served as a member of its Council He made generous gifts to the 
Norman Lockyer Observatory at Sidmouth. He carried on research into 
various problems of physics, chemistry and agriculture in his laboratory at 
Combe Bank, 
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Robert Mond did much for the archaeology of Egypt and Palestine. His 
discoveries during 30 years’ digging in Egypt now enrich many museums ; 
the treasures to he found in his own collection at his house in Cavendish 
Square make it one of the finest in private ownership. 

The value of his scientific and archaeological work was acknowledged by 
the distinctions which he received from learned bodies in many different 
parts of the world. He was elected to our Fellowship a few months ago. 


The past year has included many events which might well be mentioned 
in this annual address. One of them has, however, elbowed out most of 
the rest. The two numbers of Notes and Records which have l)egun a new 
enterprise contain interesting and informative accounts of our doings since 
last November. I believe that Fellows have appreciated this social and 
intimate addition to the publications of the Society, and that they will 
join with me in an expression of our gratitude to the officers who have 
produced it, and especially to the one who has on this, as on so many 
occasions, taken the lion’s share of the work. The doings of the Society are 
noted and recorded in this periodical more effectively than I could do in a 
Presidential address. 

I must now sjieak of an event which is surely uppermost in the minds of 
all who have received the nominations of Council for next year. We are to 
lose the services of Sir Frank Smith. You may be surprised at his decision 
not to seek renomination when we would gladly have kept him for one more 
year. It hapi)en8, however, that two more of our officers must step down at 
the end of next year, and Sir Frank has pointed out that if three were to 
leave at one time the business of the Society might be seriously affected. 
We cannot, therefore, ask him to stay. We must take advantage of the 
opportunity thus given us to tell him how grateful we are for the work he 
has done for the Society. His secretaryship has been distinguished by a 
rare exhibition of capable service. The place which the Society fills in 
public life, and its harmonious co-operation with other institutions are 
largely due to his wisdom and tact and his power to unite workers in a 
common effort. Indeed, it is impossible to think of what he has done for 
us, without reflecting at the same time that he has exercised his talents in 
a wider field, and that in the words that may seem simple but are full of 
meaning, he has been and is still I am glad to say a great public servant. 

I should like to add a reference to one very interesting matter. As the 
result of a discussion between Dr Kriiss, head of the Prussian State Library 
in Berlin, and myself, when we attended the International Documentation 
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Conference at Oxford in September laat—a diaoussion initiated by 
Dr Kruss—have lately received a letter from Dr Bosch»President of the 
Kaiser Wilhelm G^ellsohaft, inviting the co-operation of the Royal Society 
in some scientific enterprise which would advance science and, at the same 
time, promote understanding and good will. Dr Bosch asks that a few 
representatives from this side should be the guests of the Kaiser Wilhelm 
Gesellschaft for a week during this winter and hopes that we would play the 
part of hosts in return. During these interchanged visits, lectures would be 
given and consultations would be held; and it is reasonable to hope that 
some plan of a joint work would emerge. 1 feel sui'e that this gesture of 
friendliness will receive a warm welcome from the Fellows of the Society. 

I will now say a few words on a subject which seems to me to exhibit a 
greater im}X)rtance the more closely it is examined. 

In recent years the very great increase in the output of the results of 
research has placed our scientific societies in a difficult position. There is 
correspondingly more to be published, and, at the same time, publication 
costs have increased. Consequently, the societies’ finances are overstrained, 
and publication of worthy material is restricted. The Royal Society receives 
a Government Grant for }>ublication purposes, far the greatest part of 
which is passed on to other Societies. The grant is sufficient to meet only 
a portion of the applications for assistance that are made. 

There is another reason why the increase in output presses hardly on our 
societies. In order that a proper standard of merit shall be maintained, it is 
customary to submit eacli paper, when it is sent in, to one or more referees. 
Now the number of possible referees is limited, and is oven becoming rela¬ 
tively smaller as sjjecialization increases. I may take this opportunity of 
expressing the gratitude of the Society to those Fellows who spend so much 
care on the examination of the papers submitted to them. The Officers 
realize regretfully that they ask them for a considerable fraction of their 
time and energy. 

Our shelves display the effects of increase. As we look at the long rows of 
bound periodicals in our studies, we realize not only that many years have 
slipped past since we began to collect them, but also that their very appear¬ 
ance is an item of history. A long time ago they were comparatively small 
and thin. But they grew: they shrank during the bad years of the war, but 
socm resumed their increase, and of late they have swollen till they have 
become unmanageable and must needs be divided. Still the papers come 
pouring in, and the rate of flow even increases. It is all to the good, and a 
healthy growth which we do not want to check; but there are practical 
difficulties which invite an attempt to solve them. 
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It seems to me that when we tiy to oonsidOT this matter from pointa of 
view all round it, we are driven to seek for a precise answer to the questioiis, 
“Why do we publish ? Why do we submit papera and why does the Society 
print them, if they are good enough ? ” 

When a man submits a paper to the Society he is, in the first place and 
quite rightly, anxious for the satisfaction of showing what he has done to 
those who will understand it. Another reason which has certainly grown in 
strength of recent years is that he wants to establish his reputation and 
position. Doubtless, he has also the wish that his work may be of service, 
though this desire may be relatively less obvious even to himself. To the 
Society the opportunity for service is the principal reason; for it cannot be 
held that the Society exists in these days, only or even mainly, for the 
pleasure and profit of its Fellows. 

The existence of our Society depends on our belief that knowledge is to 
be obtained by experiment. In that lielief our founders of nearly three 
hundred years ago organized the rules and procedure on w'hich we have 
acted ever since. Their foresight has been amply justified; but they could 
not have imagined how far experiment would carry their successors and 
others who have held the same belief. We have been led to the discovery of 
a natural world of vast extent; and without limits that we can see. Every 
part of it is of interest and every item of knowledge that we find there has 
a bearing on what we think and do. As we see and know, the results of the 
exploration have already been immense; modern life has been profoundly 
affected thereby. The natural knowledge which the Royal Society set out 
to improve has become one of the greatest influences of these times. The 
Society and other bodies and individuals that have followed in its footsteps 
have, therefore, become possessed of certain most important opportunities, 
which are indeed duties. One of these is still, as it has always been, the 
encouragement of research, wisely conceived and well directed. A second 
is the preparation and presentment of the results of research, so that they 
can be sufficiently appreciated, and can be incorporated with understanding 
into every activity, intellectual or physical, to which they apply. We are 
not, as discoverers, responsible for the uses that are made of our discoveries. 
We ought not to claim, in my opinion, to be given the direction of affairs in 
which our discoveries play a great part simply on account of that fact. 
But we are, at least, bound to see that our acquired knowledge is rightly 
stated BO that it can be rightly used. We may also, as scientists, feel that 
we ought to help in putting knowledge to good use. This duty is actually 
discharged by numbers of men in these times. 

It is curious to think that the feeling of responsibility is of recent growth. 
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Thexe was even a time when a disooveiy could be considered a private 
possession, to be withheld from general knowledge if thought fit. Newton, 
Hooke, Cavendish and many others were often in no hurry to give to the 
world what they had found; they wore influenced by indifference, by fear 
sometimes, even by impish playfulness, as when truths were hidden in 
anagrams. They did not then look upon natural knowledge as an inheritance 
belonging to mankind, which, when discovered, ought to be shared. 

Rumford, at the end of the eighteenth century, was one of the first to 
accept and proclaim his responsibility, and act upon it, when he tried to 
apply the laws of heat to the economy of fuel. His first attempt in London 
was made at the Foundling Hospital. The Royal Institution, in its first 
form, was his attempt to give concrete expression to his idea. The founders 
of the British Association were urged in their work by a similar motive and 
were to some extent under the belief that they were repairing a defect of 
the Royal Society. The vigorous action of the Association in these days is a 
most commendable extension of its original purpose. The Royal Society 
undertakes a special part of the general responsibility. It is concerned with 
affording opportunities for the publication and discussion of original dis¬ 
covery, it also encourages discovery by the administration of funds en¬ 
trusted to it for that purpose. And, of course, it represents officially the 
scientific activities of the nation, acting as an adviser on such matters in 
public affairs. In this field it has full opportunity for the exercise of all its 
powers. This limitation of service does not free the Society from the need to 
attend always to the one great purpose, more fully realized of recent years, 
that of opening to mankind the new fields of natural knowledge. The new 
fields are not merely to be penetrated, they are also to be made public. 
There is, of course, a well-known saying that praises knowledge because it is 
useless. This cryptic statement would seem to be an ethical injunction to 
the researcher; it certainly does not mean that the most desirable know¬ 
ledge is of no use to any one but the discoverer. 

Even within the range of activities to which the Royal Society confines 
itself, in which contact with the general public is not often made, regard 
must be paid to the future exposition of discovery. Because the results of 
research have become so voluminous and so important, the manner of 
stating them, of arranging and storing them has also become important. We 
have to bear this in mind when we think of the arrangement on our shelves. 

At the present time, the volumes of our Proceedings and Transactions 
have a certain resemblance to a building site on which the contributors of 
materials have shot their goods: and it must be said that the shooting is 
often done without regard to convenience of subsequent handling. He who 
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would construct for himself a whole building finds it difficult to make use of 
the materials provided. Anyone who has completed a piece of research 
and hojHJS that it may be accepted and published by the Royal Society or 
any Society of learning, is in the first pla^^e at pains to describe what he has 
done, the methods he has used and the inferences that he draws from his 
results. The manner of telling his tale will depend on the purpose he has in 
mind. He may think that he ought to set out his facts in full detail, so that 
any reader who is interested shall at least find all that he wants. If he is on 
the threshold of research work, he will often be influenced by the desire to 
prove his knowledge and ability; and may be led to make his tale long and 
complicated. It is very likely that he has not before him a mental picture of 
the man for whom he is writing ; if he has, it is probably that of an expert, 
who is working in the same narrow region as himself, who knows all the 
techni(;al terms and is familiar with the hidden difficulties of the subject 
(which, therefore, must be discussed in full), and will pick holes if he can. 
It is true that writing of this kind is of the highest value: expert must talk 
to expert. 

Nevertheless, such writings make dull and difficult reading for the great 
majority of those who aici interested in scientific discovery. How few there 
are who can critically study a paper of a certain t 3 rpe is only too well known 
to our secretaries and the chairmen of our Sectional (Committees, who must 
find referees to judge its merits, and to referees tlieinselves who accept 
their often laborious task. When such papers are read at a meeting of the 
Society, the paucity of the attendance and the lack of good discussion 
are obvious and distressing. In fact, it has been found well to take vast 
numbers of such papers as read, and even then the discussion of the few 
that are left is often disappointing. 

It is on this accoimt that greater stress has been laid recently on the 
provision of opportunities for organized discussions, in which some impor¬ 
tant subject of recent development is considered by the workers in that 
subject. The discussion ranges over a wider field than that of a single 
worker’s account of his new discoveries. It is much more interesting and 
informing to the general body, as the very satisfactory attendances have 
shown. (Nearly there is a desire to understand the main purpose and the 
principal achievements of each growing subject. 

I believe that Fellows, and others, have welcomed the recent plan of 
publishing summaries of papers as an appendix to the Proceedings as soon 
as the papers ore received, publication of the papers themselves being 
deferred until approval has been given in the usual way. Not merely is an 
earUer announcement of discovery made on this plan, but the collection of 
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BummarioH presents the general trend of research to those who are not 
specialists. 

Summaries are the expression of a natural reaction to the difficulties 
caused by the growing specialization of research. They represent a certain 
recognition of the principle that discovery must be accompanied by exposi¬ 
tion, the principle that has been little regarded in past years, but now 
demands acceptance. 

The ideal summary is more than a mere digest or shortened form of the 
paper. It differs from the paper itself in that it is addressed to a wider circle 
of readers which may include the experts but contains also many others 
who should, in fact, receive the principal attention. For this reason it 
may be more difficult to write than the paper itself, because it must take 
into account the intei'ests and the understandings of those who will rarely 
read the original pafier, even if they could do so, but will gladly absorb 
the meaning and the information of the summary, especially if there is a 
connexion with their own work. When the summary is written with this 
wider view it becomes literature; though the pai)er itself may be no more 
than a record. 

Another reason for greater attention to the writing of summaries is 
that specialization quickly takes explorers out of sight of each other, and 
out of sight of the main body. It is natural for them to talk to each other 
only, and to forget everyone else. Consequently, it becomes difficult to 
incorporate their work into any general scheme. Also it is dangerous for 
researchers to be so far out of reach. It is natural for them to lose a sense of 
proportion and to imagine, each one, that his is the main line, or at least a 
very important line of advance. Who is to call a halt when this happens, 
unless the work that is going on is so far appi'eciated that a general opinion 
can be formed as to its advisability? It would, of course, be impossible to 
put the direction of all research into the hands of an elected committee or 
a dictator. Yet a certain degree of control is required, and this is best 
exercised by general opinion reflected in the minds of those who direct in 
various ways the expenditure of money on research. The only way to 
fficilitate the growth of a general opinion which is sound, is to insist that a 
general account shall be given which is intelligible to a sufficient number. 

These considerations tempt me to ask whether it is necessary that our 
Tmnsixeiims and Proceedings should contain so much as they do at present. 
When a new departure in experiment or theory is made, or a new fact is 
discovered, or a new correlation, it is right that a careful and complete 
explanation should be given; and if this is not too long, it is excellent that it 
should «qppeat in the Proce/tdings, If the novelty leads, as it often does, to a 
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Bteady output of observation, extension, confirmation and illustration, with 
many figures and bulky tables, there must come a time when complete 
publication to the world becomes unnecessary and even tiresome. What the 
scientific world wants is a general account of progress made, so that its 
bearing may be clear, A mass of details in continuation is of interest to 
other workers engaged in the same research, but very few others want the 
full account. The Proceedings should contain pa|>ers of original discovery or 
fresh departure; as regards continuation pai)ers, as they might be called, 
summaries properly written should be enough. Continuation papers should, 
of course, be preserved and at least be available on demand; still better, a 
few hundred fulhsized photograph copies could be made. This could be 
done at a fraction of the cost of printing, especially if the printing is difficult, 
full of figures and symbols. The Proceedings w'^ould then be much reduced in 
size, and would be more handy, interesting and useful. 

There is a further consideration of no small practical importance. A 
largely attended conference on Documentation was held a few months ago 
at Oxford. The subjects with which it dealt were of comparatively modem 
importance, but were clearly of the greatest interest in a number of places, 
[>articularly in patent offices, and in the libraries of industrial research 
associations. The summaries of papers in scientific journals came in for 
much adverse comment, comment which seemed to be entirely just. The 
point was that summaries were written for the ex})ert only, and were often 
barely sufficient at that. 

Finally, if the scientific worker is no longer to be content merely to 
observe and to ripcord, but also to share his knowledge with the world in 
general, he needs certain qualifications and a certain education which ore 
much less necessary in the more restricted field. He is dealing not only with 
facts but with men: his work enters the humanities. This is really a very 
great matter. It draws its importance from the tremendous consequences of 
the increase of the knowledge of nature which are now obvious. Lord 
Rayleigh has lately shown the absm*dity of the charge that scientific men 
are responsible for the evil uses that are sometimes made of their dis¬ 
coveries. But this responsibility is theirs, that they shall explain what they 
find so that their fellow-men know how they stand. The scientist cannot be 
expected to see that discovery is rightly used, but no one except himself can 
rightly describe it. It is not to be expected that the best use will be made of 
what is imperfectly understood. 

These are problems of tactics. They cannot be fully solved while school 
and college still maintain an artificial division between two forms of teach¬ 
ing, naming one of them science and the other humanities”. They have 
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far more in common than is generally recognized. There must, of course, be 
specialization, a divergence in the later stages. But the men of different 
types of mind must be kept together more than at present, so that when 
they meet in after-life they can understand each other. It happens too 
often now that the administrator makes mistakes because he cannot 
understand his technician’s advice, and the technician is incapable of 
expressing himself so that his administrator understands him. There ought 
not, in fact, to be a sharp distinction between the two. It is a fundamental 
point that humanities and science have joined hands in the service of 
mankind. 


Awards of Medals, 1938 

Professor Niel.s Bohr is awarded the Copley Medal. He has been for 
many years the recognized leader of theoretical atomic physics. His early 
work in 1913 provided the connecting link between Planck’s conception of 
quanta and Rutherford’s of the nucleus, and made it possible for the first 
time to constitute a consistent theory of spectroscopy. The development of 
this theory owes nearly as much to Bohr as did its inception. Among 
other things he invented the principle of correspondencie according to 
which quantum phenomena pass over into the classical as a limiting case, 
according to certain definite rules which Bohr laid down. This principle was 
of the greatest importance in the early days of the theory. 

Besides providing a rational explanation of atomic spectra, Bohr’s 
theory made it possible to give a satisfactory explanation of the structure 
of atoms, and in particular to explain the changes in properties which 
occur as we go from one element to the next in Mendelejeff’s periodic table. 
In doing so it provided an explanation of the shells of electrons whose 
existence had been proposed by J. J. Thomson. In the development of this 
theory Bohr’s mathematical ingenuity and his application of the theory of 
perturbation played a large part. 

When the principles of wave mechanics were initiated by de Broglie and 
Heisenberg, the latter of whom was a pupil of Bohr’s, Bohr took an impor¬ 
tant part in the development of the new ideas, and in transforming atomic 
theory to fit them. The view which is held at the present day of the relation¬ 
ship between waves and particles is very largely due to Bohr. 
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In the last few years Bohr has transformed the ideas held as to the 
structure of the nucleus by pointing out the intimate association of the 
particles which comprise it, and the necessity for treating them as part of a 
closely knit system more like a liquid than a gas. This fundamental idea 
has already had far-i-eaching effects, and is the basis of almost all present 
work. 

Although his published papers are of supreme importance, it is probable 
that Bohr's greatest contribution t/O physics lies in the influence which he 
has exerted over an enormous proportion of the leading physicists of the 
world. He possesses to an extraordinary extent the ability to draw ideas 
from minds which would otherwise probably never have produced them, 
and all who have fallen under his influence are conscious of his supreme 
power of inspiration. 

Professor Robert Williams Wood is awarded the Rumeobd Medal. 
The study of physical optics owes much to Professor Wood, who has been 
one of the leading experimenters in this field for the past 40 years. There is 
hardly a branch of the subject which he has not enriched by the touch of 
his genius. 

Before the advent of Bohr’s quantum theory, when our knowledge of 
the structure of atoms and molecules was very meagre, he had discovered 
the fine and continuous absorption of sodium vapour, the phenomenon of 
resonance radiation of gases and vapours, and the quenching of this radia¬ 
tion by foreign gases. These discoveries opened up rich fields of research 
and were of the greatest value to later workers in laying the foundations of 
the theory of atomic and molecular spectra. 

The elucidation of the phenomenon of resonance radiation demanded the 
utmost exjierimental skill and resource. Nothing less powerful than an 
improvized 40 ft. focus spectrograph sufficed for his work on\he remarkable 
t'esonance spectra of molecules! Even now one cannot but admire the 
beautiful and ingenious experiments on the independent excitation of the 
yellow sodium lines. 

In addition to his researches on the resonance radiation of metallio and 
other vapours, Wood investigated their magnetic rotation and dispersion. 
His work on the magneto-optics of sodium vapour both in the atomic and 
molecular state is now classical. 

More recent but belonging to the same domain of experiment are the very 
interesting discoveries of Wood and Ellett on the magneto-opiios of 
resonance radiation. 

Wood s mastery of technique is universally acknowledged. He has intro- 
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duoed many ingenious and striking devices to experimental method. These 
are too numerous to catalogue here, but I would mention Hi)ecially his 
method of the production of atomic hydrogen and his observations on the 
spontaneous incandesoenoe of substances in atomic hydrogen which led to 
the invention of the atomic hydrogen welding torch by Langmuir; his very 
efficient and now widely used method of observing Raman Spectra ; his 
6ohelette grating which has proved to be tlie grating par excellence for the 
investigation of the near and far infra-red; and his pioneer use of light 
filters in ultra-violet and infra-red photography. 

A Royai^ Mkdal is awarded to Dr Francis William Aston. Few cases 
are known to science in which an important development has remained so 
much in one man’s hands as has the study of isotopes, by moans of the 
mass spectrograph, in those of Dr Aston. Aston’s attention was drawn to 
isotoi)e8 by his work as assistant to Sir Joseph Thomson when the latter was 
working on the analysis of positive rays by the parabola method. The 
results for neon suggested very clearly that this element contained atoms of 
weight 20 and 22, but other explanations were conceivable. Aston attempted 
to settle this question by separating the two components. Fractional dis¬ 
tillation was carried out in an elaborate apparatus of his own devising and 
construction. A microbalance was devised to measure the hoped-for change 
of density, but the result was negative. Further attempts at separation by 
diffusion involving the construction of elaborate devices for repeating the 
diffusion process many thousand times gave inconclusive results. As is 
now known, this was due to inadequate mixing. After the war Aston started 
a new line of attack by improving the apparatus for the electromagnetic 
analysis of positive rays. Known as the moss spectrograph, his instrument, 
which depends on an ingenious focusing of the rays, was powerful enough to 
show that the lighter constituent of neon had a mass less than corresponded 
to the density of the gas as a whole, which was therefore a mixture. But 
the results went much further, and Aston found that not neon only but the 
majority of elements consisted of mixture of isotopes, in the sense already 
established by Soddy and others for certain products of radioactivity. This 
discovery profoundly altered men’s views as to the nature of the ordinary 
chemical elements. For one thing, atomic weights as ordinarily determined 
were seen to be merely weighted means and not fundamental constants. 
By various modifications of this method Aston was able to extend his 
experiments to cover the great majority of the known elements, and to 
establish the existence of hundreds of isotopes. In addition he was able 
to show that, with the exception of hydrogen, all the isotopes had nearly 
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integral atomic weights taking oxygen as 16. This result was of great im¬ 
portance in connexion with Rutherford’s theory of the nucleus. 

The later developments of Aston’s work are concerned mainly with the 
small deviations from this whole number law. Since on the theory of 
relativity mass and energy are equivalent, the mass of a nucleus is a 
measure of its internal energy, and the small divergencies from whole 
nimibera give the energy with which the constituent particles are bound to¬ 
gether. Using an improved mass-spectrograph capable of an accuracy of 1 in 
20,000, Aston has determined this bindingenergy with considerable accuracy, 
at least for the lighter elements. His figures have been checked in many cases 
by the results of atomic disintegrations, and, with similar measurements 
by Bainbridge, form an invaluable basis for the study of nuclear changes. 

By determining photometrically the proportions of the isotopes, Aston 
has been able to calculate “chemical” atomic weights, which in some coses 
have corrected those found by tlie older methods. Thus both in chemistry 
and in physics Aston’s work has been of outstanding value. 

A Royal Medal is awarded to Professor Ronald Aylmer Fisher. His 
contributions, both to the development of the logical theory of statistical 
methods and to the invention of efficient tools for the use of the experi¬ 
mental worker, have been of outstanding importance. Before Fisher 
entered the field (in 1912), the work of Galton, Pearson and their immediate 
pupils had widely extended the connotation of statistical methods, par¬ 
ticularly in biological research. Useful descriptive methods had been 
invented and reasonably adequate tests of sampling errors when samples 
were large (say, a hundred or more observations) were made available. As 
a result there was an enormous increase in the number of workers who 
applied quantitative methods to biological, medical and sociologioal 
problems. It may be said that in freeing the statistical methods of weak¬ 
nesses obvious a quarter of a century ago, Fisher has been one of the 
chief contributors to the improvement of the logical basis of statistical 
methodology. He has been the most important contributor both to the 
theory and practice of small sample analysis, and to the armamentarium 
of statistical tools for biological and technological research. His own 
practical contributions to the study of genetics have been neither few 
nor unimportant (bis treatise The Qmetical Theory of Naiwal Selection^ 
1930, and papers in the B Proceedings and Transactions of the Society are 
examples), but the scope of his work has covered a much wider field of 
scientific research interesting both the physical and biological sides of the 
Society. 
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The Davy Mbbal is awarded to Professor Gsobqe Bakgsb. He has 
been continuously engaged in research, mainly on the constitution and 
synthesis of natural products, since 1902. 

His two most important contributions to knowledge are linked together, 
namely, his work on the alkaloids of ergot and on the sympathomimetic 
amines. 

After his isolation (with Carr) of the alkaloid ergotoxine, to which the 
effect of ergot on the cot-k’s comb is due, he showed that the pressor bases 
from putrid meat were the products of decarboxylation of amino-acids, 
and included p-hydroxyphenylethylamine, derived in this way from tyro¬ 
sine. He worked out methods for the synthesis of p-hydroxyphenylethyla- 
mine and allied compounds, and proved that this compound and also 
histamine, the product of decarboxylation of histidine, occurred in extracts 
of ergot. 

One of the earliest systematic investigations of the relation between 
chemical constitution and pharmacological properties was the work which 
he carried out in collaboration with Dale on the sympathomimetic amines 
of the phenylethylamine class. 

He has made considerable contributions to our knowledge of the consti¬ 
tution of many alkaloids, including carpaine, physostigmine and yohim¬ 
bine, and also of many naturally occurring derivatives of amino-acids, such 
as carnosine, ergothioneine and methionine. Special mention may be mode 
of his work, carried out jointly with Harington, on the constitution and 
synthesis of thyroxine. 

The Darwin Medaju is awarded to Professor Frbdebick Obbek Bower. 
His main contributions to botany have been the intensive study of the 
morphology and affinities of ferns and allied plants. A series of papers 
published in the Transactions of the Royal Society and the Annals of 
Botany on the development of spore-bearing organs in the Pteridophyta is 
a contribution to phylogeny of great importance. In his book Origin of a 
Land Flora (1908) Bower discussed evolutionary problems with special 
reference to the Bryophyta and Pteridophyta : 20 years later he dealt with 
the same problem in Primitw Land Plants. His three volumes on ferns 
(1923-8) are a classic work on the affinities of members of this group and 
a most valuable source of information. 

In 1930 he discussed Size and Form in Plants, His latest book, Sixty 
years of botany in Britain, written in his eighty-third year, is in part 
autobiographical. Professor Bower has consistently devoted himself to 
a branch of botanical science in which he has long been regarded as a 
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leading authority. By his own researches and the judicial examination of 
recorded facts he has thrown light on the natural affinities of certain groups 
of plants. 

The Hughbs Medal is awarded jontly to Dr John Douglas Cockoeoft 
and Dr Ernest Thomas Sinton Walton. The discovery by Dr Cockcroft 
and Dr Walton that the transmutation of elements can be effected by 
means of artificially accelerated particles has opened up a new line of work 
of outstanding interest and importance. In previous experiments, initiated 
by Rutherford as long ago as 1919, the transmutation of several elements 
had been produced by bombarding them with the a-particles from the 
natural radioactive substances. In this early work it was thought that 
bombarding particles of very great energy were required to disrupt atomic 
nuclei. The development of quantum mechanical ideas to nuclear problems 
made it possible for the first time to see how charged particles of low energy 
could penetrate into an atomic nucleus, and, moreover, enabled calculations 
to be made of the jHobability of penetration. It was on the basis of such 
calculations that Cockcroft and Walton came to the conclusion that protons 
accelerated by moderate potentials, of the order of a few hundred kilovolts, 
should be able to effect the disintegration of the lighter elements. Duiing 
1930 attempts were made to disintegrate lithium by bombardment with 
protons using accelerating voltages up to 300,000 V. The results were at 
first negative but continued experiment, in which the apparatus was 
redesigned to give voltages up to 600 kV, was in 1932 rewarded with the 
suocessfid disintegration of lithium by bombardment with protons. Thus 
for the first time an atomic transmutation was effected by means entirely 
under the experimenter’s control. 

These experiments of Cockcroft and Walton gave a tremendous impetus 
to investigations in nuclear physics. Their work has been taken up in many 
laboratories and in many countries, and it has given rise to such a mass of 
experimental results as to form almost a new branch of science. 


The simultaneous sorption of carbon bisulphide and 
water vapour by activated charcoals 

By J. L. Lizius and A. J. Aluwakd, F.R.S. 

(Received 12 July 1938) 

The experiments described below were carried out in the sessions 1929-30 
and 1930-1, subsequently to the work on the sorption of CSg vapour by dry 
charcoals already published (Allmand and Lizius 1932 ), and formed part 
of a then projected detailed study of the effect of the prior sorption of one 
vapour or gas on the sorption of a second. A previous instalment of this 
work has already appeared (Chaplin 1934 ), but circumstances made it 
necessary to abandon the major programme. 

Three charcoals were experimented on, viz, A (an air-activated birchwood 
charcoal), B (a chemically activated pinewood charcoal), and C (a steam- 
activated coconut charcoal), of respective packing densities 0*205, 0*298 
and 0*490. They have been more fully sjiecified elsewhere (Hand and Shiels 
1928 ). The work comprised (a) the measurement at 25*^0 of the low-pressure 
isothermals of CS 2 sorbed on charcoals containing constant known amounts 
of sorbed H^O, and ( 6 ) in the case of charcoals A and JS, the measurement 
at 26® C of the effect of variation in the amount of sorbed HgO on the pressure 
exerted by a definite charge of CSg. 

Before proceeding to these experiments, it will be well to set out certain 
general and special conclusions drawn from previous work. 

( 1 ) The surface of a charcoal comprises areas of widely varying adsorption 
potential, and is normally covered with a charge of chemically adsorbed 
oxygen. Wlulst this charge can slowly be removed by evacuation at raised 
temperatures as a mixture of COg and CO, the surface is cleaned up still 
more effectively if the charcoal is allowed to adsorb some gas or vapour. 
As the oxides of carbon are displaced, so the quantity of vapour adsorbed 
progressively increases, and definitive results for the amount of adsorption 
at any given pressure of vapour are only obtainable when the gas displace¬ 
ment has virtually ceased (Allmand and Chaplin 19306 ). The amount of 
gas so displaced varies much from charcoal to charcoal, and the rate of such 
displacement dej)ends considerably on the vapour wliich is effecting it. 
Charcoal J 5 , a chemically activated produce, is looked on (Allmand and 
Chaplin x 931 ) as having its areas of highest potential occupied by adsorbed 
2n0 deriv^ from the ZnCl* used in its activation; the oxygen held on the 

[ 26 ] 
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areas of lower adsorption potential is removed with comparative ease during 
the preliminary outgassing; on the admission of vapour further gas displace¬ 
ment is negligible, and adsorption equilibrium rapidly sets itself up, the 
quantities adsorbed at low pressures being relatively small compared with 
other charcoals. Both charcoal C (steam-activated) and charcoal A (air- 
activated), when exposed to (X 5 I 4 vapour under similar conditions, show 
considerable gas disfdacement, accompanied by a progressive increase in 
adsorption (AUmand and Chaplin 19306). This ‘‘drift’* is particularly 
marked with A ; charcoal C not only arrives at the final equilibrium state 
more rapidly, but also takes up larger quantities of adsorbed CCI 4 under 
the same pressure conditions. A relatively high charge of adsorbed vapour 
acceleraiics the displacement of the surface oxides and the establishment of 
equilibrium (AUmand and Puttick 1930). 

( 2 ) If CSg be substituted for CCI4, charcoal B behaves as before, but with 
A and C two differences are remarked (AUmand and Lizius 1932 ). The 
amounts of COg displaced from the charcoal surface are considerably greater 
than is the case with CCI4, but there is no detectable “drifton the con¬ 
trary, a slight diminution in adsoq>tion was observed (self-poisoning). 
Secondly, the quantity of sorbate taken up by charcoal A is now greater, 
and not less, than that taken up by C. At the time, we suggested that CSj 
was able to break up the surface oxide complex more readily than CCI4, 
this being the essential process governing the degree of adsorption and 
therefore of drift, the actual rate of displacement of the COg, when once 
formed, from the oxidized charcoal surface being of minor importance in 
this connexion. Whilst still retaining the distinction between these two 
stages and their significance, we now are of opinion that a sterio factor is 
involved, that CSg molecules can readily penetrate to regions in the charcoal 
structure difficultly accessible to CCI4 molecules owing to their larger size, 
that charcoal A contains a relatively higher proportion of such regions than 
does C, and that the above differences between the reciprocal behaviour of 
the two charcoals and the two vapours thus find an explanation. 

The results of Chaplin ( 1934 ) on the displacement of the surface oxides 
trom charcoal by HCN, CCI 4 , and the two vapours acting together, seem 
capable of a similar explanation, one which forms a slight modification of 
his own views. He found that, whereas neither CCI4 or HCN alone could 
completely expel the surface oxides, this was readily brought about by the 
two vapours acting in conjunction. All his observations are consistent with 
the idea that a sufficient charge of CCI4 destroys quickly all the accessible 
surface complex, that HCN, whiph is less powerfully adsorbed, is only 
partly effective in this respect, but that its molecules can penetrate easily 



27 


Sorption of carbon bisulphide and water vapour 

into parts of the charcoal lattice relatively inaccessible to CCI4 and then 
rapidly break np the oxide layer to the limit of their ability (CS 2 would 
probably have a stronger action in this last respect)* 

(3) Water is well known to give sorption isothermals of type very different 
from those of substances such as CCI4 and CS^ (e.g. Allmand, Hand, Man¬ 
ning and Shiels 1929 a). Whereas the adsorption of the latter by charcoal 
over the whole pressure range can be explained satisfactorily on the basis 
of van der Waals’ adsorption on a complex surface of varying adsorption 
jictential, any ‘'activation energy of adsorption*' being due to the necessity 
of displacing the oxygen layer (Allmand and Chaplin 1931 , 1932 )* the 
sorption of water is, in all probability, a complex process, comprising 
physical adsorption at low and capillary condensation (very important with 
B) at high ])res 8 ure 8 , together with a third, intermediate, stage, of which the 
exact nature is not quite clear, but which is probably the production of a 
continuous film of liquid on the surface of the charcoal. Down to relatively 
low pressures, the heat of adsorption is the same as, or very little greater 
than, the heat of vaporization (Allmand and others 1929 a), but in the region 
of ordinary physical ad 8 ori)tion becomes considerably higher (Allmand and 
King 1930 ). 

The occurrence of a slow “drift” is very marked when determining a 
water-vapour isothermal, particularly on charcoals such as A and C. It is 
frequently accompanied by displacement (as in other coses, again 
particularly marked with charcoal A —Allmand and King 1930 ), is acceler¬ 
ated if pressure and/or temyjerature be raised (Allmand, Hand and Man¬ 
ning 19296 ), and there seems every reason to attribute it to the same cause 
a« with other vapours. We think that its unusual degree is due to the small 
size of the HjO molecule, which enables the latter to ywnotrate to points 
inaccessible to molecules such as CSj, and to the probable relatively high 
stability of the surface oxygen complex in such regions in respect of attack 
by H,0 molecules. Water which is adsorbed in this way is held with extra¬ 
ordinary tenacity, not being removed even on prolonged high-temperature 
evacuation (Allmand and others 19296 ). Having already ascribed a similar 
role to HCN, we are supported in our present view by the close analogy 
(Allmand and Chaplin 1931 ) between the low-pressure isothermals of HCN 
and of HjO, and by the fact that,HCN can displace HjO from a supposedly 
water-free charcoal under conditions where CCl, has no effect (Chaplin 
1934 ). Both HgO and HCN have small molecules and form associated 
liquids of high dielectric constant. 

Finally, in the case of charcoal B, when HjO vapour is admitted after 
evacuation, very marked drift is observed, but unaccompanied by CO, 
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evolution. This disappears completely if the charcoal be previously extracted 
successively with HCl and wdth H2O, thereby removing the residual ZnCl2 
remaining after the activation process and reducing the ash content from 
3*90 to 0*12 %. The drift in this case is obviously due to the hygroscopic 
nature of the ZnC^ present (Allmand and King 1930; also Allmand and 
others 1929^*). 

We may summarize the properties of the three charcoals in respect of the 
two vapours concerned in the present work as follows: 

Charcoal A contains a high proportion of relatively “remote” surface 
charged with oxide complex. Some of this is accessible to CSg, and still more 
to HgO, molecules. Both these substances can destroy and displace the 
surface oxide layer, the HgO acting relatively slowly on the less easily 
accesvsible and more stable complex which the CSg can not reach. The 
“external” surface of A is less powerfully adsorbing than is the case with O'. 

Charcoal B contains a hygroscopic constituent, and, in addition, has 
its regions of high adsorption potential, whether “remote” or otherwise, 
already permanently occupied by a mineral constituent. The remaining 
surface has relatively weak adsorbing pro{)ertie8. Its volume contains a 
high projwrtion of pores of dimensions in which capillary condensation can 
occur at suitable values of 

Charcoal C resembles A , but has a larger accessible area of high adsorption 
capacity, and a smaller proportion of remote surface. 


Experimental 

The apparatus employed was essentially that used for the work on the 
low-pressure isothermals of COI4 (Chaplin 1928), incorporating the minor 
alterations introduced during the work on CS^ (Allmand and Lizius 1932), 
and further modified by the provision of a supply bulb, shut off by a tap, 
wliich contained water freed from air by the usual method of repeated cycles 
of freezing—evacuation—melting. The general technique, involving the 
separation by fractional refrigeration of the vapour of the sorbate, of COg 
and ot CO (the two last displaced from the charcoal), and the separate 
measurement of their pressures by means of a Pirani gauge, has been fully 
described in the papers just mentioned. The simultaneous presence of 
HgO and CS^ vapours, how ever, with condensation temperatures nearer to 
one another than had previously been the case, made the problem of satis** 
factory separation of the gaseous phase constituents mote difficult than 
formerly. 
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We finally decided to use for the separation in question the three re- 
firigerants given in the following table: 


Vapour pressure at melting-point 


Refrigerant 

Melting-jDoint 

Of icc 

mm. 

Of carbon 
bisulphide 
mm. 

Chlorobenzene 

- 46-2° 

0-0526 

10-7 

Chloroform 

- 63 - 5 “ 

0-0060 

2-58 

Ethyl acetate 

- 83-6° 

0-0002 

0-398 


Up to CSa pressures of about 0-3 mm., melting ethyl acetate is the most 
suitable agent, but at higher CS^ pressures, one of the other refrigerants 
must be employed, depending on the conditions. 

A description of the experimental procedure follows. References to 
apparatus parts are to fig. 2 of Chaplin (1928). 

Charge of water constant—charge of carbon bisulphide varied. The charcoal 
was evacuated at 110° down to 10~* mm., cooled with the pumps running, 
and weighed. It was then charged with HjO (immersing the container in 
liquid air to save time) and the quantity taken up determined by reweighing. 
In a similar way it was charged with CSj (liquid air cooling unnecessary) and 
reweighed. The container, with its tap closed, was then immersed for an 
hour in water at a suitable temperature (25° 0 with large, but higher temjier- 
atures with smaller, charges of —it is undesirable for H2O in any 

quantity to condense in the neck of the container). The container tap was 
then opened with immersed first in liquid air and then in melting methyl- 
cyriohexane, and the permanent gas and COj displaced from the charcoal 
successively pumped off, the H jO and CSj held down in F^ being subsequently 
taken back on to the charcoal by immersing the container in liquid air until 
the Pirani gauge reading was within O-l V of the zero figure. For desorption 
points, some CSj and HjO were first removed from the charcoal by means 
of liquid mr on Fj. The HjO was held down by melting ethyl acetate, and the 
CSj removed by the pumps or by liquid air on the second freezer F,. Finally, 
the HjO was taken back from F^ on to the charcoal by immersing the con¬ 
tainer in liquid air. For sorption points, CS, was obtained from the supply, 
freed from air and COg, and then sorbed on to the charcoal by immersing 
the container in liquid air. 

When the quantity of HjO sorbed by the charcoal was relatively high, 
pressures of the order of 10 mm. were developed in the apparatus on opening 
the container tap for the purpose of the final pressure measurements, and it 
was found important for all the mercury seals (Hi, J?„ if,) to be raised and 
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lowered several times, in order to disengage small quantities of gases and 
vapours which were liable to be held between the mercuiy and glass sur¬ 
faces, before commencing the separation of the gaseous mixture. When the 
CSjj pressure was higher than the limit of the Krani gauge (about 0-6 mm.), 
it was directly measured by means of a milhmetre scale placed behind the 
clean-up charcoal mercury seal //,, which was used as a manometer, the 
levels being read by a magnifying eyepiece. The accurat^y of the measure- 
merits was of the order of 0*1 miu. 

Charge of carbon bisulphide constant—charge of water mried. If the water 
were to be taken up by the charcoal first, the latter, evacuated at 110’^, was 
successively charged as already described with (a) 200-300 mg./g. of HgO, 
and (b) as much GSa as would give a pressure of about 0*04 rn/n, if the char- 
coal were anhydrous. After measuring the first set of equilibrium pressures, 
desorption of the HgO in steps was commenced. This was done (i) by putting 
liquid air on thereby withdrawing both some CSg and some H2O from the 
charcoal, (ii) by shutting off the container, replacing the liquid air on by 
melting ethyl acetate, opening the container to the apparatus, immersing 
it in liquid air and thereby taking back the CS^ on to the charcoal. The con¬ 
tainer was then shut off, allowed to rise to room temperature, and the HjO, 
after its pressure had been measured, removed by the pumps or by the clean¬ 
up charcoal in P. This whole procedure was repeated until the amount of 
sorbed HgO had been reduced to the required low figure. The conditions 
when determining subsequent sorption points, except in that the H^O was 
added step by step, were essentially the same as those in experiments 
when CSjj was admitted to the charcoal before sorbing any HjO. In this 
case, after the charcoal had been charged with CSg, the displaced gases were 
removed, and the requisite amount of HgO vapour admitted. The subsequent 
procedure was as already described, the CSg always being taken back on to 
the charcoal after any measurement of pressure. 

It may be added that, from the value of found in one or two cases for 
the last desorption point (water nearly completely removed), it was cal¬ 
culated that the loss of CSg taking place during a series of measurements 
was of the order of 2 mg./g. 


Results 

Three isotherms ( 1 -^ 3 ) were determined using charcoal A with various 
constant charges of sorbed H^O, two similar isotherms (4 and 5) with 
charcoal J 5 , and one (6) with charcoal C. Two experiments (7 and 8) with 
constant CS^ charge and varying H^O content were carried out with char- 
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coal A, and one (9) with charcoal B. The easential details deaoribing the 
aeparate experiments follow; all charges, whether of H^O or of OSj, are 
expressed as mg./s* charcoal. 

1 (fig. 1, ii). Experimental points 8. ConstantK^O charge 2 - 0 . CH^charge: 
initially 79*7; desorption (3 points) to 12*9; resorption (2 points) to 76*7; 
second desorption (2 points) to 15*0. The CS^ pressure found at point 3 was 
known to be low as, by error, the vapour space was put into communication 
with the clean-up charcoal at liquid-air temperature for too long (3 instead 
of 2 min,) when separating CO^ and CSg (Allmand and Lizius 1932, p. 567). 
It will be seen to fall right ofI‘ the curve. 

2 (fig. l,iii). Experimental points H. Constant cttarge 17*2. CS^charge: 
initially 71*2; desorption (4 points) to 6*5; resorption (3 points) to 56*5. 

3 (fig. 1, iv). Experimental points 10. Co 7 istant HgO charge 102*6, CSj 
charge: initially 6*5; sorption (5 points) to 80*2; desorption (4 points) to 14*4. 

4 (fig. 2, ii). Experimental points 9. Constant HgO charge 10*2. CSg charge: 
initially 1*2; sorption (5 points) to 23*6; desorption (3 points) to 4*5, 

6 (fig. 2, iii). Experimental points 9. Comtani HgO charge 106*9. 
charge: initially 3*7; sorption (5 points) to 27*5; desorption (3 points) to 4*7. 

6 (fig, 3, ii). Experimental points 11. Constant HgO charge 18*6. CS2 
charge: initially 64*5; desorption (6 points) to 8*9; resorption (4 points) 
to 64*4. 

7 (fig. 4, circles). Experimental points 12. Comtaiit charge 54*9, put 
on after the first charge of HgO. HgO charge: initially 266*1; desorption 
(11 points) to 7* 1. At the four highest H^O charges, exceeded saturation 
vapour pressure at room temperature, and negligible amounts of liquid 
water condensed in the container just below the taj). The pressure of the 
original CS^ charge in absence of HgO would have been 0*0362 mm. The 
pressure of 0-035 mm. obtained during the last reading indicates that a loss 
of about 0*8-1 mg./g. took place during the experiment. 

8 (fig, 4, squares). Experimental points 14. Constant CSg charge 53*9, put 
on before the first charge of H2O. HgO charge: initially 306*9; desorption 
(13 points) to 4*6, As in Exp. 7, slight condensation of HjO in the container 
was observed with the first five water charges. The pressure of the original 
CS2 charge in absence of HjO would have been 0*0344 mm. The pressure of 
0*032 mm. observed during the last reading points to a loss of about 1 * 7 mg. /g. 
during the experiment. 

^ 6)* Experimental points 49. Constant CS^ charge 14*2, put on after 

the first HjO charge. HjO charge: initially 209*8; desorption (8 points) to 
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12-9: resorption (8 points) to 286-4; second desorption (16 points) to 21*0; 
second resorption (17 points) to 212-6. Slight HjO condensation was 
observed during points 1-2, 13-20, and 46—49. The original CSj charge 



would have exerted a pressure, in absence of water, of 0-0447 mm. (hori¬ 
zontal line in fig. 6), and a iiressure of 0-043 mm. was observed at point 32. 
At the end of the experiment, the container, with its tap open, was immersed 
in hot water and kept in connexion with a liquid-air trap for 2 days. At that 
stage, its increase in weight, over and above that at the oommenoement of 
the experiment, corresponded to 6-0 mg./g. of charcoal, and was taken as a 
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measure of the tightly bound water. After reconnecting, the liquid air on 
the trap was replaced by melting ethyl acetate, and the CS 2 allowed to 
return to the charcoal. In consequence of the considerable time required, 
the first separation was very incomplete, much HjO passing back to the 
container. The whole process was then repeated, after discarding the residue 
of water remaining in the trap. The weight of the container after the second 



Fig. 6 


separation corresponded to a total adsorbed quantity of 18*6 mg./g. which, 
allowing for the 6*6 mg./g. of bound water, indicates that the original CS* 
charge of 14-6 mg./g. had fallen to 12*0 mg./g, in the course of the lengthy 
experiment. 

Figures have been chosen in preference to tables for expressing the results, 
as no absolute value attaches to the data, and also because the discussion 
is easier to follow. Curve i in each of figs. 1-3 represents the isothermal for 
the water-free charcoal, derived from previous isostere measurements. Inset 
in fig. 4 are contained (a) the results found with low H^O charges in Exps. 
7-8, plotted on an expanded scale and (6) the aqueous vapour pressures 
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observed during the same experimentSi omitting the points where separation 
of liquid water in the neok of the container was observed. In fig. 5 , con¬ 
taining the results of Exp. 9, the data for the first desorption (i) and the 
first resorption (ii), the first resorption and second desorption (iii), the second 
desorption and second resorption (iv), are plotted on three separate curves 
for an obvious reason. Inset are contained the corresponding data for 
aqueous vapour pressures, a few only of the actual points being indicated 
to avoid crowding the diagram. 

Throughout, a number adjacent to an experimental point denotes the 
order of the reading inside the particular experiment. 

Discussion 

It will be convenient to consider first the effect of changes in water content 
on the pressure exerted by a constant charge of adsorbed CSj. Figs. 4 and 
5 contain the data. Whilst the course of the curves in fig. 4 can hardly be 
doubted, in fig. 5, in spite of the large number of experimental points, there 
is admittedly an arbitrary element in the way the different curves are drawn. 
Nevertheless, one feature stands out plainly. The curves in fig. 4 and curve 
(i) in fig. 5 are composed of two, and the remainder of the curves in fig. 5 of 
three, loops. As the HgO content of a charcoal is increased, the CSg pressure 
rises in stages, each characterized by an initial relatively low rate of pressure 
increase, which later becomes greater. Inset in figs. 4 and 5 are the corre¬ 
sponding water-vapour isothermals. They are identical in type with, and 
similar in position to, those given by the same charcoals in absence of CS 2 
after degassing at temperatures of 270 and 800*^ (Allmand and others 
1929 a, ft); isothennals on CSg-free charcoals degassed at 1 IC are unfortun¬ 
ately not available. This close similarity suggests that the presence of CS 2 
does not essentially affect the way in which the water is sorbed. This being 
so, it is natural to connect the loops in figs. 4 and 6 with the three stages, 
already mentioned, into which the sorption isothermals of HjO on charcoals 
can be analysed. 

Omitting complications due to the displaceable oxide layer, to the pres¬ 
ence of hygroscopic ash, and to the existence of adsorption regions spatially 
difficult of access, we look on the taking uj) of increasing amounts of water 
vapour by a dry charcoal as follows. Water is first adsorbed essentially as 
single molecules, the pressure at the start therefore rising ever more and 
more rapidly, in the normal way, as the surface charge increases. Formation 
of isolated double molecules, exerting relatively less pressure, soon com¬ 
mences and, as they accumulate, so dpjdq will become less, the isothermal 
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showing a point of inflexion and becoming concave to the q axis. At a certain 
average water charge, local formation of a continuous water film will set 
in, this constituting the commencement of a second stage in water sorption, 
characterized initially by a still slower rate of rise of pressure, and only 
finishing when the whole of the available surface is covered with a condensed 
layer of associated water molecules. These two stages, whether in sorption, 
as described, or in desorption, can take place on a clean charcoal surface, 
so we think, at all events pseudo-reversibly, in the sense that a definite 
pressure, on either a sorption or a dosorj)tion isothermal, but not neces¬ 
sarily on both, will correspond to a definite total water charge, held in the 
ways described. Whether complete reversibility would result in complete 
absence of the comi>lications mentioned is another matter. In any case, 
superposed on the second stage, and becoming, locally, physically possible 
when the surface is completely wetted, and thermodynamically possible 
when the conditions of the Kelvin equation are fulfilled, is capillary con¬ 
densation. This, and the converse process, we imagine in practice to be 
largely irreversible, the filling and emptying of any particular set of capil¬ 
laries depending not merely on the factors just mentioned, but on other and 
experimentally uncontrollable conditions, and taking place frequently at 
higher and at lower HjO pressures respectively than would correspond to 
reversibility. The superposition of these phenomena on the continuous film 
formation already discussed means that, at higher q values, water iso- 
thermals will tend to be irreproducible in detail, and to contain sections 
where appreciable changes in q may take place practically independent of 
any change in p. 

The pressure exerted by a definite charge of adsorbed CS 2 is a function of 
the extent and potential of the adsorbing surface which accommodates it, 
and this, in turn, will depend on the charge of sorbed water present, and on 
the way in which it is held. The results shown in figs. 4 and 5 are in general 
accordance with this view, The lower or lowest loop of the curves we regard 
as exhibiting the effect of variations in the charge of discontinuously ad¬ 
sorbed HgO molecules on the fugacity of the adsorbed CSj. We interpret the 
commencement of the second loop as indicating that formation of a con¬ 
tinuous water film is commencing with, initially, as would be expected, 
relatively small effect on Further increase in gn^o result, sooner 
or later, in capillary condensation. This, in itself, will not affect p^g^. If 
therefore it occurs abruptly when any particular value is reach^, a 
horizontal, or nearly so, section of the curve will result, i.e. a third loop will 
appear (fig. 6, ii, iii, iv). If, on the other hand, it accompanies the growth of 
the continuous water film, the slope of the curves will be less than in its 
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absence, and, in general, any decrease in slope will indicate capillary 
condensation, as otherwise a progressive, if but slow, steej^ening would 
necessarily occur. Corresponding to what is known of HgO isothennals on 
CSg-free charcoals, it is to be expected that when, commencing with a high 
charge of HjO, is diminished, desorption wdll take place first from the 
exposed continuous surface film, the capillaries emptying themselves, 
irreversibly, later, whereas when qn^Q is increased, the capillaries wdll tend 
to fill relatively late. The lesult would be that curves for high values 
of would tend, during desorption of the latter, to be below the values 
found on sorption. 

Fig. 4 contains two single water desorption curves, the results of Exps. 7 
and 8 . The CSg charges were almost identical in the two cases, the essential 
difference being that, in Exp. 7 the HgO, and in Exp. 8 the CS^, was sorbed 
first. The curves, besides being free from irregularities, ai‘e obviously very 
similar in nature. The shape of the HgO isothermals for this charcoal (All- 
mand and others 1929 a, 6 ) stiggests that, with the initial high charges of 
256 and 306 mg./g. respectively, all the surface excef)t that of lowest adsorp¬ 
tion potential was coated with a continuous water film and that, in addition, 
there was considerable capillary condensation. The adsorbed CSg was there¬ 
fore loosely held, exerting for example at a water charge of 260 mg./g. 
respectively about 77 times and 43 times its pressure on dry charcoal. 
Desorption results in removal of the surface film accompanied by an 
emptying of the capillaries, the former causing a rapid drop in At 
130 mg./g. the slopes of the curves become markedly less, only to steepen 
again from aboiit 116 mg./g. onwards. We think that, in this region, the last 
patches of the continuous surface film of water di 8 apj)ear, but that before 
their removal is complete, a proportion of the residual adsorbed single and 
double water molecules has also been desorbed. The result is that the 
junction of the two loops of the curve, in the region of 100 mg./g. H 2 O, is not 
well marked. Further loss of HaO results in a progressive drop in Pos, 

‘*dry’* charcoal value. As mentioned earlier, however, and as shown in 
inset (a), where the horiKontal lines, as in the main diagram, denote these 
pressures for the original CS 3 charges, the very drastic treatment of the 
charcoal with water vapour has actually caused a small loss of adsorbed 
CSj. 

It will be observed (inset (a)) that, at the lowest values, the differenc^e 

between the pos curves for the two experiments is no greater than would 
correspond to the difference in i.e. the presence of the sorbed water 
has very little differential effect. In the same way, the HjO isothermals in 
this region practically coincide, as is shown by the following figures (p, 40), 
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Exp. ... 8 7 8 7 

7b,o (n»g./g-) *‘8 

p„^ (mm.) 0 003 0-006 0-139 0-106 

But at higher HgO charges, the HgO isothermal lies at higher pressures in 
Exp. 8, where the CSj was sorbed first, than in Exp. 7 (see inset (6)); also 
above about 50 mg./g. of HgO, the CSj pressures in Exp. 8 are lower than 
those in Exp. 7 to a far greater extent than can be accounted for by the 
smaller CS 2 charge. These results are all as might have been anticipated, in 
particular the effect due to the order in which CSj and HjO were sorbed. 

Exp. 9 (fig. 6) shows a more complex state of affairs, one however which 
can be briefly analysed. Curve i, allowing for the differences between 
charcoals A and B, as exhibited by their HjO and CS, isotherms (the former 
with a more strongly adsorbing surface, and the latter with an exceptionally 
large volume of pores which can be fiUed with HgO as a result of capillary 
condensation), closely resembles the curves in fig. 4, and can be interpreted 
in exactly the same way, the desorption of the continuous water film being 
completed when has fallen to about 85-90 mg./g. The sorption curve ii 
shows formation of the same film to commence at about the same q value. 
At about 165 mg./g., local and abrupt capillary condensation sets in, 
remaining practically constant, after which the curve rises continuously, 
but with a smaller slope than i, showing that considerable capillary con¬ 
densation is accompanying the growth of the surface water film. The second 
desorption curve iii falls steeply at the start (delayed empt 3 dng of capil¬ 
laries), and although it shows a significant inflexion of slope, it is not until 
it is appreciably lower than ii that an irreversible desorption of capillary 
bound water takes place (points 23-25). 

The final flattening-out, marking the disappearance of the liquid film, is 
more pronounced than in i, and the last stage of HjO desorption is reached 
both at higher gjj^o (about 100 mg./g.) and values than on i and ii. 
Film formation on the second resorption curve (iv) commences at still 
higher values of and (about 105-110 mg./g.). Irreversible filling 
of capillaries takes place at some point near 150 mg./g., after which the curve 
rises more steeply than does ii, indicating a lesser degree of capillary 
condensation. 

The movement of the lowest loop of the curves to higherand pog^ 
values during the course of the experiment we ascribe to the drift phenomena 
invariably noticed when studying water isothermals on charcoal. Between 
points 15-20, the charcoal stood for 10-11 days with a water charge of 
about 240-280 mg./g. Under these cireumstanoes, not only will the charcoal 
surface have lost some water to the ZnClj constituent, but also opportunity 
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will have been given for more water to occupy relatively high-potential 
adsorption regions previously taken up by CS*. Both these events will 
result in lower values of(%• inset). In addition, the former will move 
curve iii to the right as compared with ii, whilst the latter will explain the 
higher CS 3 pressures in the region of 90-100 mg./g. HjO. The still higher 
CSj pressures observed at the end of the lowest loop in iv are probably due 
to further slow drift of the adsorbed water; three weeks elapsed between 
points 27 and 41. 

Coming now to the CSg isotherms, fig. 1 contains the data for charcoal A 
with three different charges of water, as also the isothermal in absence of 
water (i). Remembering that the last was not directly determined, but 
“derived” from measurements of adsorption isosteres (Allmand and Lizius 
1932 ) during which the surface oxide displacement was particularly 
effective, the isothermal ii given by the charcoal with 2 mg./g. HgO coincides 
with that of the anhydrous charcoal within the experimental error, as would 
be ex}>ected from the experiments with the same charcoal already described. 
The small water charge, which exerts an exceedingly low pressure, is held 
on regions inaccessible to the larger CSg molecules. The isothermal iii on 
charcoal with 17‘2 mg./g. HgO (present as an unsaturated adsorbed layer— 
see fig. 4) lies at higher pressures throughout. At CSg charges exceeding 
45-50 mg./g., it runs practically parallel to curve ii, but at lower pressures 
becomes considerably flatter than the latter. This is to be expected; the 
relative effect of a given HgO charge is far greater at low, than at high, 
chargee of CSg. In addition, it will be noticed that on resorption the CSg 
pressures, even at high CSg charges, lie definitely above those on the 
desorption branch, a result clearly due to the occupation by the water 
of areas of high adsorption potential when the CSg charge was low 
(point 5). 

Curve iv holds for charcoal containing 102'6 mg./g. of HgO, a charge at 
which incipient continuous film formation is setting in (fig. 4). The effect 
on the pressure of small charges of CSg is consequently very great. Thus, 
at a charge of 8 mg./g. CSg is, initially, more than thirty times its value 
on water-free charcoal. And points 1-5 lie on a straight line (assuming point 
4 to be in error) which is flatter than curve ii or the linear part of curve iii. 
At CSg charges exceeding about 66 mg./g., the isothermal commences to 
rise veiy rapidly indeed. This can only be due to the surface being very 
nearly completely covered at this stage with a continuous film of CSg and 
HgO molecules, A comparison with the somewhat similar rapid rise of Pcs, 
in the same pressure region observed in Exp. 7 (fig. 4), when exceeds 
130 mg./g., shows that the effect of increasing the CSg charge in the present 
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instance is far greater than that of increasing the H 2 O charge in the experi¬ 
ment referred to. The following figures demonstrate the point: 





PcSt 

(VrH.= S4*9 mg./g.) 

102*6 mg. 

mm. 

mg*/g- 

mg./g. 

0-33 

130 

60 

0*50 

143 

70 

0*79 

159 

76 

1*26 

193 

80 


The reason is, of course, that the whole of any increment in CSj affects 
the density of the surface charge, whilst much of the added HjO is taken up 
by the capillaries and only indirectly affects Pca,- 

As in the previous experiment, the values of Pcs^ at low CSj charges are 
higher on the second than on the first branch of the curve. The reason again 
can onlj'^ be the sorption of HgO on points previously occupied by CS*. In 
this case, the time factor can have been the only one active; the unusual 
period of a week elapsed between the determination of points 7 and 8. 

Fig. 2 presents isothermals for charcoal B containing 10-2 and 106-9 mg./g. 
HjO, as also the “derived” isothermal for water-free charcoal. The effect of 
the smaller charge of HjO is to displace the CS 2 isothermal throughout its 
course to higher pressures, more particularly, as before, when the CS 2 charge 
is low. Of considerable interest is the drift to lower pressures on desorption, 
clearly due to the slow uptake of HjO by the hygroscopic ZnCl 2 present. 
The highercharge of water, as in Exp. 3, corresponds to the initial stages of 
continuous film formation on the charcoal surface. The isothermal lies at 
still higher CSj pressures, as would be expected, smd again shows a drift 
to lower pressures on desorjition. The inflexions, which we have no reason 
to doubt experimentally, are difficult to understand. 

Fig. 3 contains the results of a single experiment carried out on charcoal C, 
together with the isothermal for the anhydrous charcoal. In the absence of 
any parallel experiments done with a constant charge of CS 2 , no detailed 
discussion is possible. The HjO charge has a deflnite effect of the usual kind, 
relatively more marked at low CS 2 charges. The most interesting point is 
perhaps that its desorption and resorption branches almost coincide and, 
in any case, are considerably closer to one another than was found in the 
corresponding isothermal (fig. 1, ii) carried out on charcoal A. This we 
ascribe to the comparative absence (already mentioned) of the difficultly 
accessible adsorbing surfaces which are the cause of the “drift” effect 
observed when working with water. 
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Certain comparisons can be made between results given by identically 
charged charcoals in (a) experiments with constant H 2 O charge and (b) 
experiments with constant CSg charge. The following are the data: 

Charge 




im- 

HjO 

cs. 




changed charge 

oliarge 


Char¬ 


during 

in 

in 


coal 

Exp. 

exp. 

mg./g. 

mg./g. 


A 

2 

H,0 

17*2 

54» 

0*0708 (desorption)->-0*0759 (resorption) 


7 

cs» 

»» 

»» 

0*0413 


3 

HjO 

102-6 

54-9 

0*275 (sorption and desorption) 


7 

CSg 

f* 

>> 

0*294 

B 

4 

HaO 

10*2 

14-2 

0*0669 (8or}:)tion)->-0*0643 (desorption) 


9, i 

C8. 

»» 

»> 

0*0475 (extrapolated) 


5 

HjO 

10(V9 

14*2 

0* 194 (sorption)->0* 188 (desorption) 


0, i, iii 

CS, 



0*16-0*165 (i)-^0*198 (iii) 


In all oases, HgO was put on the charcoal before any CS 2 was sorbed. 
Exp. 7 involved desorption of CS^ only; to make the data more comparable, 
the figures for Exp. 9 are also taken from desorption curves. 

The extent of agreement or disagreement between the diflFerent pairs of 
figures appears to be largely a question of the charge of water to which 
the charcoals were subjected during the different experiments. Where this 
was sufficiently high to displace, at all events, the bulk of the oxide complex 
from the charcoal surface, as was presumably the case in Exps. 3, 5, 7 
and 9, agreement is quite as good as could be exj)ected. Where however this 
was not so, as in Exps. 2 and 4, the CSg pressures are definitely higher than 
in the comparison experiments. This difference is particularly marked with 
charcoal A, a consequence of the highly developed oxygen charge on its 
surface, and the very high H 2 O charge (256 mg./g.) initially present in 
Exp. 7. The difference between the results of Exps. 4 and 9, i with B may be 
partly due to the fact that an appreciable amount of the water in the latter 
was combined with the ZnClg present. 

Summary 

1. The simultaneous sorption of water and carbon bisulphide vapours 
by three different activated charcoals has been studied using an elaboration 
of technique already described. 

2. Measurements have been made of the adsorption isothermals of carbon 
bisulphide on charcoals containing a constant charge of sorbed water, of the 
effect of variations in water charge on the pressure exerted by a constant 
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charge of sorbed carbon bisulphide and, over a limited range, of the water- 
vapour iaothermals on such charcoals. 

3. Minor complications were observed, due to slow displacement of 
surfacse oxides and of adsorbed carbon bisulphide by sorbed water, and to 
slow uptake of the latter by hygroscopic material present in one of the 
charcoals. The results in general are consistent with our previous knowledge 
of the different charcoals, and with the conception that water is sorbed on 
a clean charcoal surface at low pressures as a disperse layer of single and 
double molecules, that at higher pressures a continuous surface film is 
gradually formed which covers the whole available area at saturation, and 
that irreversible capillary condensation accompanies the formation of this 
film. 
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Introduction 

In a recent pajier (Jevons, Bashford and Briscoe 1937 ) on the ultra¬ 
violet band system of GeC), a survey was made of the band systems of the 
monoxides and monosulphides of the Group-IV(B) elements which appeared 
to be analogous to the “Fourth Positive” system (a^/7->x^ 2’) of CO and 
the well-known ultra-violet systems of CS and SiO. It was found that when 
the observed values of the vibrational coefficients and were plotted 
against the number of electrons in the molecule two pairs of uninflected 
curves were obtained for the lower states of the monoxides and mono¬ 
sulphides, these states being probably all * 2 * ground states, and two similar 
pairs of curves were obtained for the upper states. The only molecule in the 
subgroup for which data were entirely lacking was SiS; and for this a study 
of the curves suggested that there should be a system of ultra-violet bands 
degraded to the red, the heads of which would be represented roughly by 

37,000 + (650'tt' 3w'2) - (850ii" - 3^"^), 

where u' and u'' are written for v'-h | and 4- Since each curve for the 
monosulphides has its maximum curvature between the points for CS and 
GeS, the estimates obtained by interpolation for the vibrational coefficients 
of SiS could not be more than a rough guide; and since the system origins 
show no smooth variation, but tend, as is clearly shown in a later section 
of the present paper, to follow the ionization potentials of the Group-IV(B) 
atoms, the prediction of the position of the 0-^0 band (near A2713 according 
to the above expression) was also subject to some uncsertainty. It was feared 
that the observation and measurement of band-heads of the predicted SiS 

[ 45 ] 
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system would be made difficult by the presence of overlying band systems, 
namely, the extensive Sg system on the long-A side, and, if a trace of oxygen 
or of carbon were present, the SiO system or the CS system on the short-A 
side of the predicted system. Rather high temj^ratures would be required 
for the preparation and vaporiza^tion of either the monosiilphide or the 
dis/iiphide; the former was to be preferred for use in the discharge tube, 
since in the absence of excess of sulphur the emission hands might not he 

too strongly developed. An additional reason for the choice of the mono¬ 
sulphide was the hope of observing some of its bands in absorption, since 
the lower state in the y)redicted system should be the ground state (^2*) of SiS. 

In the SiS discharge employed, the CS and Sg systems are, fortunately, 
entirely absent, and the SiO system, though present, has not been trouble¬ 
some, because the strong bands of SiS happen to be about 160 A farther 
from the SiO than the above expression indicated, the 0->0 band being 
near A2864 instead of A2713 as roughly predicted. Some bands (with 
v"" = 0 and 1 ) in the ultra-violet system have been observed also in absorption 
by SiS vapour. 

The present communication deals with the preparation of the mono¬ 
sulphide, the vibrational analysis of its ultra-violet system of which some 
70-80 band-heads have been measured, and the observation and measure¬ 
ment of about the same number of bands in the near ultra-violet and 
visible regions. It will be followed by an investigation of the rotational 
structure of some bands of the ultra-violet system which have been photo¬ 
graphed with high dispersion. 

Peepaeatiok of silicon monosulphidk 

The silicon monosulphide was prepared by the action of carbon disulphide 
on an excess of silicon heated to about 1000 ° C in a vitreosil tube S (fig, 1 ) 

75 cm, long, which was surrounded centrally by an electric furnace F 20 cm. 
long, and connected into a closed pyrex circuit as shown. The carbon di¬ 
sulphide was allowed to distil, first in one direction and then in the other, 
over the silicon, unchanged carbon disulphide being condensed in a trap, 
or Jg, cooled in liquid air, the whole apparatus being exhausted through 
a third trap also cooled in liquid air. The wide pyrex end-pieces Pi and 
P2 were connected to the vitreosil tube with sealing wax, while apiezon M 
grease was found to be satisfactory for the conical joints ( 7 a and 63 and 
the stop-cocks in spite of some action by the carbon disulphide vapour- 
The apparatus was so arranged that after preliminary evacuation and testing, 
the section 61 Cg could be withdrawn as a whole for the introduction of the 
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carbon disulphide into or Tj, and then replaced. Distillation was allowed 
to proceed until no carl>on disulphide remained. The subsequent dismantling 
of the apparatus was, of course, facilitated by the removal of the section 
The major part of the silicon monosulphide formed was deposited 
within 5 cm. from either end of tiie furnace, as a light yellow powder. At 
the centre of S h> very hard black mass was obtained which contained much 
unchanged silicon and a small ])roportion of greyish wliite refractory crystals 
of silicon disulphide (Camhi 1910 , 1911 ). Further, a small quantity of a 


I-1 



Fio. 1. Bilioa tube and pyrt^x eircmit for preparation of silicon monosulphide. 


dark red resinoue substance, probably (Stock and Pratorius 1912 ), was 
deposited in the traps and together with traces of a volatile material, 
which was probably carbon monosulphide. On the removal of the traps 
from liquid air, a mild explosion took plact», which presumably indicated 
the Bpontaneous polymerization of the latter substance (Dewar and Jones 
1910 ). 

The chide silicon monosulphide was purified by sublimation in vacm in 
a silica tube heated to about 1000 ° C. The sublimate varied in appearance 
with the furnace temperature. At about 850° a small proportion (perhaps 
10 %) of the material distilled from the tube and condensed as a pale yellow 
powder; at about 1050° the bulk of the material (90 % or more) distilled 
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over and condensed wholly as a red vitreous mass; in distillations conducted 
at still higher temperatures, about 1150°, the condensate was almost black. 
When powdered, the dark-coloured glassy products become yellow or 
orange, and the experiments alFord no evidence that silicon monosulphide 
ever exists as a black powder unless it is heavily contaminated with un¬ 
changed silicon. It is, therefore, a matter of doubt whether the two modi¬ 
fications and the transitions between them, described by Cambi, really 
exist. It may be that the so-called “black modification’* is an association 
of silicon monosulphide with silicon, e.g. possibly a solid solution or a sub¬ 
sulphide; and it seems probable that the yellow powder and the red glass 
differ only physically in consequence of the differing rates of condensation. 
In any case the point is not material to the spectroscopic work, as all 
samples of the redistilled monosulphide when used in the discharge gave 
the same band spectrum with equal facility. 

The silicon used in the preparation was examined spectroscopically in a 
carbon arc and found to contain a small quantity of iron, which, however, 
produced no observable effect in the subsequent spectroscopic work. 

Quantitative chemical analyses were carried out on specimens of the 
monosulphide. Silicon was determined by burning a weighed quantity of 
the material in a heated platinum boat in a stream of oxygen. Sulphur was 
determined by breaking sealed bulbs containing known weights of the 
monosulphide in solutions containing a known quantity of iodine, and 
subsequently titrating the ex vena of iodine. In both determinations special 
precautions were taken to preclude action of atmospheric moisture on the 
sulphide. Tliese determinations showed that the material contained 46-55 % 
of Si and 53-45 % of S, as compared with the calculated values for SiS, 
46*67 and 53-33 % respectively. 

Apparatus and observations 

In the first attempts to obtaiii an uncondensed discharge through the 
monosulphide vapour, an end-on vitreosil tube with a sealed-on window of 
clear silica was designed for insertion in an electric furnace at temperatures 
up to 1200 ° C. It failed because the sulphide attacked the heated electrodes 
(coaxial cylinders of sheet nickel) and also because there was much con¬ 
densation of the monosulphide on the window. It was evidently desirable, 
theiefore, to use a form of tube in which the electrodes and the window were 
much farther removed from the positive column of the discharge through 
the hot vapour. These conditions were fulfilled in the tube recently designed 
by Drs Pearse and Gaydon { 1938 ), to whom the authors are much indebted 
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for the suggestion that their device might be applicable to the present 
problem. As originally described and used by them, the tube consists of a 
horizontal pyrex envelope, about BO cm. long and 3 cm. in diameter, with 
an end“on window, large aluminium electrodes some 30 cm. apart, and a 
narrow vitreosil positive-column tube supported axially in a steel carriage 
(a pair of centrally holed disks held about 0 cm. apart by a pair of screw- 
threaded rods) midway between the electrodes. For its original purpose, 
namely the production of 8]iectra of hydrides of refractory metals, such as 
the spectrum of MnH, a small quantity of the powdered metal w^as intro¬ 
duced into a small central depression blown in one side of the vitreosil tube, 
and a stream of hydrogen at low pressure was passed through the tube. 
The current employed was such that the vitreosil tube became hot enough 
for the necessary volatilization of the metal, the whole pyrex envelope being 
immersed in a bath of running cold water. 

For the present purpose argon was used instead of hydrogen as the 
residual gas, and cylinders of sheet nickel instead of aluminium for the 
electrodes, although one of the latter had an aluminium lining which acted 
as a “getter** for the nitrogen present in the argon. The powdered mono¬ 
sulphide was placed in the vitreosil positive-column tube. When the pressure 
of argon in the tube was suitably adjusted and a current of about 3 A passed 
through it the monosulphide began to distil into other parts of the tube, 
thus indicating that its concentration was sufficient for spectrographic 
observation. To photograph in a quartz spectrograph the stronger ultra¬ 
violet bands in the s]^>eotrum of the positive column, viewed end-on through 
a quartz window, very short times of exposure stifficed and the tube needed 
no further modification. The charge of monosulplude had, however, to be 
replenished after a few minutes run, and for this purpose the rubber stopper 
and one electrode were removed as a unit, the steel carriage and vitreosil 
tube were removed as another unit, and the apparatus reassembled after 
the recharging. With the tube in its original and very simple form, exposures 
with a grating, although only a few minutes in duration, had to be inter¬ 
rupted for the recharging. After the longer runs, also, it was found that 
small cracks occurred in the outer pyrex envelope near the points of support 
of the steel disks and near the ends of the electrodes. Two modifications were 
therefore made. To avoid cracking, the steel carriage and nickel electrodes 
were slightly reduced in diameter and placed in lengths of pyrex tubing, 
about 3 cm. longer thaiu^ihemselves, which served as linings for the pyrex 
envelope; one of these is shown at L in fig. 2. To avoid troublesome inter- 
ruptions of a prolonged exposure for recharging, provision was made, as in 
fig. 2, for the occasional introduction of small amounts of SiS directly into 
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the positive-column tube without “breaking vacuum”. At the middle of 
the outer envelope E was a pyrex side tube T, about 1*5 cm. in diameter 
and 15 cm. long, with a greased conical ground joint O above the level of 
the water in the bath. To the upi)er tube at 0 was sealed, with wax, a pyrex 
tube B bent at right angles, the closed end of which contained powdered 
SiS, while the open end led into the widened upper end of a funnel F of 
vitreosil tubing. The lower end of F rested lightly on a short conical tube 



Fia. 2. Section through middle of the xnodihed form of Paarae and 
Oaydon^s tube, in a piano 45° from the vertical. 


which was sealed to the middle of the vitreosil column tube opposite the 
cup 0. The envelope, which wsrS placed horizontally in the water bath with 
both ends projecting through plasticine joints, was supported with the 
side tube T inclined at about 45° to the vertical, so that, when the tube B 
was suitably turned by means of the joint 0 and gently tapped, a little SiS 
fell through the funnel F into the cup G. 

Current for the discharge tube was taken from a pair of 2400 V 6kVA 
transformers whose primaries were connected in parallel to the 230 V supply 
of A.C, of 50 c./sec., and whose secondaries were also connected in parallel. 
Bands of the ultra-violet system were photographed against Fe arc lines on 
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Ilford Ordinary plates in (i) a large quartz Littrow spectrograph with a 
dispersion var 3 dng from 2*4 to 8*5 A/mm. in the range A2570-3870, and 
(ii) first and second orders of a 2*4 m, concave grating in an Eagle mounting 
with a first order dispersion of about 7*4 A/mm. With currents of about 3 A 
through the tube described above, the times of exposure were 2 min. up¬ 
wards in the prism instrument and 5 min. upwards in the grating. 

After the completion of the measurements and vibrational analysis 
recorded in the following section, work on the ultra-violet system was 
extended in several ways. 

First, a short range of the ultra-violet absorption spectrum was in¬ 
vestigated with the Littrow instrument by means of the continuum emitted 
by a heavy current (2 A) discharge in hydrogen in the tube described by 
Hunter and Pearse ( 1936 ). The absorption tube was of vitreosil, about 40 cm. 
long, of internal diameter about 2*5 cm. in the middle third and 1*0 cm. in 
the outer thirds, with waxed-on quartz windows. The wider part, into which 
a few grams of SiS had been introduced, was heated to about 1000 ^^ C in a 
nichrome-wired furnace, the tube being pumi)ed out continuously before 
and during the exposures, which were of the order of 2 min. About a dozen 
band-heads having v" ^0 and 1 were measured in absorption.* This obser¬ 
vation not only supplies the desired proof that the lower electronic state is 
the ground state but is also a direct demonstration of the presence of 
unpolymerized SiS in the vaporized substance. 

Next, with a view to an investigation of the rotational structure of 
selected bands of the ultra-violet system in emission, the type of discharge 
tube described above was abandoned in favour of an all-silioa tube through 
which a heavy-current discharge could be maintained for much longer 
periods. This change was necessary because after prolonged running of the 
former tube the lower end of F (fig. 2 ) became closed by sublimed material. 
The silica discharge tube is of the end-on type shown in fig. 3. Its con¬ 
struction is facilitated by the avoidance of vitreosil-to-vitreosil joints, a 
piece of clear silica tubing, however short, being everywhere interposed 
t>etween two pieces of vitreosil tubing. The large horizontal tubes containing 
the electrodes are of vitreosil about 30 cm. long and about 2*5 cm. internal 
diameter. One of them has a waxed-on quartz window W, and a branched 
side tube T, mostly of vitreosil, which serves the double purpose of admitting 
argon and supporting the pyrex sleeve 8^ which surrounds the nickel wire 

* Professor G. Herzberg has kindly informed the authors that at the time of the 
appearance of the preliminary note (Barrow and Jevons 1938 ) he was about to start 
an investigation of SiS bamis in absorption by largo effective thicknesses of the 
vapour. 
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leading to the electrode E^ \ the other is closed by a rubber stopper through 
which pass the pyrex sleeve 8^ of the other nickel lead and the exit tube 
leading to the pump. The electrodes are cylinders, about 15 cm. long, of 
shtiet nickel lined with aluminium. The narrow central tube, in which the 
positive column of the discharge is concentrated, is of clear silica about 
10 cm. long and about 0- 6 cm. internal diameter, with a central enlargement 
to which is sealed a vertical vitreosil tube about 16 cm. long and 1 cm. 
internal diameter. To the upper end of this is connected (with sealing wax) 
a bent pyrex tube P with a ground conical joint Q which supports a bent and 
closed tube containing the powdered SiS. With this arrangement SiS can 
be introduced at will into the positive column tube as before; in this case. 



however, the inlet tube is wide enough to remain unclogged by sublimation 
of the material. Currents up to 6 A may be passed through this tube for 
half-hour periods, and, with an occasional reduction of the current, the 
discharge has been run continuously for 2 hr. In this time several of the 
more important bands have been photographed on an Ilford Zenith plate 
in a fourth order of a 10 ft. concave grating in Eagle’s original mounting, 
the dispersion being about 1-28 A/mm. The measurement and analysis of 
the rotational structure will be begun presently, but measurements of the 
band-heads on this plate are included in the present data (Table I). 

Finally, in view of the fact that silicon sulphide has been prepared by 
heating aluminium sulphide with silica (Tiede and Thimann 1926 ), it was 
not unreasonable to_ expect that the high temperatures (900-1000® C), to 
which the middle part of the silica discharge tube is heated by the large cur¬ 
rents used, would suffice for the formation of SiS intitu and the development 
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of the spectrum, if Al,8a were used, iastead of SiS itself, with argon in 
the tube. The experiment required only a slight modification of the tube, 
namely the addition of a silica lining to the central portion, with a hole in 
one side opposite the vertical side tube. With a relatively small current 
(about 0-6 A), and the tube fairly cool, the discharge spectrum consisted of 
the extensive band-system of Sg with little else but A1 and Si lines, 

the latter being very weak. With a large current (4-5 A) through the hot 
tube, however, the ultra-violet system of SiS was strongly developed in 
addition to the Sg system, and the lines of Si and Si+ were also intensified; 
no bands attributable to AIS were detected. This result is of interest as 
showing that for the purpose of the present investigation the commercially 
obtainable AlgSg might have been used instead of the specially prepared 
SiS, although the latter has the advantage that it gives no trace of the Sg 
system. It is also of some importance as an indication that any attempt to 
produce a sulphide band s|>ectrum in a high-current discharge in a silica 
tube may result in the development of SiS bands, which may thus prove to 
be a frequent “impurity*’ in such wwk,* just as are the CS bands in low- 
current discharges in the presence of C and S. 

Vibrational analysis of the ultra-violet system 

The most prominent feature in the ultra-violet spectrograms of the dis¬ 
charge is the SiS system of apparently single-headed bands degraded to the 
red, extending from about A2585 to about A3059. Partially overlapping the 
short-A end of the system, and probably curtailing its measurement, are 
bands of the ultra-violet system of SiO, developed as a result of 

disintegration of the heated silica tube through which the positive column 
passes. There is no trace of the corresponding system of CS, the A3064 
system of OH, the extensive system of Sg, or the analogous system 

of SO. Partially overlapping the long-A end of the SiS system, in the region 
where it was feared that the Sg system would be troublesome, are other 
hitherto unrecorded bands, which are described in the following section. 
Atomic lines present are due to Si, Si*, Mg, Ni, Al, S, H and, of course, A. 
Littrow spectrograms of the SiS system are reproduced in fig. 4, Plate 1. 
Measurements of the band-heads, visual estimates of relative intensities 
and the assigned values of the vibrational quantum numbers are set out in 

• Further evidence of this has been obtained since the text of the paper was 
written. The SiS system is developed strongly in a discharge through a mixture of 
H|S and BClg vapour in an all-silica tube even with currents as small as 0*6 A, this 
being one of the sources used in an investigation of the bend spectrum of BS now in 
progress. 
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a Deelandres scheme in Table I, where the bands observed in absorption as 
well as in emission are marked by a, and the high-dispersion (fourth order) 
measurements by A. It is possible to extend Table I in both directions 
(to v' = 15 and u" = 20) to include a few other observed band-heads, which 
may belong to the same system but whose measurements were considered 
to be too uncertain to be recorded here. The wide Condon curve of intensity 
distribution is in satisfactory accordance with the rather large diflFerence 
between the vibrational frequencies in the upjier and lower electronic 
states. A study of the intervals in the upper state shows that the heads of 
the bands Avith v’ - 7 are abnormally situated (about 10 cm.~^ too low in 
wave-number), indicating perturbations of certain rotational levels asso¬ 
ciated with this vibrational level. If these bands are disregarded, the data 
can be represented approximately by an expression with a cubic term for 
the upper state only. The expression 

= 35028-8 + (61 2-Om'- 2-38m'* - 0-046tt'a) - (749-6a'- 2-66tt'*), 

where « = v -i- is an improvement on that given in the preliminary note 
on this work (Barrow and Jevons 1938 ). It has the merit that it represents 
almost perfectly the heads measured in the fourth order and associates the 
largest residuals (i'ob*.-'Wc.) outlying and relatively unimportant 

heads which may have been incorrectly located on account of superposed 
structure of neighbouring bands. 

All the bands recorded are due to the most abundant molecule *^Si^*S, 
none having been observed that could be sisoribed to a less abundant isotopic 
molecule. This is not surprising in view of the relative rarity of “Si, “Si, 
**S and **S, as shown in the “International Table of Stable Isotopes” 

(1936). 


Neae ultra-violet and visible system 

On pp. 46 and 53 mention has been made of a set of emission bands 
occurring in the near ultra-violet and visible regions and partially over¬ 
lapping the long-A end of the ultra-violet system already described. They 
are well developed in the heavy-current discharge through SiS vapour and 
argon both in the modified Pearse-Gaydon tube (fig. 2 ) and in the all-silioa 
tube (fig. 3), provided the SiS is present in excess. They were first observed 
in a visual instrument of small dispersion, in which they strongly resemble 
the (Sj bands of the extensive system. They were afterwards photo¬ 

graphed in a first order of the 2-4 m. grating, in which Ilford Special Rapid 
Panchromatic plates required exposures up to an hour in duration, the 
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visible bands being much less intense than the bands near the middle of the 
ultra-violet system. They do not belong to the Sg system or to any band- 
system known to the authors. 

Parts of several of the spectrograms are reproduced in fig. 6 , Plate 2 . 
At the violet end the SiH bands near A4142 are strongly developed, and 
it would seem that the heavy-current discharge as now employed is a far 
more convenient source of these bands than the arc-in-hydrogen used by 
Jackson ( 1930 ). At the long-A end the new bands are overrun by the Hj 
bands and by atomic lines, especially those of A. 

In the heavy-current discharge through AlgSg in the silica tube, in which, 
as has already been mentioned (p. 52), the ultra-violet SiS system is intense, 
these less refrangible bands have not been detected at all, but the bands 
in this region are well developed, as also are the lines of Si and Si^. Whether 
the new bands are entirely absent or are merely hidden by the stronger S, 
bands in this discharge it has not been possible to decide. Nor have they 
been detected in heavy-current discharges through H 2 S, HgS-hAlClg or 
HgS + BCI 3 in the silica tube. 

The band-head data are listed in Table II. Visual estimates of relative 
intensities are not included since the difference between the strongest and 
weakest bands appears to be comparatively little, the amount of over¬ 
lapping is considerable, and the s|)ectral region covered is large. The 
wave-numbers can be set out in a Deslandres scheme in which (i) the differ¬ 
ences in the rows and columns appear to be in continuation of the vibra¬ 
tional frequencies for the high values of v' and r" in the SiS ultra-violet 
system, the second differences being of the same order, namely about 
5 cm.“^ and (ii) the locus of the bands is a narrow diagonal limb of a Condon 
intensity distribution, which, at first sight, appeared to be a continuation of 
the long-A limb of the ultra-violet system. This, however, has proved not 
to be the case, and the values of the vibrational quantum numbers v* and 
v"'ate denoted by 2 ,... and jp^ + J, 4* 2 ,whereand 

p*' remain undetermined. The assigned values of v'-p' and t?'"—j?' are 
included in Table II and in fig. 6 , Plate 2 . 

It is possible that these bands represent a second system of SiS, having 
neither state in common with the ultra-violet system. This may well be the 
case since SiS is expected to have not only singlet electronic states, two of 
which are involved in the ultra-violet system, but also triplet states, two 
of which may be involved in the system comprising these less refrangible 
^"Sj-Uke” bands. It may be recalled that in the case of silicon oxide, too, a 
large number of near ultfa-violet and visible bands have been recorded 
(Cameron 1927 ) in addition to the SiO ultra-violet system to which frequent 
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Table II. Data fob band-heads of neab 

ULTRA-VIOLET AND VISIBLE SYSTEM 


^ir 

^'vac. 



^a!r 

^'vac. 


3491-26 

28634*8 

1 , 

0 

4636*36 

22038*0 

6 , 14 

3571-66 

27990*3 

1 , 

1 

4675*69 

21848*6 

7, 16 

3623*41 

27590*5 

0 , 

1 

4618*36 

21646*7 

8 , 16 

3664*71 

27354*2 

1 . 

2 

4660*78 

21449*6 

9, 17 

3687*02 

27114*6 

2 , 

3 

4698*69 

21277*0 

7, 16 

3709*14 

26952-8 

0 . 

2* 

4740*66 

21088-2 

8 , 17 

3741*46 

26719*0 

1 , 

3 

4748*77 

21062*2 

11, 19? 

3774*30 

26487*5 

2 , 

4 

4782*89 

20902*0 

9, 18 

3806*36 

26264*5 

3. 

6 

4828*09 

207(>6*4 

10, 19 

3831*64 

2609M 

1 , 

4t 

487,3*77 

20612*3 

11 , 20 

3864*21 

25938*3 

7. 

8 ? 

4913*99 

20344 4 

9, 19 

3864*50 

25869*3 

2 , 

5 

4969*46 

20167*9 

10 , 20 

3886*43 

26726* 1 

8 , 

9? 

6004*64 

19976*9 

11 , 21 

3898*59 

25643*0 

3, 

6 

6061*98 

19788*7 

12 . 22 

3924*58 

26473*2 

I, 

5 

6095*09 

19621-3 

10 . 21 

3933*22 

26417*3 

4, 

7 

6143*35 

19437*2 

11 , 22 

3943*34 

26362*1 

7, 

9? 

5192*36 

19263*7 

12. 23 

3968*97 

25262*0 

2 . 

n 

6241*76 

19072-3 

13. 24 

3978*99 

26124*9 

8 , 

10 ? 

6287*68 

18906*6 

11. 23 

3995*34 

26022*1 

3r 

7 

6336*46 

18733*8 

12, 24 

4015*60 

24896*0 

9, 

11 ? 

6388*18 

18554*0 

13, 26 

4029*67 

24809*6 

4r 

8 

6438*18 

18383*4 

11, 24 

4064*66 

24696*4 

6 , 

9 

6440*84 

18374*4 

14, 26 

4076*30 

24630*6 

8 , 

11 ? 

5484*82 

18227*1 

12 . 26 

4093*96 

24419-4 

3, 

8 

5490*24 

18209*0 

15, 27 

4129*68 

24208*7 

4, 

9§ 

6642*41 

18037*7 

13. 26 

4164*14 

24007*8 

5, 

io§ 

6696*96 

17861*9 

14. 27 

4196*79 

23821*0 

3, 

n 

6661*68 

176890 

16, 28 

4234*00 

23611*7 

4. 

10 § 

6703*26 

17629*0 

13. 27 

4271*39 

23405*0 


11 

6769*26 

17368*6 

14. 28 

4308*86 

23201*6 

6 » 

12 

6811*60 

17202*2 

12, 27 

4348*94 

22987*7 

7, 

13 

5816*46 

17187*9 

15. 29 

4380*76 

22820*8 

6 , 

12 

6876*12 

17013*3 

16, 30 

4419*67 

22619*8 

6 , 

13 

6988*36 

16694-5 

16, 30 

4459*51 

22417*7 

7, 

14 

6062*38 

16617*9 

16, 31 

4499*74 

22217*3 

8 , 

16 

6112*86 

16364*5 

, 14, 30 





6169*34 

16204*7 

16, 31 


* Also 4 , 14 band of ultra-violet ^tem. 
t Also 6,16 band of ultra-violet eyatem. 
I Also 6,18 band of ultra-violet system, 
i Superposed on SiH band structure. 
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reference is made in this paper. They are far more complex than the bands 
described here and have not yet been interpreted; they may be due to a 
polyatomic emitter* such as SiOg, while the present bands are almost 
certainly diatomic in origin. 


EnKRGY and VROBUCTS of DIS 80 CIATI 0 N OF SiS 

In this and the following sections we return to the ultra-violet system. 
For the ground state, since the vibrational energies are fairly well repre¬ 
sented by a quadratic in (;/ 4-1 ), a rough estimate of the dissociation energy 
i)'" may be obtained by linear extrapolation using the expression 

i) = — x^(i}^)^j(i:X^o)^ X 8106 ) eV. 

The result, namely D''== 6*72 eV, is probably too high an estimate as in 
many known cases, but falls well on a curve such as that given by Shaw 
(1937) for the inonosulphides of this subgrouji; for our present purjmse we 
may perhaps assume I)'" = 6-2 ±0*5 eV. For the upper state, since the 
introduction of an appreciable cubic term is necessary for even an approxi¬ 
mate representation of the vibrational energies, a reliable estimate of Z>' 
cannot be obtained by extrapolation. All that can be asserted is that D' 
must be appreciably lower than the value, 3*37 eV, obtained by means of 
the above expression, i.e. by ignoring and appreciably higher 

than the greatest observed vibrational energy, namely 0(15), which is 
found (by dividing the difference of the wave-numbers of the 15->4 and 
0-> 4 band-heads by 8106) to be about 0*85 eV, Thus IX is well within the 
limits 2*11 ± 1*26, and may perhaps be taken as, say, 2*1 ±0*5 eV. 

We may now calculate the diflferenoe of the total energies of the atomic 
products of dissociation of SiS in its excited and ground states. This differ¬ 
ence, as is well known, is given by i/®*®>/8l06 4 - which here amounts 

to 4-32 4-(2*1 ± 0*6) - (6*2 ±0*5), or 0-2 ± 1*0 eV. This would suggest that 
the actual energy difference may be zero; i.e. that the products of dissocia¬ 
tion are the same for the upper state as for the ground state. 

The ground state of CO, SC, SiO, GeS and PbO are generally regarded 

as dissociating into the ®P ground states of C, Si, Ge and Pb and the ®P 
ground states of O and S (see, for example, Sponer’s ‘'Molekiilspektren, 
Tabellen”, 1935). This is in accordance with Mulliken's (1932) general rule 
that the products of dissociation are the lowest-energy pair allowed by 
Hund’s theory. The same will probably be true of the ground state of SiS; 

* This seems to be suggested by improved photographs of one set of Cameron’s 
bands, recently taken by R. C. Ponkhurst in this laboratory. 
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and, if the above result be accepted, the upper state also of SiS will dis¬ 
sociate into the pair of ground states. Such a conolusion is in agreement 
with that already accepted for the a W state of CO and the corresponding 
state of CS. It must, however, be examined more closely, in view of the 
wide limits of the above estimate of Eji, namely from + 1‘2 to — 0-8 eV. We 
have to consider the possibilities that the upper state of SiS may dissociate 
into one atom in its ground state (”?) and one atom in its first exdted state 
(^D), i.e. into Si(^D) + S(®P) with excitation energy about 0-76 eV, or into 
Si(*P) + S(*D) with excitation energy about 1-2 eV. Since these energies 
fall within the above limits, neither possibility is definitely excluded by the 
present results. However, if the upper state of SiS is, as seems almost 
certain, a singlet or W), both possibilities are excluded theoretically. 
For the requirement of conservation of resultant angular momentum of 
spin is fulfilled by the dissociation of a singlet molecular state into two 
triplet or two singlet atomic states, but forbids its dissociation into one 
triplet state and one singlet state. It seems probable, therefore, that SiS 
both in its ground and in its excited state dissociates into Si(*P) + S(*P). 


Discussion of data fob band-systems of belated molecules 

Data for the system origins and vibrational coefficients are now available 
for at least one band-system of each of the ten molecules of this subgroup 
of oxides and sulphides; and for each molecule there is a system which 
appears to have some analogy to the Fourth Positive system A^n-*-x^£ 
of CO, this newly discovered SiS system now being added to the nine 
systems whose constants were studied graphically by Jevons, Bashford and 
Briscoe ( 1937 ). It seems desirable to extend these authors’ study in the 
light of more recent information. First, rotational analyses of the SnO 
system A 3 ±x (Mahanti and Sen Gupta 1938 ) and the GeO system (Sen 
Gupta 1939 ) have shown the electronic transition to be in each case, 

and not as has been already established for the CO, CS and SiO 

systems. Secondly, revised values of the coefficients have been derived 
(Jevons 1938 ) from Connelly’s ( 1933 ) data and analysis of the a st x system 
of SnO; these coefficients for SnO and the coefficients given by Howell 
( 1936 ) for PbO will be used here in preference to those used in figs. 2 and 3 
of the former study (Jevons and others 1937 ), from which the constants for 
the remaining seven molecules (oxides and sulphides) are taken. Thirdly, 
Rosen and D4sirant ( 1935 ) have published approximate values of the con¬ 
stants for CSe, for which they have observed an emission system similar to 
the ^77 ^Z system of CS. Fourthly, three absorptions systems of SnBe, 
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three of PbSe and two of PbTe have been observed and analysed by Walker, 
Straley and Smith ( 1938 ). Thus, we now have data for the ground state and 
one or more excited states of thirteen of the group of fifteen oxides, sulphides 
and selenides, and one of the five telliirides. For reasons which will appear 
in what follows, it is probably the strongest system b of SnSe, of PbSe 

and of PbTe that we should compare with the oxide and sulphide systems 
previously discussed. Finally, since some of the molecules of this group are 
isoelectronic with the Group-V(B) molecules for which spectra are known, 
the present discussion will gain in usefulness if both groups are included. 
In Table III are collected the constants for the ground states and the excited 
states under consideration. The symbols for the types of states are given 
only if they have been actually established by rotational analyses, although 
it would be reasonably safe to label all the ground states as ^ 2 ". 

We examine first the electronic energies of the excited states (i.e. 
j'g /8106 eV), which decrease irregularly as the electron content increases 
(fig. 3 , 1937). In the case of the diatomic hydrides of the atoms of Group II 
(A and B), there is a surprisingly close proportionality of corresponding 
system-origins to the ionization potentials of the atoms—a fact for which, 
as Dr Pearse has remarked, no theoretical explanation ap})ears to have yet 
been offered. The most direct way of applying a similar test to the present 
system is to divide the product of the ionization potentials, /jj and of 
each pair of atoms M and X, by the molecular excitation energy Ef and to 
observe the departure, if any, from constancy throughout the subgroup. 
The ionization potentials of the atoms concerned are given in Table IV; 
and the resulting values of Zjj shown in Table V, where figures for 

iso-electronic molecules appear in corresponding positions in (i) and (ii). 
It will be seen that they are of roughly the same order of magnitude through¬ 
out, but increase with mass and electron number of the Group-IV(B) atom 
both for the oxides and also for the sulphides (with the notable exception 
of CS), and decrease as we go from the oxide to the sulphide (again with the 
exception of CS) of the same atom. In view of the rather high value for CS 
and the surprisingly low ionization potential of Sn, it is safe to infer only 
that in this group the molecular electronic energies E^ have the same general 
trends as the ionization potentials though they are not strictly proportional 
thereto. The data are too meagre for any such statement to be made for 
Group-V{B). 

We turn now to the vibrational coefficients <t)^ and for the ground and 

excited states. The two pairs of curves of against electron number (n) 
were found in the former graphical study (1937) to be of forms roughly 
resembling rectangular hyperbolae. Therefore, in order that graphs of 
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Table III. Constants foe obottnd states and 

COMPAKABLK EXCITED STATES 


Group rV{B) + VI(B) molecules 



f .. 


Excited states 

_A_ 



...... A 

Ground states 

^ ____ 

n 

MX 

State 


< 

.^ 

State 

< 


14 

f^O 

Am 

65076-2 

1516*6 

17*25 


21BB-3 

13*28 

22 

SiO 


42836*3 

851*5 

6*14 

^ 2 : 

1242*0 

606 

40 

OeO 

^ 2 : 

37762*4 

«.5l-3 

4*24 


985*7 

4*30 

58 

SnO 


29624*9 

582*6 

3*08 

^ 2 : 

822*4 

3*73 

90 

l»bO 


22884*9 

498*0 

2*20 

^ 2 : 

721-8 

3*70 

22 

cs 

'// 

38912 1 

1072*3 

10*3 

^ 2 : 

1285*1 

6*60 

30 

SiH 


.3602S-8 

612*0 

2*38 


749*6 

2*66 

48 

. GeS 


32889-6 

375*0 

1*51 


575*8 

1*80 

66 

SnS 

B 

28337*9 

331*9 

1*25 

^ 2 : 

487*7 

1 34 

96 

PbS 

B 

21847*8 

282*2 

0*856 

^ 2 : 

428* L 

1*20 

40 

C 80 

VJI 

(35250) 

(830) 



1037 

8 

48 

8 uSo 








66 

(loSe 






' 


84 

8 n 8 c 

B 

22579*4 

218*0 

0*500 


333*2 

1*26 

116 

Pb 8 e 

B 

21006*8 

184*8 

0*427 


277*8 

0*452 

102 

SnTo 








134 

PbTe 

B 

10736*4 

145*5 

0*464 


211*8 

0*119 


Group V(B) -f V(B) moloculos 





Excited states 

A 



. ‘... - 

Ground states 






u 

r""’" 



n 

MX 

State 




State 

< 

<<o: 

14 

N. 

ai/i 

69623*1 

1692*3 

13*32 


2359*6 

14*44 

22 

PN 

'77 

39805*6 

1103*1 

7*22 

^2: 

1337*2 

6*98 

40 

AsN 

?'// 

36009*1 

863*0 

8*24 


1068*0 

5*36 

68 

SbN 



(820) 



(925) 


90 

BiN 








22 

NP 


39806-6 

1103*1 

7*22 


1337*2 

6*98 

30 

p, 





12 : 

780*4 

2-81 

48 

AsP 








66 

SbP 








98 

BiP 








40 

NAs 

?'77 

36009*1 

863*0 

8*24 

?'r 

1068*0 

6*36 

48 

PAs 








66 

As, 






429*4 

M2 

84 

SbAs 








116 

BiAs 








102 

Sb, 

A 

33768 

223*2 

0*62 


272*8 

0*62 

134 

BiSb 






220*0 

0-50 

166 

Bi, 

A 

17605 

131*6 

0*29 


173-7 

0-41 


(i) The sources of data for Group V(B) molocules are; N* Lyman system, Jevons, “Report on 
Band Spectra” ( 1932 ); PN, Curry. Herzberg and Herzberg ( 1933 ); AsN, Spinks { 1934 ); SbN, Coy 
and Sponer ( 1938 ); P,. Herzberg ( 1932 ); As,, Almy and Kinzer ( 193 S); Sbg, BiSb and BL, Nakamura 
and Shidei (i 935 )» 

(ii) The BiN spectrum has been observed (Coy and Sponer 1938 ), but data are not yet avaUables 
SbN data are provisional. 

(iii) The excited states of P, As, (probably and BiSb (B, ? for which data are available, 
^ apparently not analogous to those of N, (aW), PN (^U) BXid AsN (t W). See Jevons (1034}. 
They are omittetl from Tables III, V and VH. 
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Table IV. Ionization potentials (from H. Bomke’s 
“Vakuumspektroskopie”, 1937) (eV) 



Group IV(B) 

Group V(B) 

Group VI(B) 


eC 11-203 

,N 

14-460 

.0 

13*549 


„8i 8*12 


JO'9 

,.S 

10-3 


„Oe 8*09 

„As 10-6 


9-5 


7 • 30 

s,Sb 8-4 

..Te 

8-06 


„Pb 7-38 

„Bi 7-25 




Table V 

Values of 



(i) Group IV(B) + V1(B) 


[ (ii) Group V(B)-f U(B) 


gO IgS *4^^ 

..To 

.N 

i.P 

88*^^ 61 

.C 

18*9* 240* 24'6t 


,N 24-3* 

32-1* 

34-2t 

uSi 

20-8* 19-4 


,.P 321* 

§ 



23-5J 20-5 


..As 34-2t 


§ 


271t 21-6 24-9 


..Sb 


16*9 

.,Pb 

36*4 28*2 27-1 

27-2 



§ 


^ tapper stat-e t t'pp^i' state probably ^/7. 

X Upper state § See note (iii) on Table III, 


simpler form and smaller curvature might be obtained, the reciprocals of 
the coefficients, instead of the coefficients themselves, have now been 
plotted, as in fig. 6 (i) and (ii), where, however, straight lines are drawn 
between consecutive points, and the broken-line curves are drawn to 
indicate the values of to be expected for SiSe and GeSe. No such simple 
uninflected curves are obtained, however, by plotting log(o^ against logn. 

Similarly, in the case of the anharmonic coefficients if the reciprocals, 

inst^d of the coefficients themselves as in the former investigation, are 
plotted against n the resulting graphs for the oxides and sulphides appear to 
be of much the same simple form as the graphs. In view of the fact that 
a relatively small change of produces an appreciable effect on the graph, 
even the approach to regularity shown in fig. 6 (iii) and (iv) is rather sur¬ 
prising, and it seems probable that the departures from uninflected curves 
can be ascribed to errors of observation. 

If either the vibrational coefficients or their reciprocals are plotted against 
the reduced masses {/<) instead of the electron numbers, no simple curves 
are obtained.* Moreover, there is no smooth relation between and IjsJ/i 
or between log^y^ and log/^. The latter tests were suggested by a recent 

* The apparent smoothness of the graphs for the sulphides previously noted, 
when reduced was used instead of electron number (Jevons and others i937)* 
is removed by the addition of the data for SiS. ^ 
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observation by Carrelli and Trautteur (i 937 )> vibrational 

frequencies of the halogen molecules or of halides of metals in a given sub¬ 
group are plotted against 1/^// , the points fall on a continuous curve which 
starts as a straight line through the origin and finishes as a parabola, the 





Fio. 6. Vibrational coefficients of the ground states and oomparable excited 
states of the sub-group of molecules. 

constants of the straight line and the parabola being different for the 
different subgroups. 

Howell (1936) studied the vibrational coefficients <«>„ for all the known 
electronic levels of PbO and PbS, and of SnO and SnS, in a way which may 
now be applied to the pairs of levels of all the molecules of this subgroup in 
Table HI. First, Howell observed that the ratio of the coefficients <0g and 
for an excited state and the ground state varies irregularly from one 
excited state to the next of the same molecule, but in the same manner for 
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both molecules (oxide and sulphide) of the same element (Pb or Sn), In this 
way Howell recognized a probable correspondence between pairs of states 
of PbO and PbS, and also of SnO and SnS. In Table VI the values of this 
ratio for the recently recorded levels of SnSe, PbSe and PbTe are also 
included; HowelFs rule can hardly be said to apply to these as convincingly 
as it does to the oxides and sulphides. 


Table VI. Values of ratio for excited states 



DENOTED 

BY ROMAN 

CAPITALS 

AND GROUND 

STATES X 


SnO 

SnS 

SnSe 

PbO 

PbS 

PbSe 

PbTo 




F 0*617 







D 0*734 

B 0*099 






? 0*643 

D 0*664 



D 0*006 

c 0*003 

c 0*649 

c 0*717 

0 0*710 

0 0*669 


A 0*708 

B 0*681 

B 0*667 

B 0*090 

B 0*669 

B 0*666 

B 0*687 

B 0*766 

A 0*779 

A 0*672 

A 0*626 

A 0*610 

A 0*601 

A 0*668 


The values of this ratio for the pairs of states of all the molecules in 
Table III are shown in Table VII, where again the figures for iso-electronic 
molecules api>ear in corresponding positions in (i) and (ii). In the present 
group (i), with the exception of the rather high figure for CS, they are close 
enough to suggest that we are in fact dealing with corresponding excited 
states, while in the Group V(B) molecules (ii) no regularity is discernible. 

Howeirs second observation is that the ratio of values for the ground 
states of PbO and PbS is very nearly the same as for those of SnO and SnS 

Table VII. Values of d/Jiol 
(i) Group IV(B)-f VI(B) 



.0 

uS 

,.8e 

5 ,Te 


.C 

0*699* 

0*834* 

(0-800)t 



uSi 

0*680* 

0*683 




„Ge 

0*60 IJ 

0*661 




joSn 

0*708t 

0*681 

0-667 



..Pb 

0*090 

0*669 

0-666 

0-687 




(ii) Group V(B)-i*V(B) 






..As 

6lSb 



0*717* 

0'826* 

0-808t 

(0-886) 


..P 

0*826* 

1 




..Aa 

0*808t 


1 



.iSb 

(0*886) 



0-818 

§ 

.•Bi 





0-768 

« 

Upper state ^ /7. 


t Upper 

state probably 


X Upper state § See note (iii) on Table III. 
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and for those of GeO and QeS. This relation, whioh is a direot oonsequehoe 
of the foregoing, may be extended to the whole subgroap and should apply 
to corresponding excited states as well as to ground states. The result of 
the test is shown in Table VIII; the only abnormal values are those for the 
excited states of CS/CO and both states of CSe/CS; it will be seen that the 
mean values of the ratios increase as we go from MS/MO through MSe/BlS 
to MTe/MSe. The same trend is suggested by the meagre data of Group V(B) 
as we go from MP/MN through MAs/MP to MSb/MAs. 


Table VIII. Ratios of vibrational coefficients foe 

MOLECULAR ELECTRONIC .STATES IN TaBLE III 



(jj, of MS 
of MO 

0 )^ of MSe 

6>,of MS 

(i), of MTe 
of MSe 


Excited 

——— 

Ground 

Excited 

Ground 

r- * 

Excited Ground 

M 

states 

states 

states 

states 

states states 

C 

0'708 

0*592 

(0*774) 

0*807 


Si 

0‘602 

0*604 




Ge 

0*676 

0*5B4 




Bn 

0*673 

0*693 

0*669 

0*683 


Pb 

0*668 

0*692 

0*666 

0*649 

0*787 0*762 


The empirical relations recorded in this section are not put forward as 
evidence that what are described above as corresponding excited statm are 
all of the same theoretical type, such as ^2* or 'IJ. Indeed, rotational analyses 
of band structure, though carried out for relatively few of the molecules of 
these subgroups, have already shown that the excited states of CO, SiO, 
CS, N, and PN in question are while those of GeO, SnO, PbO and P* 
are >2. Such relations are useful, however, as a means of roughly predicting 
the constants for a molecule whose spectrum has yet to be observed. Thus 
Table V(i) suggests that for SiSe, eV, om.~*, and for 

GeSe, Egh 3'60 eV, v^'=. 29700. Prom fig. 6 we may estimate the vibrational 
coefficients for these molecules: for SiSe, wJ — 550, and for GeSe 

260, (1)1 <»? 390. That these estimates are reasonaUe is shown by a ocm- 
sideration of the resulting values of the ratio (w« of MSe)/(«, of MS), namely 
0*08 and 0-78 for the upper and lower states, respectively, of SiSe/SiS and 
0*07 and 0*08 for those of GeSe/GeS; these values are of the order to be 
expected from Table VIII. Again, the resulting values of ti)'J(t)l, namely 
0*08 for SiSe and 0’69 for GeSe, are of the order required for Table VII (i). 
We may, then, with some confidence, expect SiSe and GeSe to yidd 
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5. 2*4 111 .“grating spectrograms of near ultra-violet and visiblo system. Tlie mindx'is printe<i l>elo\v each strip ai>* values 
of — p\ *' —p"' in Table II. The numbers printed above the top strip are values of r'. r" for ontlyint^ bands of the 
ultra-violet system (fig. 4. Plate I). 
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uystCxM of ultra-violet bands degraded to the red, with heads roughly repre- 

^'siseN 31800 + (360w' --1 -Sw'*) - (mOu'' ^ 

^'ooBe’*5 29700 + (260ii' - 0-8w'*) -- (SOOw'' - l-0w^»), 


sented by: 


the 0"> 0 bands being near A3210 and near A3370 resj^ectively. Preparations 
are being made for searches for these systems. 


The authors have pleasure in thanking Professor H. V. A. Briscoe for 
very valuable advice throughout the course of the work, and Professor 
H. Dingle for helpful discussion in the preparation of the paper. One of 
them (W, J,) is glad to express once again his indebtedness to the Fereday 
Electors of St John's College, Oxford, and the Government Grant Com¬ 
mittee of the Royal Society. 
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The behaviour of polar molecules in solid paraffin wax 

By R. W. Sillabs, D.Phil. 

New College, Oxford 

(Communicaled by E. V. Appleton, F.R.8.—Received 26 Jvdy 1938) 

Intbodxtction 

The idea that dielectric materials may contain minute electric dipoles, 
able to rotate under the action of an electric field, has been current for a 
very long time. Originally it provided simply a plausible explanation of the 
property which a dielectric has of increasing the capacity of a condenser into 
which it is introduced; later Hopkinson, Pellat, and others suggested that 
the “ anomalous ” after-effects of a condenser might be due to similar dipoles 
retarded by “frictional” forces and able to rotate only slowly towards 
alignment with the external field. 

The quantity of electricity concerned in these effects is often approxi¬ 
mately conserved, so that the explanation was an attractively simple one. 
With a growing knowledge of the time-scale of molecular processes, however, 
the notion that a molecular dipole might take seconds or minutes to take op 
an equilibrium position lost favoxir, while a quantitative theory of dipole 
effects was developed by Debye. Prom this it appeared that, for dilute 
solutions of polar substances in simple light liquids, the times involved would 
be of the order of 10 "® sec. 

Measurements of dispersion and absorption in such liquids at frequencies 
up to the present limits of electrical measuring technique have largely con¬ 
firmed Debye’s quantitative conclusions. More viscous liquids, many of 
which contain molecules of widely differing sixes, and which may possess 
quasi-crystalline structures, do not show such a satisfactory agreement 
with the simple theory. More recently Debye and Ramm ( 1937 ) have 
published a treatment in which viscous and crystalline forces are regarded 
as acting simultaneously. This seems to fit the facts in some cases, but its 
application is somewhat limited because of the complexity of the anal}rtical 
expressions involved. 

It is now generally accepted that dipole rotation may take place in solids, 
and there is a growing body of evidence that the time constant involved 
may be comparatively large; anomalous dispersion and absorption attri¬ 
buted to tliis cause have been observed at audio-frequencies and even at 

[ 86 ] 
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50 cyoles/sec. These eflfects have been observed with such diverse substances 
as ioe, glycerol at low temperature, dJ-oamphor, chlorinated diphenyls, and 
solutions of cetyl palmitate in paraffin wax. Although it may be debated 
whether these should all be regarded as solids in every sense, there is no 
doubt that the postulates of the original theory of Debye are not applicable 
to them. 

In order to obtain more experimental information about effects of this 
sort, in the hope that it might help in formulating an adequate theory of 
them, it was decided to extend the experiments of Jackson ( 1935 ) with 
jmraffin wax solutions. The long-chain paraffins are known to possess 
definite crystalline structures (Muller 1932 ) which are not likely to be 
seriously modified by the presence of a few per cent, of an ester of similar 
type. A preliminary experiment had suggested that the time constant 
depends to an enormous extent on the size of the ester molecule. The experi¬ 
ments of this paper were therefore directed to determining the time con¬ 
stants of 5 % solutions of different long-chain esters in a particular sample of 
paraffin wax at various temperatures below the solidification point. 

For this purpose one may observe either changes of dielectric constant 
(dispersion), or changes of loss-angle (energy absorption). Thefomiermethod 
is imsatisfactory with small concentrations of polar molecules, since the 
changes in capacitance due to changes in dielectric constant are of the same 
order of magnitude as those resulting from the changes of density and 
formation of voids in the wax on heating and cooling. The loss-angle method 
was therefore employed. 

Methods and appaeatds 

The loss-angle of a condenser containing the material under test was 
determined at various temperatures and frequencies by the methods out¬ 
lined below. The material was then removed and the condenser plates brought 
nearer together, so that the capacity was the same as before, and the loss- 
ax^le was again determined under the same conditions. 

The difference between the two results, corrected for stray capacities in 
parallel with the specimen, was taken as the loss-angle of the material. The 
loss-angle of the empty condenser was found to be sensibly independent of 
temperature, so that it sufficed to measure this at room temperature only. 

Radio-frequency measurements were carried out by the same method as 
Jackson employed. A suitable coil was connected to the terminals of the 
test condenser, forming a resonant circuit the power factor of which was 
found from the width of its frequency response curve (MouUin 1930 , 1931 )« 
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Measurements at frequencies up to 26,000 cycles/sec. were effected with a 
bridge of the Sobering type, using a Wagner earth. 

The construction of the test condenser is shown in fig. 1. The sample is 
placed between two circular chromium plated brass electrodes. The upper 
electrode rests on the specimen unless the softening temperature of the 
latter is likely to be reached, in which case the electrode is supported from 
a brass block slung on quartz rods. The lower electrode is in good electrical 
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and thermal contact with the copper case which surrounds the whole con¬ 
denser. This case is surrounded by, and is in good electrical contact with, a 
tinned sheet bath, filled with oil, water or methylated spirit, which can be 
heated electrically, or cooled by the addition of ice or solid carbon dioxide. 
An outer turned sheet case is packed with powdered cork, as lagging. This 
is connected to the copper case for radio-frequency measurements, and to 
earth for bridge measurements. 

Thermocouples are placed in the bath and in the upper electrode. The 
latter can be manipulated from outside the case and is withdrawn from the 
electrode before making a loss-angle measurement. 

Connexion to the insulated electrode is made through a brass rod sur¬ 
rounded by a glass sheath protruding through the condenser case. It was 
found that when low temperature baths were used it was difficult to prevent 
water and snow from accumulating on the glass sheath where it emerged 
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from the cold metal. As this lay in the stray field between the rod and the 
case, it gave rise to an indeterminate energy loss. To overcome this a atrip of 
tinfoil was wound around the glass for about the first inch of its length, and 
connected to the case. This shielded the show from the stray field, and did 
not conduct away so appreciable a quantity of heat as to cause condensation 
farther out. Provided reasonable precautions were taken to wipe away 
moisture the leakage along the outside of the glass sheath was found to be 
insignificant, except for low audio-frequencies when it was eliminated by 
a further narrow strip of tinfoil connected to the earth of the bridge, using 
the familiar principle of the guard ring. 

In order to prevent the entry of moisture into the condenser case all 
joints were packed with cork, and a supply of air, dried by passage through 
sulphuric acid and over phosphorous pentoxide, was pumped in through a 
side tube, a pressure of about 3 in. W.G. being maintained. 

Presumably as a result of these precautions no trouble due to con¬ 
duction by the surface of the specimen was encountered, and a guard ring 
was not employed. In one case a wax specimen which had been allowed to 
become damp showed a loss-angle at low frequencies roughly propor¬ 
tional to the inverse of frequency, but this appeared to be a volume 
rather than a surface effect, for the provision of a guard ring did not 
diminish it appreciably. 

Both radio- and audio-frequency measurements were sensitive to about 
0-6 X 10"*^ in phase angle, and the probable relative error between points 
on the same curve was estimated to be about lO--^. The absolute accuracy 
of the results depends on the accuracy of the determination of the loss-angle 
of the condenser, the accuracy of determination of stray capacities, and the 
absence of air gaps between the electrodes and the specimen. Errors due to 
the first two causes did not exceed 2 or 3 %, but it appeared that irregularity 
in the thickness of the specimen and more particularly the impossibility of 
ensuring that it lay perfectly flat, might give rise to errors as high as 7 % 
of the measured phase angle. 

The difficulty of maintaining constant low temperatures in the bath gave 
rise to some uncertainty, particularly at temperatures far removed from 
that of the room. The procedure in taking readings was to observe the 
temperatures of the upper condenser plate and of the bath; when these 
were within half a degree of one another a measurement of loss-angle was 
made, and another pair of temperature readings taken immediately after¬ 
wards. 

An uncertainty of about ± T C must be allowed in temperatures between 
0 and - 30® C, and about ± 2® C in lower temperature readings. 
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Matebiaj:.s 

A refined wax melting over the range 57-60° C and known to have a 
negligible loss-angle was used as the solvent. Details of the esters employed 
are given below: 

Ethyl stearate, ( ' 20 ^ 40^2 • commercial supply, used as received. 

Butyl palmitate, C 20 H 40 O 2 : synthesized from palmitic acid (Kahlbaum) 
which had been recrystallized from alcohol and benzene, and butyl alcohol 
of boiling point correct to C. 

Butyl stearate (I), C 22 H 44 O 2 : commercial supply, used as received. 

Butyl stearate (U): commercial supply, twice redistilled. 

Butyl stearate (III): synthesized from stearic acid (Kahlbaum) and butyl 
alcohol, and further purified. 

Octyl palmitate, C 24 H 48 O 2 ; synthesized from palmitic acid and octyl 
alcohol. 

Dodeoyl palmitate, CjgHjgOj: synthesized from palmitic add and dodecyl 
alcohol. 

Dodecyl stearate, C 80 H 80 O 2 ; synthesized from stearic acid (Kahlbaum) 
which had been recrystallized from alcohol and benzene, and dodecyl 
alcohol twice redistilled. 

Cetyl palmitate, CggH^Oj; spermaceti recrystallized three times from 
acetone and three times from ether. 

To prepare a spedmen for loss measurements, the molten wax containing 
about 6 % of ester was poured on to a pool of mercury contained in an iron 
pot about 8 in. in diameter, which had been warmed to a temperature of 70 
or 80® C. This was aUowed to cool and the edges of the wax sheet so obtained 
were cut off leaving a sheet whose thickness was about 0*08 cm. and did not 
vary by more than ± O-OOl cm. 

The sheets so obtained were not all similar in appearance, although thedr 
preparation was as far as possible identical. Those containing cetyl palmi- 
tate, dodeoyl stearate, octyl palmitate, and butyl stearate (III) were uni¬ 
formly translucent. The sheet containing butyl stearate (II) showed occa¬ 
sional patches of white opacity, those containing dodeoyl palmitate, butyl 
stearate (I), and butyl palmitate had similar patches covering about half 
their areas, and the ethyl stearate spedmen was almost antirely opaque. 
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It WM suggested that these patches of opacity might be caused by the 
separation of some of the ester as a separate phase instead of remaining in 
solid solution. To investigate this point the solidMcation temperatures of 
solutions containing up to 20 % of butyl stearate (I) and of cetyl palmitate 
were observed. It was found that the depression of the solidifying point 
varied linearly with concentration, the slope of the temperature-molar- 
ooncentration graph being the same for both esters. 


Results and discussion 

Observations were made on all the esters at two or more frequencies and 
over a range of temperature sufficient to delineate the curve of tan S down 
to values one-fifth of the maximum or less. A typical pair of curves, those for 
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the specially synthesized butyl stearate, is shown in fig. 2. A set of similar 
curves covering five difierent frequencies is shown in fig. 3 a for cetyl 
palmitate. The curves for the various esters were all fairly similar in shape 
with the exception of those of figs. 4 and 5 which will be discussed separately. 

Observation of the variation of tan^ with frequency at constant tem¬ 
perature of 0° C were made on the cetyl palmitate specimen and are shown in 
fig. 36. As it was more difficult to obtain accurate readings at constant tem¬ 
perature thaw at constant frequency, the constant temperature method was 
not employed again. 





Logio (frequency) 

Pig. 36, 4*92% oetyl palmitate in paraffin wax at 0*C. x Points 
taken from constant frequency variable temperature curves. 
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Fio. 6. 4-81% butyl stearate (II) in paraffin wax. 


It is proposed to discuss these results in terms of Debye’s equation 


k' tan 8 — k" = 


47r K + 2)* 
3~' 3 


n/i* (i/r 


( 1 ) 


where k' is the “real component of dielectric constant” (i.e. dielectric 
constant in the ordinary sense) at any frequency. 

k” is the “imaginary component of dielectric constant” (corre¬ 
sponding to the conductivity or power lose), 

8 is the amount by which the phase-angle between current and e.m.f. 
is less than 90°, 

/Cg is the dielectric constant at a frequency so low that dipole effects 
are fully developed, 

n is the number of polar molecules j)er c.c., 

/i is their dipole moment, 

(0 is the angular frequency of the alternating e.m.f., 

k is Boltzmann’s constant, 

T is the absolute temperature, 

r is a constant with the dimension of time, corresponding to a relaxa¬ 
tion time, henceforward the “time constant”. 

It will be assumed that the experimental curves are made up of a summa¬ 
tion of ourves of the t 3 TJe represented by equation (1). The use of this expres¬ 
sion derived from consideration of rotation in a liquid finds more justification 
than appears at first sight, for any simple theory based on a relaxation 
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mechanism leads to a similar form of equation. Debye, for instance, sug¬ 
gested the assumption that the ice molecule has two stable positions with 
a probability of transition from one to the other, and derived expressions 
of the same form as those of his liquid theory. The afore-mentioned treat¬ 
ment of quasi-crystalline liquids by Debye and Bamm results in a series of 
terms of the same tyi>e. Gemant (i 93 S).has also published an analysis in 
which the dipole is supposed to be aifected by elastic as well as viscous 
forces, and concludes that the form of the equation again remains the same 
as in Debye’s original theory. 

If for simplicity we write equation (1) as 


- Cn 


orr 


1 


( 2 ) 


and assume that there are several groups of dipoles at work, the members of 
one group having time constants different from those of another group, but 
all having the same dipole moment, the total effect will be 





0)Ti 

1 1 -f 



In the more general case of a continuous distribution of the number of 
dipoles in any range of time constants such that 


we have 


dn = F{r)dTf 


If the curve of k" is plotted against log w, the total area under the curve is 


j: 


k” .d(\oga)) =s 


on 


0 J 1+wV* 


- cjlF{r)dr 


F{r)dT 

- elfin 



(3a) 


Thus this area is proportional to the total concentration of dipolea irrespec¬ 
tive of the time constants associated with them. If the total oonoentration 
is known, then this area can be used to find the value of C, and henoe the 
moment of the dipoles. 
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In the present experiments it is found that the curves are somewhat 
broader than equation (2) predicts, and this broadening is regarded as a 
spreading of the time constants about a central value. Such a spreading 
might be exi>ected if the dipole molecules were not all identically situated. 
Whatever be the nature of the parameters controlling the value of r, they 
seem likely, a priori, to be aflFected by imperfections in the crystal of the 
wax solvent. Such imperfections would occur in any case in a pure solid 
unless extraordinary precautions were taken; they will be much more 
common in the mixtures employed for the present experiments. It may be, 
indeed, that there exists no more than a certain orderliness in the arrange¬ 
ment of the molecules, not really meriting the description of a crystal. At 
any rate the existence of a range of time constants rather than a unique 
value is not surprising. 

Equation (3a) provides a means of calculating the dipole moment irre¬ 
spective of this spreading. A similar integration with respect to logr can 
only be carried out strictly if the form of F(r) is known. It can be shown, 
however, that provided F{7) approaches zero for all values of t outside a 
certain small range, i.e. provided the range of spreading of r is small com¬ 
pared with T itself, its form is unimportant and 

/c'.ei(logT) = I Cn (36) 

correaponding to (3a). 

The quantity k" is equal to k' tan S. The dielectric constant of the wax 
alone was measured by Jackson (1935 ) and found to be 2- 18. This value does 
not vary greatly with temperature below about 30“ C, while variation due 
to dipole effects in the ester solutions is less than 1 %. In discussing the 
results of this paper, therefore, it will be assumed that 

k" = 2-18 tan J 

with sufficient accuracy. 

From equation ( 2 ) the maximum value of k" (or tan J) for varying w or t 

occurs when cw * 1 , so that at this point we have — 2 ^' 

temperature at which tan S is maximal is plotted against the logarithm of 
the inverse of the corresponding frequency, the resulting curve gives the 
relation between log 2rrT and temperature. This is done in fig. 6 , and a linear 
relation is fotmd for dodecyl palmitate and for butyl stearate (I), while a 
slightly curved relation is found for cetyl palmitate. Most of the points of 
this figure are taken from curves of tanJ against varying temperature. 
According to equation ( 1 ) varying the temperature also varies the constant 
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C of equation (2), so that maxima obtained in this way do not strictly 
correspond to «1. For the same reason the values of should 

decrease with increasing temperature. Examination of the various curves 
shows no particular systematic variation of this sort however, nor was such 
an effect found by Jackson. This factor has therefore been neglected and it 
is assumed that variation of temperature varies r only. 

The relation between tem]>erature and t can also be obtained by com¬ 
parison of a curve of tan S against temperature at constant frequency with 
one against log(frequency) at constant temperature. If at temperature 
Tp tan S is maximal for o) = and if a change of temperature to at constant 
frequency has the same effect as a change of w to at constant temperature, 
then the. change of temperature Tq to corresponds to a change of r from 
1 Io)q to 1 /wj. The points of fig. 7 are obtained in this way from figs. 3a and 36 
for cetyl palmitate solution, the points of fig. 6 for the same ester aie also 
shown as crosses on fig. 7 for comparison. 

To determine the dipole moments from the curves of tan S against tem¬ 
perature using equation (36), it was assumed that 

log T = -f constant, 

where s is the slope of the appropriate line in fig. 6. The integral of equation 
(36) is then the area under the curve of tan J against temperature, multiplied 
by s. The moments calculated in this way are tabulated below. A value for 
the moment of cetyl palmitate calculated from the area under the ifeurve 
of fig. 36, using equation (3 a), is also included in the table. 


Ester 


Dipdle moment 

Ethyl stearate 

l’30x 10 “® e.B.u. ; 


1‘26 


Butyl palmitate 

1 66 


Butyl stearate (Til) 

B39 



1-30 


Octyl palmitate 

1*22 

J.,, 


1*22 

1 '-t 

1 

Dodecyl palmitate 

1*27 

'1 

Dodecyl stearate 

1*39 

i 

Cetyl palmitate 

1*39 „ 1 

1*38 „ ' 

\ 

From tan 3- ^ 


1*33 J 

temperature curves 


1*30 

From tan 3- 


frequency curves 

The values obtained cannot be regarded as accurate, for in addition to the 
experimental errors already discussed the extrapolation of the curves to the 
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zero of tan S involves a rather indeterminate possibility of error. They are 
noticeably lower than the m oment of esters determined by the usual methods, 
which are in the neighbourhood of 1-6-1-8. 

In the discussion which follows (p. 79) it is concluded that rotation of the 
dipole can only occur by rigid rotation of the whole ester molecule about its 
long axis. In this case one would expect only the component of the moment 
perpendicular to this long axis to be effective, and since it is considered on 
chemical grounds that the electric axis is not perpendicular to the geometric 
one, a somewhat low value of effective dipole moment is rather to be 
expected. Unfortunately there does not seem to be sufficient certainty 
regarding the precise angle between the electric and geometric axes to make 
possible an accurate comparison of the moments in the above table with the 
values found for esters in solution in liquids. 

The value calculated by Jackson from his results with cetyl palmitate is 
higher than the corresponding figures of the table above, although he did 
not take into account the “spreading” effect. Jackson’s curves are, in fact, 
higher and sharper than the majority of those of the present work. Similarly 
the 3870 kc. curve of fig. 3 a is higher and sharper than those taken at lower 
frequencies. The cause of these di ff erences has not been elucidated. 

The majority of the curves are, however, of the general shape to be 
expected in view of the approximately linear relation between logr and 
temperature, and allowing for the “spreading” effect already discussed. 
Exceptions are the curves of figs. 4 and 6, the former referring to a sample of 
butyl stearate as received from the supplier, the latter to a sample obtained 
from a different supplier and redistilled. The asymmetry of these corves 
might be attributed either to an abnormal and one-sided “spreading” 
effect, or to a non-linear relation between log t and temperature*. The points 
for butyl stearate (I) in fig. 6 do not show any appreciable departure from 
linearity, so that this possibility is ruled out. It was ascertained from the 
supplier that sample (II) had been prepared from commercial stearic acid 
containing about equal parts of stearic and palmitic acids. Butyl palmitate 
and butyl stearate were therefore 83 mthe 8 u;ed from the pure adds and 
alcohol, and the curves obtained from them confirmed the suspicion that 
the curves of figs. 4 and 5 have two components, one corresponding to butyl 
stearate, and the other, somewhat larger, to butyl palmitate which displays 

* During some preliminary experiments on sample (I) the latter explanation was 
considered the more probable and a theoretical discussion by V. C. Frank ( 1936 ) 
gave further grounds for believing it to be correct. Subsequent investigation, how¬ 
ever, led to rejection of his explanation of the gross asymmetry of these curves in 
favour of the one given here. 
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a larger apparent dipole moment. The effect of redistilling sample (II) was 
probably to increase the proportion of palmitate. In fig. 8 is shown a com* 
posite curve obtained by summing the effects of 2-88 % butyl palmitate and 
1'92 % butyl stearate calculated by simple proportion from the appropriate 
curves; the similarity to fig. 5 is apparent. 

The elucidation of this point suggests that power factor measurements 
might provide a convenient means of identifying long-chain esters, ketones, 
etc. The separation and identification of mixtures of these compounds by 
ordinary chemical methods is extremely difficult (Piper and others 1931 ), 
but by dissolving the mixture in a hydrocarbon and plotting power factor 



Fig, 8. 2-88 % butyl palmitate and 1’92 % butyl stearate. 


against temperature or frequency it should be possible to identify each 
chain-length from its contribution to the curve. 

It remains to enquire whether it is possible to elucidate the nature of the 
mechanism permitting rotation, and the physical significance of the time 
constant r. It is known that pure hydrocarbon waxes form crystals in which 
the molecules lie side by side with their long axes parallel (MtiUer 1932 ). 
At low temperatures the packing is such that the molecules cannot rotate, 
but at temperatures near to the melting point the lattices of the higher waxes 
expand and rearrange themselves so that rotation of the molecules about 
their long axes can occur. It is considered that the molecide is a rigid struc¬ 
ture and rotates as a whole. X-ray powder photographs were taken at room 
temperature of the wax used in these experiments, and also of the wax 
containing 6 % of butyl stearate (III). In both cases sharp rings were 
obtained indicating a definite crystalline structure. The side spaoings seemed 
to indicate that the wax molecules themselves are unable to rotate, at any 
rate up to room temperature, and one must suppose that the rotating ester 
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“fits loosely” into the lattice of fixed wax molecules. The proportion of 
ester molecules is not suflBoiently great for a structural change in thw 
immediate neighbourhood to show up on the X-ray photographs. 

In fig. 96 the terajjerature for which tand would be a maximum at a 
frequency of 3160 kc./sec. is plotted against the number of carbon atoms in 
the ester, the temperatures being obtained by interpolation in fig. 6. A 
smooth curve is obtained, from wiiieh it appears that the total length of the 
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Fio. 0. Variation of time constant with chain length. 


chain determines this temperature and that the position of the polar group 
in the chain is unimportant. Consider, for instance, butyl stearate having 
22 carbon atoms. If we subtract two carbon atoms we can either take them 
from the long stearate chain leaving butyl palmitate, or from the short 
butyl group leaving ethyl stearate, and whichever we do the effect is the 
same, within the limits of experimental error. Similarly the point for 
dodecyl stearate in fig. 96 lies fairly between those for dodecyl and cetyl 
palmitates having two carbon atoms less and more respectively. It aeons 
safe to conclude, therefore, that the molecule behaves as a rigid whole, for 
if rotation of the dipole were allowed by a distortion of the molecule one 
would expect the nearness or otherwise of the polar group to the end of the 
chain to have a considerable influence. 
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In ooxmexion with fig. 96 it is perhaps worth remarking that the smooth 
curve provides additional confirmation that the effects observed are actually 
due to polar molecules and not to some spurious cause such as conduction 
effects arising from impurities. The processes of purification were by no 
means the same for all the esters and it is inconceivable that any spurious 
effects could give a smooth curve when plotted against the chain length 
of the ester. 

As regards the significance of the time constant t, the simplest hypothesis 
to make would be that the molecule suffers a frictionalrestraint, somewhat 
analogous to that of a shaft rotating in a journal. In this case a theory 
similar to that of Debye for liquids could be constructed, where the viscous 
restraint on a rotating spheie would be replaced by that on a rotating 
cylinder. The constant would then be proportional to the length of the 
molecule, i.e. to the number of carbon atoms in it. That this is not so is 
apparent from the table below. The values of r shown are obtained by inter¬ 
polation in fig. 6 . 

Number of 

Ester carbon atoms 2 wt at — 20® C 

Ethyl stearate 20 2 0 x 10~’ sec. 

Butyl stearate 22 3*3 xlO' * „ 

Ootyl palmitate 24 1*6 x 10~'^ „ 

Dodacyl steeuato 28 6*3 x 10~^ 

Cetyl palmitate 32 9-8 x 10'* ,, 

It is interesting to compare the results of Holzmiiller ( 1937 ) who deter¬ 
mined the time constants of a number of ketones ranging from acetone to 
nonyl acetyl ketone in solution in benzene and in hexane. He found that the 
time constants varied as a power of the molecular weight slightly greater 
than unity, and that the calculation of the time constant from Stokes* 
equation became more valid the higher the molecular weight. This, incident¬ 
ally, also implies a rotation of the molecules as a whole, for if distortion 
occurred the time constant would increase less rapidly than the molecular 
weight. 

Another way of interpreting r is to regard it as inversely proportional to 
the probability that a dipole will rotate under the influence of the external 
field in a particular interval of time. This is the interpretation given to it 
by Debye in a tentative explanation of dipole effects in ice, to which refer¬ 
ence has already been made. If, in the case of esters, we suppose each carbon 
atom to have an independent probability of moving, and if we further sup¬ 
pose that the dipole rotation can only occur if every atom of the molecule 
seizes an opportunity to move within a particular short interval of time, 
then the probability of rotation will vary exponentially with the inverse of 
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the number of atoms, in other words logr will vary as the number of carbon 
atoms in the ester. Fig. 9a shows log2rrT plotted against the number of 
carbon atoms, and though the departure from linearity is not so wild as in 
the attempt to correlate r itself with the number of carbon atoms, there is 
no sign of support for the above supposition. 

It seemed desirable to find out how the lengths of the wax molecules 
compared with those of the esters; to this end the long spacings were 
obtained from the X-ray photographs and found to indicate a chain length 
of about 26 carbon atoms. The influence of this magnitude on t cannot 
be discussed in the absence of a reasonably detailed hypothesis regarding 
the mechanism of rotation. There is not, however, any satisfactory theory 
of dipole rotation in solids which takes into account the time effects which 
are the subject of these experiments, and it must be reluctantly confessed 
that these experiments have not suggested any simple extension of existing 
theory. 

To Mr E, B. Moullin, for his invaluable help and criticism, and to 
Mr D. R. Pelmore, who carried out all the chemical operations, as well as 
the X-ray measurements, the writer is greatly indebted. 

He also has to thank the Metropolitan-Vickers Electrical Company, 
Ltd., for a scholarship enabling this research to be carried out at the 
Engineering Laboratory of the University of Oxford, Dr A. P. M. Fleming, 
O.B.E., Director of the Company for his interest in the work, and the staff 
of the G.P.O. Research Station, Dollis Hill, for their help in connection 
with the X-ray measurements. 

Summary 

The experiments described constitute an extension of previous work by 
Jackson and were carried out on solid samples of paraffin wax containing 
small concentrations of various long-chain esters. The esters are of molecular 
type similar to the wax, but have a permanent electric moment in virtue 
of the ester group. Dipole eifects similar to those found by Jackson are 
observed and the variations of the characteristic time constants with 
temperature and with chain length of the esters are studied. Variation with 
temperature is approximately exponential, the exponent being about the 
same for each ester. It is found that the time constant is a non-linear 
function of the total chain length of the ester molecule, but is relatively 
independent of the position of the ester group in the chain. It is confirmed 
that the observed losses are due to dipole effects and not to some adventitious 
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cau86. It is concluded that the whole ester molecule contributes to the time 
constant, and therefore that it behaves as a rigid structure and does not 
simply become deformed in the immediate neighbourhood of the dipole 
group. This is in agreement with evidence from other sources. The results 
do not suggest any simple relation betw^een chain length and time constant, 
and a satisfactory theory to relate them has yet to be found. 
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Ionic recombination in air 

By J. Sayees, Ph.D.* 

Cavendish Lafmratm'y and St John's CoUe^e, Cambridge 
{Communicated by E. V. Appleton, F.B.S.—Received 26 August 1938) 

1. Intboduction 

The fundamental importance of the problem of recombination of ions in 
gases was appreciated almost as soon as the role of ions as carriers of electric 
charge in gas conduction was recognized. Indeed it was at one time believed 
that the greater part of the light emitted in the Gleissler tube discharge had 
its origin in the energy resulting from ionic recombination. 

Rutherford and Thomson were the first to show, and verify experiment¬ 
ally, that the rate of decay of ion population by recombination was pro¬ 
portional to the product of the numbers of ions of either sign. Thus, if we 

* Muigrave Research Student, Queen’s University, Belfast. 
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denote by N+ the number of positive ions per unit volume, and by the 
number of negative ions, the recombination law established by them is 


dt 


dN^ 

di 


-aN^N_, 


where a, the factor of proportionality, is called the recombination coefficient. 

Rutherford’s methods, in somewhat modified form, were adopted later 
by other investigators with equal success. McClelland ( 1898 ) applied them 
in the determination of the rate of recombination of ions in gases drawn from 
flames and arcs; while later Townsend ( 1900 ) employed similar methods for 
measurements in a series of gases including air, hydrogen, oxygen, etc. 

In more recent years there have been many determinations of a, but 
unfortunately there is but little agreement between the results obtained, 
this being particularly the case as regards the dependence of the rate of re¬ 
combination on gas pressure. At high pressures of several atmospheres and 
upwards, it is generally agreed that the recombination coefficient is approxi¬ 
mately inversely proportional to the gas pressure. But for pressures from 
1 atm. downwards the evidence is very conflicting. ThirkiU (1913) and Lenz 
(1932), for example, both find that a in air is a linear function of the pressure 
from 0 to 700 mm. Hg; while Schemel (1928) concludes from his experiments 
that a is almost indei)endent of the pressure within this range. 

The experiments here described were accordingly undertaken with the 
object of investigating the reasons for the lack of agreement rather than to 
add to the already confusing accumulation of data. With this end in view 
an apparatus was designed so as to permit various methods of procedure, 
in order that results by different methods might be compared under identical 
conditions. 

In this paper attention is confined to cases where the negative ions are of 
atomic or molecular mass; and the chance of an electron recombining with 
a positive ion before attaching to a neutral molecule will be assumed negli¬ 
gible. It is easy to show that the probability of such an event is proportional 
to the quotient of ionization density divided by gas pressure, and for the 
range of these parameters here considered this can be entirely neglected. 


2. Expebisiental kethoos 

Two methods of measuring the recombination coefficient were investi¬ 
gated; 

(i) The first was basically that designed by Rutherford (1897) and re¬ 
cently elaborated on by Marshall, Luhr, Mttchler and others. In principle it 
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consists in observing the rate of decrease of ion population in a gas which 
is ionized by a short flash of, say, X-rays or a-particles, and then left un¬ 
disturbed. 

In these experiments the ionization was produced by X-rays, and the 
gas was irradiated in short flashes controlled by a slotted brass disk which 
was made to rotate by a constant speed electric motor. To measure the ion 
concentration at any instant after the cessation of the X-ray flash, a high 
potential was applied to one of the electrodes of the ionization chamber 
and the ions collected and their charge measured. This collecting voltage 
was applied by a commutator device mounted on the same shaft as the 
rotating disk, and the phase relation of those two could be varied to give 
different intervals between the cessation of the X-rays and the application 
of the collecting voltage. The complete process was cyclic and repeated with 
each revolution of the disk and commutator. The pulses of charge received 
on the collecting plate each time the ions were 8 we})t out of the gas were 
smoothed out by a 0‘0005 /iF condenser and measured as a current. By 
multiplying this current by the period (about 0*7 sec.) of the cycle of events, 
the charge collected each time was estimated. From the rate of decay of 
ionization explored in this way it is easy to deduce the value of the recom¬ 
bination coefficient and the manner in which it varies with time. 

(ii) The second method, due to Riimelin ( 1914 ), consists in exposing the 
gas continuously to the ionizing agency, and measuring the equilibrium value 
of ionization which is soon established between the rate of recombination 
plus diffusion, and the rate of production of ions. From a knowledge of the 
latter and a suitable allowance for the loss of ions by diffusion it is possible 
to evaluate the recombination coefficient. 


3. Some features of the apparatus 

(i) The ionization chamber was constructed in accordance with modern 
high-vacuum technique for piurification of the internal walls and metal 
electrodes. Instead of the more usual brass construction, it was built in a 
cylindrical envelope of pyrex, approximately 9 by 20 cm., the electrical 
coimexions being brought out through vacuum-tight tungsten-pyrex seals. 
The metal disks forming the end-plates were of pure nickel and were held 
rigid and parallel by quartz spacers. The collecting plate was provided with 
a guard ring on which it was mounted with quartz supports, giving very 
high insulation resistance. A wire gauze was fitted round the inside of the 
pyrex envelope to prevent electrostatic charging of the glass surface giving 
residual electric fields inside the ionization chamber. This gauze was also 
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made of pure nickel; thus all the metal parts inside the chamber were of the 
same material in order to avoid, as far as possible, the presence of contact 
potential differences. 

After assembly of the electrodes, and just prior to sealing inside the pyrex 
envelope, they were carefully cleaned to remove surface contamination. 
When the tube was completed it was joined to the usual ty|>e of vacuum 
pumping train, consisting of mechanical pump, mercury diffusion pump, and 
liquid-air-cooled traps. The normal high-vacuum procedure of purification 
was then carried out, in which the entire tube was heated in an oven to 
500*^ C for a few hours, and'the metal j)arts were heated to redness by an 
induction heater. When gas was admitted to the tube and a test made, a 
small electric field was found to persist in the ionization space due to a 
residtial contact e.m.f. This was due to two causes: 

(а) The nickel gauze was apparently made of a nickel of slightly different 
purity from that used in the disks. 

( б ) Owing to the shielding effect of the guard ring, the inner collecting 
plate could not be heated to quite such a high temperature in the outgassing 
process as the other metal parts, so its surface was not quite so clean. As a 
final resort the small contact potential differences which still persisted, and 
were of the order of 0*1 V, were balanced out by small bias voltages intro¬ 
duced in the leads to the electrodes concerned. 

(ii) The ionization current was measured by an electrometer type electron 
tube. It was used in conjunction with a galvanometer in a type of balanced 
bridge circuit due to Appleton ( 1928 ) and is illustrated in fig. 1 . 

The special advantage of this circuit is its great stability. When the 
resistance in shunt with the galvanometer is made equal to the valve 
impedance and = jRg, the galvanometer does not respond to small varia¬ 
tions of the voltage of the driving battery 

Grid current in the valve was eliminated by proper choice of grid bias 
voltage. If, for example, the variation of grid current with grid potential, 
keeping the anode voltage fixed, is represented graphically, the curve is 
found to cut the axis at - 2 0 V. This value of grid bias was therefore chosen 
as the working point. 

(iii) The electrical circuit of the ionization chamber and method of 
application of the collecting voltage have special features and so call for a 
brief description. The circuit is illustrated in fig. 2. 

The first essential in this circuit is that no A. C, ripple from the application 
of the collecting voltage, or disturbance with higher frequency components 
from the commutator brushes, should reach the grid of the electrometer 
valve. Previous investigators have used electrometers for measuring the 
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ionization current and these would not be much afiFected by A.C. disturb*- 
ances; but in this case the rectifying properties of the valve make the above 
condition most important. The tube was accordingly made part of a balanced 
A.C, bridge circuit. With suitable choice of the condenser C and resistances 
X and F it was arranged that the point A remained at earth potential as far 
as the application of the collecting voltage was concerned. The condensers 





Fig. 1. Electrometer valve circuit. 


A 



Fig. 2. Diagram of ionization chamber and associated electrical circuit. 

and C3 were found necessary to eliminate high-frequency disturbances 
caused by the make and break of the commutator. In the measurement of 
the ion ouarrent the valve was used as a null instrument. That is, the ion 
current was neutralized by a known and variable current supplied by a 
potentiometer and high resistance Rjj, the valve circuit being used to 
indicate when exact balance was obtained. 


4. The diffttsion correction 

Diffusion of ions to the collecting plates must always be considered as an 
effect which will make the measured value of the recombination coefficient 
too high. This is particularly so at low pressures, and precautions must be 
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taken either; (i) To eliminate the escape of ions by diffusion, or (ii) to make 
due allowance for it in the calculations. As regards the first alternative, it 
may seem at first sight to be better, and might be achieved if it were 
possible to arrange that the region of gas ionized was always some distance 
from the plates; in this case no appreciable number of ions could diffuse to 
the plates in the time required to measure a. Unfortunately the volume 
ionized cannot be limited to a narrow section of the chamber by merely 
limiting the X-ray beam with lead slits. The reason for this is apparent when 
it is remembered that the greater part of X«ray ionization is a secondary 
process of ionization by /J-particles, the latter being produced by X-ray 
photo-ionization in the body of the gas and also at the walls. These /?-par- 
ticles will produce a large amount of ionization exterior to the X-ray beam, 
and it is therefore inaccurate to assume that the volume ionized is just that 
defined by the lead slits. This mistake has been made by several investi¬ 
gators, and is an inherent error in the Langevin type of experiment for 
measuring recombination. The results obtained in such experiments are 
incorrect by a factor which is just the error in the volume assumed for the 
ionization. As a further check on this, experiments were performed with 
various widths of X-ray beam, and it was found that a more nearly consistent 
value for a was obtained by assuming that in all cases the ionization fills 
the chamber than by calculations based on an ionization restricted to the 
optical path of the X-rays, 

It is therefore evident that the only method of dealing with the problem of 
diffusion is always to use the full volume of the ionization chamber, and 
calculate the diffusion correction to the observed value of oc. The method 
adopted in these experiments is based on the following considerations:* 
Consider a small element of volume of the ionization chamber between 
the planes x and x + Sx. 

Let n be the concentration of ions at the plane x. 

Consider a small volume element of unit cross-section; the number 
entering the volume is , 



where D is the coeflBoient of diffusion, while the number leaving 



♦ Cf. J. J. Thomson (1928). 
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The nett loss of ions per sec. is therefore 

- (1) 

Since everything may be assumed symmetrical about the central plane of 
the ionization chamber, we need only consider one half. Let the half depth 
be L Then we have at central plane a: == 0, and at the plate a; = Z. To find the 
magnitude of the diffusion loss assume that it alone is responsible for the 
loss of ions, and let there be an equilibrium set up between this and a rate of 
production of q ion pairs per c.c. per sec. 

Then g + /)?~=0 . (2) 

Integrating this equation, and remembering that 

— 0 at = 0, 


because of symmetry, we get ^ 

The solution of this, subject to the boundary condition 72 - = 0 for x - Z, is 

Now, the total number of ions between tlie plates is 


N ^ 2 A 


where A ^ area of plates, i.e. 


f ndx, 
Jo 


Jo- 


(Z^ — x^) dx 


or the average number per c.c. is 

( 6 ) 

Al ZD’ ^ ^ 

and for this, the rate of loss by diffusion is equal to q ions per c.c. per sec., i.e. 


' dltfMton 


\ 2 Nl»} ’ 
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or the contribution made by diiFusion to the effective value of a is 

3_0 

2m*' 

and this is the correction which we must subtract from the measured values. 
It may be noted that it is small for large concentrations, or when the plates 
are wide apart. For the conditions in these experiments l~\’6 cm., and 
assuming that J[) = 0 047 at room temperature and 760 mm. pressure the 
correction becomes 

So. = ^3-13x10-* 

N 

and may be neglected for N — 10 ®. 

At 100 mm. pressure Sa becomes 

0-25 X 10-®, 

and this correction must be subtracted from the measured value. 


6. The value ok a ik aib at atmosphbbic pbbssubb 

The recombination coefficient a is evaluated by solution of the well- 
known differential equation 


If we write this equation as 

we see that a is the slope of the graph which represents the variation of l(N 
with time. A graphical analysis of this type was employed in the present 
experiments. 

Fig. 3A is a curve of 1 /JV^ versus t in the case of air, and was obtained 
when the ionization was produced by a very short flash of X-rays, the 
pressure being 760 mm. Hg. The value of a, is obtained by graphical differ¬ 
entiation of this, and the result is shown in fig. 3B which is a graph of the 
variation of a with time after the cessation of the X-rays. It is to be noted 
that a starts from a very high value initially, but quickly drops to about 
half its initial value in a time of approximately 0*1 sec., after which it 
remains constant. This effect has been previously discovered by Marshall, 
Luhr, and very recently by Gardner ( 1938 ) working with pure oxygen. It 
is due to the fact that at short intervals after the irradiation by X-rays 
the ions are still distributed in clusters along /^-tracks; and therefore a High 




Ionic recombination in air 91 

value of a ia observed until the process of diffusion produces a uniform 
volume distribution of ionization. 

It is very illuminating to compare the results of fig. 3B with the value 
obtained for a by the Rilmelin method. The gas is continuously exposed to 
the X-rays. Let therefore the rate of formation of ions be q pairs per o.o. 



Fiq. 3. Curves illustrating the initial high value of a due to columnar and cluster 
ionization at short time intervals after the cessation of the ionizing rays. 

per sec. If is the equilibrium value of ion concentration, it is easy to 
show that a is given by 



? and iyrp are measured as follows: 

With the X-rays on continuously, the time i of application of the 
colleoting field is varied, and a graph plotted of charge collected versus t. 
If the collecting field is suflioient to draw the saturation current, then the 
graph is a straight line, and the intercept on the N axis gives the value of 
while the slope gives j. 
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Measurements were made by this method under conditions as nearly as 
possible identical with those under which the results of fig. 3 were obtained. 
The value for a arrived at was 5*2 x 10"® c.c. per sec. The fact that this is 
approximately equal to the abnormal high value of a by the flash method at 
very short time intervals after the cessation of the X-rays is very instructive. 
It tells us that the results by tlie Riimelin method are characteristic of 
conditions where the ion flistribution is non-uniform, and that with the gas 
continuously exposed to X-rays a large proportion of the recombination 
takes place in the localized regions of high ion concentration such as fresh 
/^-tracks and (J-ray clusters. It is therefore evident that any experiments on 
the measurement of recombination in the presence of an ionization process 
are reliable only under special conditions. For example, it would be sufficient 
if the ionizing agency gave a distribution of ions which was homogeneous 
throughout the body of the gas, ultra violet light being satisfactory in this 
respect. In addition, if the processes of diffusion were so effective that the 
probability of a pair of ions recombining within the cluster where they were 
formed was small, the Riimelin method could still be applied. 

There is also another difficulty which arises in the flash method of deter¬ 
mining a for air or oxygen. If, for example, various sets of observations are 
made in wliich only the initial intensity of the ionization flash is varied, the^x 
on examining the results it is found that: 

(i) Each set is consistent in itself, that is after an initial period of 0-1 sec. 
subsequent to the cessation of the X-rays, a attains a value which thereafter 
remains constant up to the maximum time studied, or about 0*6 sec. 

(ii) There is a remarkable variation of a as the initial intensity of the 
X-rays is altered. 

This phenomenon is clearly illustrated by the results of fig. 4 . In this 
diagram are reproduced some IfN versus t curves for air at 760 mm, 
pressure and various initial X-ray exposure times. The slopes of these graphs 
give the values of a, and the manner in which this varies with X-ray ex¬ 
posure is illustrated in Table I. 

A similar variation of a with X-ray intensity has been observed by Mar¬ 
shall, Luhr, and Gardner (1938), the latter working with oxygen. Moreover, 
if instead of varying the X-ray exposure time the hardness of the rays is 
altered, an even moie striking change in a is noted; for example, with a large 
ionization chamber having a thin cardboard window to admit the X-rays 
(instead of the pyrex glass wall) the value of a was found to drop to 1'66 x 
10"® cm.® sec."^ It is evident that everything can be explained by some 
change in the nature of the gas or the ions, which is produced by the X-rays 
and will therefore vary with their intensity or exposure time. 
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Table I 



a 

10 * cm.-* 

lO*'® cm.® fi 


2*65 

21 

2-6 

3*1 

2-6 

41 

2-3 

4.4 

2-3 



Pig. 4. IjN verHiw t curves for various values of 
initial ionization intensity. 

Now the most abundant chemical change produced in air by X-rays is 
the formation of ozone, and this was suspected as leading to the formation 
of abnormally heavy ions whose number would depend on the amount of 
ozone present, as also would the value of a recorded. This explanation is 
amply supported by the following facts: (i) The effect has been found by 
Gardner to be particularly marked in oxygen, (ii) It is not observed in either 
nitrogen* or helium, where the X-rays do not form any complex molecules, 
(iii) Tyndall ( 1928 ) has found a similar effect on the ionic mobility, which 

• A result of unpublished investigations by O. L. Rogers. 
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was reduced, at the short time intervals, by the formation of complex 
molecules either by X-rays or a corona discharge. 

It is most important that this variation of recombination with X-ray 
exposure time be clearly understood, because on it depends our arrival at 
a correct value for a in air. The decrease of a as the time of exposure is 
increased has been ascribed to the fact that a longer exposure time means 
a larger number of clusters or columns of ionization per unit volume, and 
therefore a shorter time for tlie diffusion process to produce uniform dis¬ 
tribution of the ionization. If this hypothesis is correct, then the value of a 
obtained with the highest possible X-ray intensity is obviously the most 
accurate. 

If on the other hand the lowering of a is due to the formation of complex 
molecules such as ozone or the oxides of nitrogen, one must adopt the results 
of experiments under conditions where the effect of such a process is least, 
that is with short exposure times to the X-rays. 

The accurately constant value of a observed in these experiments makes 
it clear that the first hypothesis is incorrect, and that diffusion produces 
a perfectly homogeneous distribution in about O'l sec. We are therefore 
left with the second explanation to which all the evidence points as the 
correct one, and accordingly the value of a for the low ion concentration 
is adopted in all these experiments, with a diffusion correction where 
necessary. 

The result of the adoption of this theory is that the values which will be 
given for the recombination coefficient in air are considerably greater than 
those hitherto accepted. 


6. The vabiation of a with pekssurk 

Attention is now directed to the variation of a with pressure. At pressures 
of several atmospheres and upwards it is fairly well established that the 
recombination coefficient is inversely proportional to the gas pressure. This 
has recently been carefully verified in some admirable work by MAohler 
(1936), and is in fact in conformity with a theory of Langevin (1903) in 
which recombination is governed entirely by the ionic mobility constant. 
At lower pressures, particularly in the region from two atmospheres down¬ 
wards, the evidence has hitherto been very conflicting, and therefore an 
investigation of that region was made the basis of many experiments. The 
experimental procedure employed was the flash method, for the results 
by this method, as has been explained, are the most instructive and are 
most easily interpreted. 
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Fig, 5 gives a few of the IfN versus t curves for air at various pressures. 
It is to be noticed that these are nearly all quite linear, indicating that the 
recombination law of decay is followed and that losses by diffusion are small. 
The effect of loss of ions by diffusion may, however, be noticed at the lower 
ion concentration ends of some of the curves for the lowest pressures. This 
is to be expected for two reasons; not only does the rate of diffusion increase 



Timt (sec ) 


Fig, 6. Saomple l/N versus t ovirves at various pressures. 

as the pressure is reduced, but the necessarily lower value of N increases 
the ratio of dijBfusion loss to recombination. The pressure range investigated 
extends from 100 to 1500 ram. Hg. At pressures below 100 mm. the necessary 
diffusion correction becomes rather large, and since the expression deduced 
in §4 above gives only the approximate correction at beet, it is felt that, 
with the X-ray intensity available, measurements below 100 mm. would 
not be reliable. 

The results of the measurements of a for the above range in air are given 
in fig, 6. The experimental points have been corrected for diffusion. The line 
on the graph gives the variation of a with pressure that is expected on the 
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theory developed by J. J. Thomson (1924). This theory is well known, 
yielding an expression for a of the form 

a = ( 9 ) 

where <7 is a constant, 

M the average mass of ions, 

K the Boltzmann constant, and 

(0 the chance that one or other of the ions should make a collision 
with a neutral molecule when the separation of the two is less than or equal 
to a certain specified distance. 



Prt»sure m.m.Hg. 


Fig. 6. The dependence of a on pressure. (The points represent experimental deter¬ 
minations; the continuous curve represents the predicted values according to the 
Thomson theory.) 

It is now accepted that this theory represents the essential mechanism 
of ionic recombination at pressures below 1 atm. For higher pressures, how¬ 
ever, it predicts that a should reach a constant value, because w then becomes 
equal to unity. This is not substantiated by experimental results, as a 
ultimately decreases with increasing pressure, havii^ a maximum in the 
neighbourhood of 1000 mm. Hg. It is therefore evident that at pressures 
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above one or two atmospheres some physical process not accounted for 
in the Thomson theory begins to assume significance and decreases the 
value of a. 

Fig. 7 is a graph showing the variation of a with pressure over an extended 
pressure range in air. The present results have been used at pressures 
between 100 and 1600 mm.; while for high pressures the values of M&chler 
are given. 



Fia. 7. Graph of a versus pressure for an extended range in air. (The results of the 
present investigation have been used up to 2 atm. pressure; while for pressures of 
6 atm. upwards the determinations are due to Mftchler.) 


We may summarize the pressure variation of a in air as foUows: 

(i) At pressures from a few mm. up to 760 mm. Hg. a varies in a manner 
which is accurately described by the Thomson theory; that is to say, a is 
proportional to pressure at low values of j>, and approaches a limiting value 
in the region of 1000 mm. Hg. 

(ii) Above this pressure, and up to 10 atm., there is a transition period in 


V<d.CUCIX. A. 
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which OL decreases with inoreasuig pressure in a manner which is not satis¬ 
factorily explained by any existing theory. 

(iii) For pressures above 10 atm., a is approximately proportional to the 
reciprocal of pressure in accordance with the Langevin mobility formula. 


7. Recombination and the ionization balance in 

THE LOWER ATMOSPHERE 


When a gas is subject to continuous ionization, an equilibrium is soon 
established between the rate of formation of ions and the rate of loss by 
recombination, dift’usion, and any other process such as the removal of ions 
by applied electric fields. When recombination alone is operative as the 
destructive process, the solution of the ion balance equation is exceedingly 
simple, and the equilibrium concentration, iVJ, ions per c.c., can be easily 
expressed in terms of the rate of ion formation q per c.c. per sec. and the 
recombination coefficient a. Experimental determinations of have been 
made by Gish and Sherman.* They constructed an automatic recording 
apparatus which was taken aloft on the stratosphere flight of Explorer 11 
at South Dakota on 11 November 1936 . With this, continuous measurements 
were made of the electrical conductivity of the atmosphere both on tj|e 
ascent and descent. For comparison with the direct measurements, they 
have calculated the value of Nq and the conductivity, using the old values of 
a, and the measurements of q made by Regener with sounding balloons at 
approximately the same latitude as Dakota. Very poor agreement was found 
between these calculated values of conductivity and the observations of 
the stratosphere flight. However, since it is now believed that the values 
assumed for a and its variation with pressure and temperature were 
inexact, a similar calculation is now made using the new information 
concerning a as given above. 

We assume that cosmic rays are the only source of ionization at heights 
between 3 and 17 km. above sea-level; and we accept the measurements 
made by Regener of the number q of pairs of ions produced per c.c. per sec. 
We also assume that the mobility fi varies directly as the absolute temper¬ 
ature 2’ and inversely as the pressure jj. 


Thus 




T 760 
'“®273 p ’ 


where is the mobility at N.T.P. 


(10) 


* See Stevens and Anderson ( 1938 ). 
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We consider only the case of positive ions, as the positive conductivity 
measurements of the stratosphere flight are the more complete. 


We have 


But 


Conductivity = e/iN^ 



( 11 ) 


( 12 ) 


where is the value of q reduced to N.T.P. and a273 recombination 
coefficient for the particular value of p but corrected to 0*^ C. The complete 
expression for conductivity is, therefore, 


■p* (273)^^273* 


( 13 ) 


From this expression, and substituting the values of q^ given by Regener, 
and the values of a measured in these experiments, the conductivity is 
determined as a function of pressure, and therefore of the height above 
sea-level. 

The curve of fig. 8 is a graphical plot of conductivity versus height obtained 
as above, while the experimental points are some representative values from 
Gish and Sherman’s automatic records of the stratosphere flight. 

In the region between 15 and 17 km., where the agreement is not quite 
accurate, the observed values were not directly recorded, but derived from 
the negative conductivity; so there is the possibility of a slight error in this 
region. 

However, the general accuracy of the agreement indicates how precise 
is our knowledge of the magnitudes of these fundamental electrical processes 
occurring in the lower atmosphere. 

It is of interest to note that there is no indication here of the existence, at 
any height below 20 km,, of regions of sufficient ion density to reflect radio 
waves to any measurable degree. 


In conclusion I wish to express my gratitude to Professor E, V. Appleton, 
P.R.S. for his continual interest and many suggestions which have con¬ 
tributed materially to the completion of the experiments here described. 

The work was undertaken as part of the programme of the Radio 
Research Board of the Department of Scientifiio and Industrial Research. 

7-3 
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Altitudt Km. 

Fio. 8. Graph of olectrioal conductivity versus height in the lower atmosphere. 
(The points represent the experimental values of Oish and Sherman; the continuous 
curve represents the values calculated, using the new values of a, and known values 
of cosmic radiation intensity.) 


Summary 

An experimental study has been made of the recombination of ions in air. 
It is found that, up to pressures of 1 atm., the recombination coefficient 
varies with pressure in a manner which is accurately predicted by the theory 
of J. J. Thomson; that is, the recombination coefficient varies propor¬ 
tionally with the pressure up to about 100 mm., thereafter varying less 
rapidly as the pressure is increased, until, at 1000 mm., the reoombinatiion 
coefficient becomes pressure-independent. 
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The apparent variation of the recombination coefficient with the ioniza¬ 
tion intensity, noted by other workers, has been confirmed and explained as 
being due to the formation, by the ionizing rays, of complex molecules such 
as ozone, new experimental evidence in favour of this explanation being 
adduced. 

A number of subsidiary experiments have yielded detailed information 
concerning the nature of the recombination process, from which the in¬ 
accuracies in previous work on this subject may be appreciated. 

Using the new values of the recombination coefficient for air, it has been 
possible to calculate the equilibrium ion density and the electrical con¬ 
ductivity at various levels in the lower atmosphere. For this purpose the 
rates of ion production measured by Regener by means of sounding balloons 
have been employed. The results so obtained are shown to agree very closely 
with the direct measurements of the atmospheric conductivity made in the 
stratosphere ascent of Explorer //at South Dakota by Stevens and Anderson 
in 1935 . 
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On the Hamilton-Jacobi theory and quantization 
of a dynamical continuum 

By P. Wkiss, Ph.D., Downing College, Cambridge 

{Communicated by R. H. Fowler, FR.S,—Received 1 September 1988 ) 

L Intropttction 

The quantization of the dynamics of point systems is closely connected 
with the Hamilton-Jacobi theory of the calculus of variations for simple 
integrals, the latter being a suitable mathematical formalism for describing 
the classical laws of point dynamics. This connexion is evident from the 
fact that, in order to quantize a dynamical system, one has first to know what 
the pairs of canonically conjugate variables are, and also from the fact that 
the quantum laws, if expressed in terms of commutation brackets, have 
exactly the same form as the classical laws, if expressed in terms of Poisson 
brackets. 

In dealing with the quantization of the dynamics of continuous media, 
e.g. the electromagnetic and other fields, which has been developed along 
different lines, following Heisenberg and Pauli (1929), it seems tempting to 
try to base the method of quantization on an extended Hamilton-Jacobi 
theory of the calculus of variations for multiple integrals, the latter being the 
appropriate formalism for describing most relevant systems of continuum 
physics. 

In a previous paper (Weiss 1936), referred to as I, such an attempt has 
been made, by extending the notion of pairs of conjugate variables. That 
attempt led to quantum relations on an arbitrary spaoe-like section in 
space-time, provided that one postnkUed that, if the space-like section 
becomes especially a space section, the quantum relations should go over 
into those of Heisenberg and PauU. 

In the present paper the notion of Poisson brackets will be extended as 
well, and it will be deuced that the classical laws of a dynamical con¬ 
tinuum (which satisfies a variation principle), expressed in terms of Poisson 
brackets, have exactly the same form as the quantum laws arrived at in I. 
The procedure of quantizing a dynamical continuum therewith becomes 
exactly the same as the procedure of quantizing point dynamics, and it will 
yield all physically relevant insults of I. 

[ 102 ] 
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On the HamiUon-Jacoibi theory 

The main part of this paper will be concerned with classical considera¬ 
tions, i.e. the Hamilton-Jacobi theory of continua leading from Euler’s 
partial differential equations to Poisson brackets. The transition to the 
quantum theory of continua will then be a matter of a few lines. The argu¬ 
ment, which is modelled on the Hamilton-Jacobi theory of mechanics, starts 
from the ‘ ‘ complete variation ” and “ boundary formula ’ ’, like the argument 
of I, and will then lead on to an extension of Poincare’s “relative integral 
invariant”, from there to Lagrange brackets and then to Poisson brackets. 

To obtain Poincare’s integral invariant and the subsequent notions, it 
will be necessary to use a re})re8entation of all quantities in terms of initial 
data. The use of such a representation presupposes that the state of the 
dynamical continuum in space-time is uniquely determined by initial data 
(plus boundary data in space) and that it depends continuously on these 
data. In other words, the initial value problem must be correctly aet.* This 
is true only for theories describing a dynamical continuum, not, for instance, 
for equilibrium theories. Thus we have the satisfactory feature that the 
method of quantization is for purely mathematical reasons restricted to 
dynamical theories, as it should be on obvious physical grounds. 

The initial data need not be given on a space section {t = const.), but may 
be given on any space-like section. Mathematically, this is well known from 
the theory of partial differential equations. The physical implications of this 
fact are that the present formalism will be relativistically invariant through¬ 
out. This is an advantage as compared with the work of Heisenberg and 
Pauli, where a space section was fixed once and for all, in consequence of 
which the relativistic invariance of the result was not apparent and had to 
be proved separately. 

Another impUcation relates to the notion of “state” in continuum 
dynamics. The word “state” in the classical sense (cf. Cartan 1922, p. 4 ) 
is synonymous with “correctly set data”, and it is clear from the above 
remarks that it will be relativistic. It is also clear, from the meaning of the 
word “data”, that though referring only to a space-like cross-section, it 
describes the motion of the dynamical continuum throughout space-time. 
The same is true for the word “state” in the quantum sense (Dirac 1935, 
ch. i), meaning the maximum information of non-contradictory data 
relating to the dynamical system. For the fundamental difference between 
the olassioal and the quantum sense of the word state does not affect the 
question of its relativistic invariance. Thus by allowing space-like sections 

* For adetailed disoiuniaa of the notion of “oorreotly set data” in the theory of 
partial differential eqxiations, of. Hadamard (1923, 1932, oh. i) and Cburant-Hilbert 
(1937* ohs. ni, V), 
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as bearere of thedata, and not restricting oneself to spaoesections of constant 
time, the two meanings of the word state, distinguished by Dirac both in 
classical and quantum physios, can be reconciled with each other. 

Some basic considerations of I will be repeated. As in I, the continuum 
will be w-dimensional and will be described by p dependent variables. The 
notions of “space-like ” and “ time-like ” can still be defined mathematically 
for an n-dimensional space-time, through the theory of differential equations 
of hyperbolic type. This generality serves to accentuate the mathematioal 
character of our procedure. The comparison with the case of mechanics, 
» = 1, win be discussed at different stages of the argument. The mathematioal 
tool applicable to the general case, »> 1, -is furnished by the theory of 
functionals.* 

The present considerations are not immediately applicable to physios, 
since all physical continuum theories, like electrodynamics, have special 
features requiring special disoussions.t We shall deal with these questions 
in a later communication where the present considerations will serve as a 
suitable basis. 


2. Action iNTBGBAL 

We consider a system with n independent variables and v dependent 
variables z“, whose classical laws satisfy a variation principle. The deriva* 

tives will be denoted by aj. Let 

be the action integral^ It is an ;^-fold integral extended over a domain D 
of the n-dimensional *^x-8pac6'\ dx stands for the product dx^dz^ 

The boundary of D, which forms an (n- l)-dimen8ional closed manifold, 

♦ Cf. Volterra (1913, 1930, I937)» Bonder (1935), Prange (1915), and Juvet 
{igz6)* The present considerations resemble more closely Prange’s work than that of 
any other author. Many of the notions used here have been defined by Prange for 
the oase of a two-dimensional continuum. He did not, however, consider the question 
of oorreotly set data, so that his arguments referring to Poinoar^'s integral invariant, 
etc. are merely formal and his analogies with meohanios not quite oorreot. 

Poisson brackets have first been introduced in the theory of functionals by 
Volterra (1913’ P* hut without reference to the oaloulus of variations. 

t In I, § 5, the special features of electrodynaznios and their oonsequenoes have 
been discussed in detail. 

t Throughout this paper Greek indices will vary from 1 to Latin indioes A),... 
ftom 1 to n, Latin indices r, s,... from 1 to n— 1, We shall use the oustomary summa¬ 
tion convention. 
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mil be denoted by 8 and be referred to n — 1 parametera u’’. The integrand^ 
is the Lagrangian function which charaoterizee the particular ^etem under 
consideration. 

In the case n = 1 and if x denotes the time, we have a mechanical system 
of V degrees of freedom. The boundary 8 degenerates in this case into two 
distinct points and the action integral becomes 


I 


■/; 


7 ^(x), 2'*(a;)} dx. 


(2-lo) 


This difference between the cases n = 1 and n > 1 is responsible for some 
difficulties which arise if one tries to generalize the theory of Hamiltonian 
mechanics to the case of continuous media. 

It will sometimes be convenient to picture the functions 2!*{x) as an 
n-dimensional surface in the (n + i')-dimensional “(a:,2)-space”. It8(»—1)- 
dimensional closed boundary may still be referred to the parameters u' of 
8 ] for 8 is the projection of that boundary into the x-space. 


3. COMPLETB VAEIATION 

We define variations 17* by varying the functions 2*(»), 

z*(x) » z“(x) + €7*(x), ( 3 * 1 ) 

and variations fSt* by 

X* =* x* + edx*(x), z“(x) = 2*(x)+e^2*(x), ( 3 ' 2 ) 

e being an infinitesimal parameter. 

These variations are connected by the relation 

s j7“ + zf#x'. ( 3 ' 3 ) 

The derivatives ^ will be denoted by iffi. 

If we picture our quantities in the (x, z)-spaoe, the variations dx*, dz'* are 
more fundamental than the 7*, because (edx*,6d2*) is the displacement of 
the point (x*, *“) in the (x, zj-space. 

By the *‘complete variation ” dl we understand the variation of the action 
integral I due to the variations ( 3 - 1 ) and ( 3 * 2 ). We obtain for it 


dl 
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where the are the (n - l)"rowed minors of the Jacobian matrix* 

bz^ 

they form a vector field on St normal to S, du stands for the product 
du^ 

With the help of the formula 



we perform an integration by parts, using Green’s theorem, and introduce 
on the boundary the variations Sz^, Sz^ instead of by means of ( 3 * 3 ). 
d\ then becomes 


where we have introduced the notationsf 

( 3 - 6 ) 

Xfe = Um. ( 3 - 6 ) 


Pi^ 

P. 


P‘aNt, 


The V coefficients of if under the »-fold integral on the right-hand side 
of ( 3 - 4 ) are the Eulerian expressions. If they vanish, we have the Enlerian 
equations 


dSf' bp* _ 
32* b** 


( 8 - 7 ) 


In physics these equations constitute the classical laws. Their solutions are 
the “extremals” of the calculus of variations. 

In the case of mechanics, n= 1, the Eulerian equations are the equations 
of motion. In the case of a continuum, n > 1, they are one set of field equa¬ 
tions, another set being given by the integrability conditions which the 


z%(x) must satisfy in order to 


bz^ 

be representable as derivatives these read 


-ft 

bx^ bx* ~ 


( 3 - 8 ) 


From now onwards we shall assume that (3*7) and (3-8) are satisfied. 

* The quantities N ^ have in I been denoted by JC|, Wo have changed our notation 
in a few details in the hope that the present notation will be mote soggeotivo. 
t The quantities X, have in I been denoted by or^ and the P, by 
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4. Boundaby formula and conjugate v artablb s 

It follows from ( 3 - 4 ) that extremals, instead of being characterized by 
( 3 ' 7 ), may alternatively be characterized by the equation 

<11 = ( 4 - 1 ) 

We shall call this equation the boundary formula" * The action integral 
I may be considered as a functional of the boundary— x^{u), z*{u )—^in the 
(x, z)-8pace and the boundary formula ( 4 - 1 ) as its differential. and 
are therefore the functional derivatives of I with respect to x* and z“ respec¬ 
tively, taken at a point (w) of the boimdary. By this property X( and 
are defined as the conjugates to x‘ and z“ so that we have the “pairs of 
conjugate variables” 

(X^,x% (P„2“). ( 4 - 2 ) 

In the case of mechanics the boundary formula becomes 


where we have putf 


= 


.3tdx+pjz“ 


1 


P. 


■az'«’ 


.r = 


(4-la) 


( 3 - 6 a) 


and inverted the sign of the variations at the point 1. Jf’ represents the 
negative energy of the system. It will be noticed that ( 3 - 6 ) and ( 3 - 6 ) both 
reduce to ( 3 ' 6 a). 

I d^enerates into a “two-point function” of the co-or<linate8 (x*,z*) of 
the two boundary points in the (x, z)-Bpaoe. The pairs 

(Jf.x), (p.,z*) ( 4 - 2 a) 

are the well-known conjugate variables of Hamiltonian mechanics. This 
fact shows that our present considerations may be considered as a general¬ 
ization of Hamiltonian mechanics. 

It should be noted that in the general case, n > 1, the conjugates of and 
z* respectively depend not only on a point in the x-spaoe, like the but also 
on the direction of a surface element passing through this point. This fact 
will be important in our subsequent considMutions. 

* This term is the translation of the French “formule aux limites”. Cf. Hada- 
iQArd (iQiOi pp. 142 - 51 ). 

t Our d^oitlon of differs from the usual one in sign. 
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5. NaTXJBAL co-ordinate srSTBM ANB LSOBBOBB TBANSFOBMATION 

A “natural co-ordinate system ” is defined in the aj-spaoe and is adapted 
to the boundary 8 in such a way that on 8 the first co-ordinate, say w, is 
normal to 8 and the other n -1 co-ordinates are the parameters u' of S. 
We shall use the notation 

^ bw’ ^ bu'- ' ^ 

For the conjugates A*, defined by (3’6), we obtain in a natural co¬ 
ordinate system 

= ( 6 - 2 ) 

Let us put sajS? —\ — —p0Z^. ( 5 ‘ 3 ) 

The boundary formula ( 4 ’ 1 ) may now be written as 


/•(n-l) 

S\=0 (JP6w-i-h,Su!'-i-PJ^)du. 
J 8 


By means of the Legendre transformation (Courant-HUbert 1937, p- 26 ) 

z'“->P„ i?(z“,2“ z'“)->Jf(z“,^,P,) (6-6) 

we replace the derivatives z'* normal to S by the P^, and the olassioal laws 
can now be written in the “ canonical form” 

0z* bw’’ SSjf btr ’ dP„ bw * * ' 

In the case n = 1 the question of the natural co-ordinate system does not 
arise, goes over into the Hamiltonian of mechanics, and the canonical 
equations take the well-known form 


5 ^ dp, 

0z* dx 


djtr ^ 

dp^'^dx 


( 5 - 6 a) 


Thus the function Jif defined by ( 6 ' 3 ) appears as the most natural generaliza¬ 
tion of the Hamiltonian of mechanics, though other generalizations have 
also been given.* 

Although Jif has been introduced as a component——of a vector in 
the natural co-ordinate system, it has an invariant significance, because for 
a given surface element of 8 the co-ordinate w normal to 8 has an invariant 
significance, and Jif is the conjugate to this co-ordinate w. 


The best known one is Jf » if - pj *f, first given by Voltena. 
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6. Boitodaby and initial data. The hyfsbbolio type 

So far we have considered the extremal surfaces *“(*) as given by their 
boundary »*(«), z“(m) in the (x, 2)-8pace, or in other words, by prescribing the 
"'boundary data" z‘‘{u) on the whole boundary 8 in the x-space. Generally 
speaking, one understands by boundary data the prescribing of one quantity, 
e.g. 2“ or P^, on the whole of 8 . 

For many considerations, however, in particular for deriving Poincare’s 
integral invariant, Lagrange brackets and Poisson brackets, it is necessary 
to characterize extremals by "initial data". Here we understand by initial 
data that on a part of the boundary 8 two data, e.g. 2* and P^, are prescribed, 
while on another part of 8 no datum is prescribed. 

In mechanics an extremal may in general be given by initial data equally 
well as by boundary data. In either case it is uniquely determined by its 
data* and depends continuously on them; the same is therefore true of the 
action integral I. There is thus no difficulty in passing over from the one 
standpoint to the other, as is done in the Hamilton-Jacobi theory of 
mechanics. 

In a continuum theory the position is more complicated. One can dis¬ 
tinguish between different types of systems according to what kind of data 
are "correctly set ”. This term has been explained in the introduction. There 
is one type of systems, the so-called "elliptic type ”, for which boundary data 
are in general oorreotly set, but initial data are not. In continuum physics 
all equilibrium problems belong to this type. 

All physical problems of continuum dynamics belong to another type, 
called the "hyperbolic type". Before we can state precisely what kind of 
data are correctly set for this type, we have to give some preliminary 
explanations. For a detailed treatment we refer to the works of Hadamard 
and Courant, quoted in the introduction. There exists for the hyperbolic 
type a real (»—l)-dimensional "characteristic cone" (in physics called 
” light cone ”) at each jxiint of the x-space, which gives rise to a classification 
of a given closed boundary 8 into different regions. For n > 2 there are 
regions on 8 , called space-like, where the characteristic cone at a given point 
Poi 8 intersects 8 only in P itself and in no other point of a suitable neigh¬ 
bourhood of P; there are other regions on 8 , called time-like, where the cone 
at P intersects 5 in an infinity of points in any given neighbourhood of P. 
The frontier between spaoe-Uke and time-like regions on 8 is an (n-2)- 
dimensional manifold of points whose characteristic cones touch 8. Forn « 2, 

• The ease whew this is not true, e.g. “conjugate points”, arisea from an excep¬ 
tional ohoioe of data. 



110 


P. Weiss 


there are still the same different regions on S, but their roles of being space* 
or time-like may be interchanged, the characteristic cone degenerating into 
a pair of lines passing through F, 

In physics, the history of a domain of space during an interval of time is 
described by a region /> in space-time (n = 4) of cyJindncal shape. The 
boundary S of F conBists of two bases, which are spaoe-Iike, and of one 
curved part representing the history of the boundary of the domain of 
space, which is time-like. The principle of general relativity permits all 
those transformations of space-time wliich preserve the character of a region 
of being space- or time-like. Any closed surface S consisting of two distinct 
space-like regions, and say, and of a time-like region, joining 8 ^ with 
82 ^ is relativistically equivalent to a cylinder of the kind described above; 
it is therefore admissible as a boundary for a problem of continuum 
dynamics. 

For all problems of the hyperbolic type boundary data throughout 8 are 
in general not correctly set. The only correctly set data are: initial data^ 
2 “ and on one of the ivoo spaceAike regions of 8 , Si say; boundary data, 2 * or 
on the time-like region; no data on the remaining space-like region, 8 ^ say. 
Such data are called ''mixed daUi'\ 

For n > 3, there exist still other types of systems, called “ ultrahyperbolic , 
for which neither boundary data nor mixed data are in general correctly 
set. No physical problem belongs to such a type. 

From now on we shall deal with the hyperbolic type only. 

7. Interpbetation of the boundary formula 

FOB THE HYPEKBOLIO TYPE 

It is clear from the preceding considerations that the notions of integral 
invariant, Lagrange brackets and Poisson brackets can be extended only 
to continuous systems of the hyperbolic type and only as far as the initial 
data, i.e. the data on a spaoe-like region are oonoemed. This, however, is 
precisely what physics requires. 

On the other hand, the boundary formula (4*1) has only a formal meaning 
in the case of continuum dynamics, since the functional I does not depend 
uniquely and continuously on the boundary data. The conclusion which we 
have drawn from it, i.e. which quantities are pairs of conjugate variables, is 
also of a merely formal kind and is therefore valid for any type of system. 
But for our further considerations we have to adapt the boundary formula 
to the fact that I is now a proper functional of the mix ed data and not of the 
boundary data on 8 . 
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It would be difficult to obtain an expression for the general functional 
differential of I, describing the variation of I corresponding to the variations 
of the mixed data. For our purpose, however, we need only study the special 
case where the boundaiy data on the time-h'ke region are kept fixed and 
the initial data on the space-like region alone are varied. The boundary 
formula may then be written as 

I /’(n-l) S , 

<yi = {XiSx* + PJz‘)du' , (7-1) 

IJ s, 

where we have inverted the sign of the variations on This formula should 
be compared with the corresponding formula (4-1 o) for the case of mechanics. 

In (7-1), the variations on Sj are determined by the initial data on Sj and 
their variations. The riglit-hand side of (7-1) is, therefore, not a proper 
differential of the functional I considered as a functional of the initial data. 
In the following section we shall turn this fact to our advantage. 

The fixed boundary data on the time-like region represent spatial boun¬ 
dary conditions holding throughout time. Their physical significance 
depends on the particular problem under consideration. For vibrations of 
a string or of a membrane they are conditions imposed on the boundary of 
the string or membrane (as is obvious). For a pure radiation field of finite 
extension, enclosed between walls, they represent the optical properties of 
the walls. For a radiation field extending through the whole of space, they 
represent conditions for the behaviour of the field at infinity in space. If 
the field contains charged particles, forming singular time-like world-lines 
extending in time (more precisely: proper-time) from the infinite past to the 
infinite future, one may exclude these singular lines by small tubes. One 
then obtains a multiply connected space-time, for which the boundary data 
on the time-like region consist not only of conditions at infinity but also of 
conditions on the surfaces of the small tubes. These latter conditions describe 
the behaviour of the singularities. 

We need not deal with these conditions in the present work, since they 
are not of the nature of initial conditions and thus do not affect the Hamilton- 
Jacobi theory and quantization of a dynamical continuum, considered by 
itself. They may be of importance if one considers interaction processes, for 
instance the interaction of a radiation field with charged particles. 

8. IntbobaJj invaeiant and Laoranob brackets 

Let us consider a one-parametric dosed family of extremals, labelled 
by a parameter A, 0 A 1 , such that the time-like parts of the boundaries 
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are the same for the whole family. The initial data on then become 
fonotions of A, 

Si : = x\u, A), 2* = 2“(«, A), A). (8*1) 

The fact that the family is closed is expressed by the relations 

a:‘(M,0) = **(«, 1), 2 “(m, 0) = z*(«. 1), Pjtt.O) = P,(«, 1). 

We thus obtain a tube of extremals in the (*, z)-sp&oe, which is completely 
determined by the tube of (n-l)-dimen8ionaI surfaces (8-1) and by the 
constant time-hke boundary part. The functional I thus becomes a function 
of the parameter A. 

Let us now apply the modified boundary formula (7-1) to this tube by 
putting 

. . da?*,- .. dz“,- 

6x* * -rr-dA, = 

aA aA 

and then integrate it round the tube, i.e. from 0 to 1. The result must be 
zero since 

1 ( 0 ) = 1 ( 1 ). 

Hence we obtain 



The formiila (8-2) holds for any two tubes of (» — 1 )-dimen8ional space-like 
surfaces <Si(A) and iSij(A), provided that they both lie on the same tube of 
extremals. Hence the expression in (8-2) is invariant under a displacement 
along the tube. We have thus obtained a generalization of the notion of 
“relative integral invariant".* 



* Cf. Cartan (igaa, pp. 4, 9), Whittaker (i9a7, p. 272). Recently Bom (1934) 
has attempted to derive a quantization method from Hilbert’s “widepandenl integral" 
(Hilbert 1900, 1905). Hilbert’s integral can be given the sune form as that of (8*3), 
but it applies to selections (Hilbert calls them “fields”) of extremals su<d» that 
through each point in the (», *)-8p8oe there passes one and only on© extremal. Hil¬ 
bert’s “independence theorem" is an immediate oonsequenoe of the invariance of 
(8-8). For if a field of extremals is especially chosen in such a way that the closed 
integral (8'3) vanishes for all tubes (Sj{A) on a cross-seotion of the (a?, s)-spaoe, it 
must, owing to its invariance, do so throughout the field. This is Hllb^’a theomn. 
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Since a displacement within the same extremal gives only a trivial con- 
tribution, we may without loss of generality assume that = 0 ; then we 
obtain a generalization of Poincari'a relative integral invariant, 


/. 


^ V. dz^ 


dX\ 


JSi(A) 




(8-4) 


The and appearing under the integral sign in (8-4) are the initial data 
which determine the extremal if the boundary data on the time-like part 
of 8 are fixed. 

The relative integral invariant (8*3) or (8*4) can be transformed into an 
absolute integral invariant with the help of Stokes' theorem. Consider a two- 
parametric family of extremals, labelled by the parameters a> 2 such that 
the closed one-parametric family forma its boundary. It may be pictured 
as a “solid" tube of extremals in the (x, 2 )-space with the given tube as its 
surface. Wo tlien obtain for the integral invariants (8*3) and (8*4) respec¬ 
tively, with an obvious notation, 


JJ Jsj(w) \d(<^i>i7^2) d{(t)i,(t)^)/ 

f fdoiidoj, 

Jj JsM dK,w,) 


(8-6) 

( 8 - 6 ) 


This is the generalization of Poincare’s absolute integral invariant (cp. 
Cartan 1922 , pp. 19-20; Whittaker 1927 , p. 272). 

Again, without loss of generality we may work with the expression ( 8 ' 6 ). 
As the domain of integration in the parameter space is arbitrary, the inte¬ 
grand under the integral-sign over <0 must itself remain invariant under a 
displacement along the extremals. This integrand is a generalized Lagrange 
bracket (it will be referred to as L.B.) (cp. Whittaker 1927 , p. 298), 




'J.. 


d{PJu), 2 ‘(«)} 

d(<tfi,w,) 


du. 


(8-7) 


In the case 1 the space-like region 8, consists of a single point so that 
(8-7) reduces to the ordinary L.B., involving no integration but only the 
summation over a.. In the general case we have the integration over S, 
besides the summation over the number of dependent variables. 

In all the subsequent considerations the variables (V) will appear on the 
same footing as the index a. It is therefore useful to consider a point (tt) of 
as a contimume index, which together with the discrete index a serves to 
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label the dependent variables z and their conjugatea P. From this stand¬ 
point the only difiference between the dynamics of point systems and that 
of oontinua is the larger magnitvde of indices which in the latter case is 
necessary in order to specify the initial data. 

This standpoint also approaches the standpoint of Heisenberg and 
Pauli, who treated the continuum as the limiting case of a very large number 
of points. 

In mechanics, all transformations preserving the L.B .’8 are defined as 
“canonical transformations”. The same definition will be adopted for the 
general case. Then the invariance property of the L.B.’s may be expressed 
by saying that for any dynamical continuum with fixed spatial boundary 
conditions the motion consists of a continuous unfolding of canonical 
transformations, starting from some initial data on some space-like region 8i. 


9. Poisson bbaokkts 

In the considerations of the preceding section we have treated the and 
z“ as functions of the m*" on Si and of the parameters Wj, w,. We shall now invert 
the connexion and treat the quantities Oj, w, as functionals of the P„(u), 
z'^{u), defined on Si. The functional differential of such a functional o has 
the form 


V UUJ ifw 

where and denote the functional derivatives of <i> at the point (»). 

In particular, we shall have to consider the functionals Pfi(v) and zf{v), 
i.e. the values ofand zfi at some given point (v) on 8i. We obtain from (-d*!) 


iPM 

Sz^( v) 

dPM 


d)8{v-u), 


^PM 0 
(?*«(«) ~ ' 


0 , 


8z^{v) 

8z“{u) 


8iS(v-u),j 


(9-2) 


where 8{v — u) denotes the product of the » — 1 ^-functions 8(if — vT) of Dirac. 

For any two functionals (i>i, Wj we define the generalized Poieson (nucket 
(referred to as P.B.) (cp. Whittaker 1927 , p. 299) by 


[Wj, W2] 




d{P.(tt), *«(«)} 


du, 


(9-S) 
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where the Jaoobian under the integral ^gn is defined as 
0)^) i(Oi S(i>^ Swi Sti)^ 

d{Pju), SPiJn) dz^{u) Sz^(u) ' 

In the case of mechanics the generalized P.B.’s defined by (9-3) reduce to 
the ordinary P.B/s. They also obey the same formal rules as the ordinary 
P.B.’s. 

The P.B/s have the same invariance properties as the L.B.’s. We shall 
show this by proving a relationship which allows us to express the P.B.’s 
in terms of the L.B/s and vice versa. The prescribing of the initial data 
PgXu), z*(w) on (always for fixed boundary data on the time-Uke region of 
8) may be considered as a way of labelling all extremals (with the given fixed 
boundary data). There is, however, no need to choose especially the initial 
data for labelling the extremals. Any other set of the same magnitude may 
be used equally well. Let (o^iv) (a= 1,2,2v; reiSi) be such a set which 
labels the extremals. We shall then have a one-one-correspondenoe 

Pj^iu) ... Py{u), z\u) ... 7^{u) a)i(v) ... (9-5) 

which may be interpreted as a non-aingvlar functional tranaformation 
between two different modes of labelling the extremals. 

Taking any two quantities, oj^iv) and o>(,{v') say, we can form their L.B. 
and their P.B. The general relationship which we want to prove reads 

r ^dv S {<^«(*’). W6(«')} [Wo(v). Wc{»'')] = S^d(v' - v") (6, c = 1,2 ,.. 2v)* 

JS, 0-1 

This relation expresses that the matrix formed by all the L.B.’s and the 
matrix formed by all the P.B.’s are oontragredient (i.e. inverse and trans¬ 
posed) to each other, A corresponding relation holds in mechanics, with the 
only difference that we have here the continuous index v besides the discrete 
index a which results in the matrices having a continuous range of rows and 
columns. The proof of (9’6) therefore proceeds on the same lines as the 
corresponding proof in mechanics (Whittaker 1927 , pp. 299-800). 

To prove ( 9 * 6 ), we first use the definitions (8’7) and (9*3), (9’4) for the 
L.B.’s and P.B.’s so that (9'6) becomes 

«-J (Jwjlt;') ^Wa(v) 8fc>j(t>') 

* It will bo seen from the definition (8-7) of the L.B.*s that {Wa» ^^6} 1 ® oontravariant 
in a and 6. Since this fact is not expressed in our notation, we use the X-aymbol for 
the summation over a. 

8-3 



116 

(9-4) 



116 


P. WeisB 


it being understood that the integration always extends over the (»—!)- 
dimensional region S^. In evaluating this expression we use the relations 


' a-i<'SP^{u) S(0„(V) 
ah Su>Jv)dP,(v’) 
' SojJv) 

Su>,(v] spuin') 


= SiS{u-u'), 

= 0 , 




= 0 , 

= 8^S{u — u'), 


which follow directly from (9-2). We then obtain for the above expression 


^ 2 »(w) 5wc(r') , 




^W6(i;') &“(«) S(Oh{v')8P„(u)j 

so that (9-6) is proved. 

It follows that the P.B.’s are invariant under canonical transformations. 


10. Classical laws in terms of Poisson brackets 


As in mechanics, we can formulate explicit conditions which are necessary 
and sufficient for a transformation of the ?“(«) to be canonical. For, 

from the formulae (9-2)-(9-4), we obtain for trivial reasons 


[PM,z^{v')] = SiS(v-v'), ) ^ 

and it follows from the invariance of the P.B.’s that the transformed quan¬ 
tities, if obtained by a canonical transformation, must satisfy the same 
relations. This proves that the relations (10*1) are necessary. 

By differentiating the second and the third relation of (lO’l) with respect 
to v’' we obtain, taking account of (6*1), 

[ 2 «(t;), S^iv’)] = 0, [P.(v), = - 8i8,(v - v'), (10-2) 

where 8,(v- v') stands for— d{v - v’). Now let ^{P^, 2 “, 2*) be an arbitrary 
function defined on iSj and put 


/•(«-!) 

F = I J^(v)dv, (veSi). 

J8i 


(10*3) 


We can evaluate the P.B.’s of Pj,(tt) and 2 *(tt) with F with the help of (10*1) 
and (10'2) and obtain 


[n(«),F] = 


02 “ hM» 05“ » - JW- 


(10-4) 



117 


On the Hamilton-Jacobi theory 

• 

In this manner we can evaluate any P.B.’s, using solely the relations.(10-1), 
the relations (10*2) being a consequence of (10*1). It follows, therefore, that 
(10‘1) is also sufficient for a transformation to be canonical. 

We shall now apply the general formulae (10*4) to the quantities.^ and 
defined in section 5. We put 

H = M\v) dv, h, == h, (v) dv. (10-5) 

Applying (10-4) to the case = we obtain from the last set of (5*3) 

bP hz^ 

[P,(U), h,] = [z«(«). K] = (10-6) 

Applying (10*4) to the case and using the canonical equations (5*6), 

we obtain 

bP bz* 

= [Z*(«,),H] = ^. (10-7) 

Since Si may be any space-like region, w may be any time-like co-ordinate. 

Conversely, the canonical equations (6-6) follow from (10*7) with the 
help of the general formula (10’4). The equations (10-7) may therefore be 
considered as the formulation of the canonical equations by means of 
P.B.’s. In the case of mechanics they go over into the well-known formulae 


In the case » > 1 they are supplemented by the equations (10-6). (10'7) and 
(10*6) form together a set of oovariant vector equations in the x-space. 

It follows from (10-6) and (10'7) that we have for an arbitrary function 

H] = , mu), hj = ~. (10-8) 

In this way every dynamical relation of the continuum can be expressed in 
terms of the P-B.’s. 


11. Quantization 

Having formulated classical continuum dynamics in terms of Poisson 
brackets, the quantization can be performed in the same way as in mechanics. 
The continuous set of initial data Pju), z^(u) becomes a continuous set of 
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non-commuting observables, and a general argument, which is valid irre¬ 
spective of whether the set is discrete or continuous, requires that the 
quantum P.B.’s, which are defined by the property of obeying the same 
formal rules as the classical P.B.’s, must be proportional to the commutation 
brackets. In this way we obtain ultimately (Dirac 1935 , pp. 89-90) 

[W,, ^ KtOj - WgWi). (11-1) 

With this new interpretation of the P.B.’s the relations (lO-l) and 10-2) 
become the “Quantum Conditions”, the function 2 *,or better its 

integral H becomes the “Quantum Hamiltonian”, and the relations (10‘7) 
become the “Quantum Equations of Motion” of the quantized continuum. 
The Hamiltonian has an invariant significance, as we have seen at the end 
of section 5. The relations (10-4) and (10-6) follow from ( 10 - 1 ) and ( 10 ‘ 2 ), and 
( 10 - 8 ) follows from ( 10 - 6 ) and ( 10 - 7) by the same arguments as in the classical 
theory. 

The quantum formalism thus obtained is the same as the one we had 
obtained ini (Weiss 1936 , pp. 201-4) by an argument based on a comparison 
with the results of Heisenberg and Pauli. The present formalism applies 
to any space-hke region 81 and the corresponding time-Uke co-ordinate w 
normal to 81 , but it does not and, on physical grounds, should not apply to a 
time-like region.* 


Stjmmaby 

The Hamilton-Jacobi theory of point mechanics is extended to the 
mechanics of continuous media, following on the lines first proposed by 
Prange. The method is based on the equivalence between the Huler equations 
and the boundary formula ” (formule aux limites) in the calculus of varia¬ 
tions. It is shown that the notions of Lagrange brackets and Poisson brackets 
can be extended, but only if the Euler equations of the continuum are of 
hyperbolic type. Consequently, these notions only apply to a dynamical 
continuum and not to equilibrium problems. Except for this restriction, the 
method is applicable quite generally, for linear as well as for non-linear 
theories. Once the dynamical laws are expressed in terms of Poi^n 
brackets, the transition to the quantum theory can be effected by a brief, 
formal argument in the same way as in point mechanics. 


quantization to a time-like region as weU. 
of If sufficiently taken account of the hyperb^c character 

of all dynamical problems. No quantum relations on a time-like region are 
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On the Hamilton-Jacobi theory and quantization 
of generalized electrodynamics 

By P. Weiss, Ph.D., Downing College, Cambridge 
(Communicated by R, H. Fowler, F.R.S.—Received 1 September 1938) 

1. Introduction 

In the preceding paper, which will be quoted ae A, the Hamilton- 
Jaoobi theory has been developed for a dynamical continuum of quite 
general type, and it has been shown that its classical laws can be expressed 
in terms of Poisson brackets involving pairs of canonically conjugate 
variables. In this way the theory of a dynamical continuum can be treated 
on the same lines as the dynamical theory of point systems. 

This result is of importance for the study of the prooediue of quantization, 
for it is a well-known fact that a quantum Poisson bracket which obeys the 
same algebraic rules as a classical Poisson bracket must be proportional to 
a commutation bracket (Dirac 1935 , p. 89). This fact is independent of 
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whether the observables in question belong to a finite or infinite or even 
continuous set of observables, and it applies therefore to a continuum theory 
as well as to point mechanics* 

Thus one has an extension to continuum physics of the satisfactory feature 
of point mechanics that the laws of the quantum theory, though differing 
fundamentally from the laws of the classical theory in interpretation, can 
be given the Bnmeforrn as these. 

The purpose of the present paper is to apply this procedure to the theory 
of the electromagnetic field. We shall not only deal with Maxweirs field but 
also with the more general field of Born (1934, 1937; Bom and Infeld 1934®), 
of which MaxwelFs field is the linear case. We shall also deal with the still 
more general field of Mie (1912a,6, 1913), which involves the potentials 
explicitly, while Bom's field involves them only through their derivatives. 
The linear case of Mie’s field has recently been studied by Proca (1936) 
and has then been taken by Bhabha (1938) and Kemmer (1938) to describe 
the wave-field of the heavy electron. The linear cases are probably more 
important for physics than the non-linear ones, but for the procedure of the 
Hamilton-Jacobi theory it does not make any difference whether one deals 
with a linear or with a non-linear case so that we can treat the general case 
without incurring additional difficulties. 

All these cases of generalized electrodynamics have certain peculiar 
features in common, which are mainly rooted in the fact that the derivatives 
of the potentials occur only in their antisym metrical combinations (field 
strengths). We shall refer to this fact as the ** antisymmetry** of eleotro- 
dynamioB. The potentials form a vector in space-time, and the antisymmetry 
can be accounted for by the postulate of general relativistic invariance, 
independent of the affine comiexion of space-time. In Bom's case it can 
instead be accounted for by the postulate of gauge-invariance.f 

This antisymmetry gives rise to well-known anomalies concerning the 
quantum laws of electrodynamics (Heisenberg and Pauli 1929)} and it is 
mainly for their sake that a special discussion of the electromagnetic field, 
beyond the considerations of A, is necessary. 

We wish to state the result of this discussion at the outset: The coTtsidera- 
tions of A show that, in order to express the classical laws in terms of Poisson 
brackets, it is first of all nex^essary to describe the system in terms of an in¬ 
dependent and complete set of initial data so that, for given boundary data in 
physical space, the solution in spacedime is completely determined by these 
initial data and depends on them continuously, 

t For a more detailed discussion of the special features of electrodynamics of. 
Weiss (1936). Some considerations of that paper will be repeated here. 
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In the general theory of A ^ the dependent variables together with their con¬ 
jugates form such an independent and complete set of initial data. But in the 
case of electrodynamics this ceases to be true. The antisymmetry imposes a 
restriction on this set of initial datOy so that a new set of independeM data has 
to be formed. This new set will be different according to whether we use Mie’s 
or Bom*s electrodynamics, as we shall see later on. But, whatever the in¬ 
dependent and complete set may be in each particular case, once we have 
obtained it^ the general procedure of A applies^ and, using it, we can formulate 
the classical laws in terms of Poisson brackets and therefore the quantum laws 
withovi arriving at contradictions. 

Another feature of all electrodynamics is its relativistic invariance. Now, 
our procedure, if applied to an invariant theory, is itself of invariant form. 
This is due to the fact, discussed in A, § 6, that the initial data are given on 
an arbitrary spac^e-like section which may but need not coincide with a 
section of constant time in a given co-ordinate system. All relations in the 
Hamilton-Jacobi theory as well as in the quantum theory of the continuum 
refer to the parameters u^ of the section Si and to a co-ordinate w perpen¬ 
dicular to Si, They are therefore independent of the co-ordinate system 
in space-time. No explicit proof of the invariance of the quantum conditions 
of dectrodynamics is therefore necessary according to our procedure, 

Furthermore, for a given space-like 8 i, the co-ordinate w has an in¬ 
variant significance, and so has therefore its conjugate which, as we have 
seen in A, plays the role of Hamiltonian in continuum dynamics. In other 
words: The Hamiltonian is invariantly connected urith the initial section Si, 
If and only if we use a co-ordinate system, in which space’’ for a given 
time coincides with Si, then does the Hamiltonian coincide with the 
time-component of the stress-energy-momentum tensor. This explains the 
fundamental role played by that time-component in the customary pro¬ 
cedures of quantiring fields. For in all these procedures, is from the 
beginning identified with a section of constant time. 

The lelativistic invariance gives rise to an ambiguity in the definition of 
the stress-energy-momentum tensor. It may be defined by the boundary 
formula according to the procedure of A and in agreement with mechanics 
and is denoted by It may also be defined by varying the Lagrangian 
with respect to the metric tensor and is then denoted by T^, 

For gauge-invariant electrodynaraios, i.e. for the Bom-Maxwell case, we 
shall show that the two definitions of the stress-energy-momentum tensor 
oomoide provided that we develop the Hamilton-Jaoobi theory in really 

t Explicit proofs have been given by Heisenberg and Pauli (1929) for Mexweirs 
case and by Infeld <1937) and Pryoe (1937) for Bom*s case. 
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gauge-invariant form. This will necessitate a slight modifteatioii of the 
procedure of A. 

In Mie’s electrodynamics, however—and therefore also in Prooa’s oaae 
—which is not gauge-invariant, the ambigiiity subsists, but we shall show 
that both tensors lead to the same physical results. 

We shall treat the Mie-Proca case in §§ 2 and 3 and the Bom-MarweU 
case in the subsequent sections. The resulting scheme of quantum electro¬ 
dynamics will be the customary one (Heisenberg and Pauli Bom and 
Infeld 19346, 193s); the difference which, we think, justifies the present 
considerations lies in the procedure leading up to the quantization. 


2. Mik’s elkoteodynamios 


The action integral reads 
rw 

(t,i.l = 0,l,2,3). (2-1) 

Here the tensor guc — gki denotes the metric; we assume space-time to be 
flat and choose a co-ordinate system in which the are constant and 
det 1 I = -1. We need, therefore, not distinguish between tensors and 
tensor densities. 

The oovariant vector denotes the electromagnetic potentials, and the 
covariant tensor= -/^j, defined by 


f 

■ dx* 9 **’ 


( 2 - 2 ) 


denotes the field strengths. D is a domain in space-time, whose boundary 
is called 8 . The partial derivatives of the Lagrangian if are defined by the 
formula ^ ^ (2.3) 

The field equations consist of the integrability conditions 


dx* 3 x* dxf 


= 0 , 


(2-4) 


and of the Euler equations = p*. ( 2 * 5 ) 

Applying the procedure of A, without varying the metric, we obtain as 
boundary formula (cf. A, (S-S), ( 3 - 6 ), (4.1)) 

<■ (|>^ (Xki3f‘ + P*t<pt)du, 


( 2 - 6 ) 
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where we have put =* Um, P* = 

Vi - 


(2-7) 

( 2 - 8 ) 


(cf. A, ( 3 ' 6 )), The N, in (2-7) denote a vector normal to S. 

The pairs of conjugate variables are 

(Xfc,®*); (P‘, 51 ,). (2-9) 

Owing to the antisymmetry, = — p**, we have 

PW, = 0, (2-10) 

so that the P‘ are not independent, the vector {P*} always being tangential 
to 8 . 

The tensors defined in (2-3) are connected by the relation 

T*‘gM+P*<l>u+P^fki=^-^n. ( 2 - 11 ) 


which is a consequence of the relativistic invariance (Bom 1937 , p. 22 ). 
With the notation _ y,_ 

we obtain from ( 2 - 8 ) and ( 2 ' 11 ) 




or, using (2'5) and the antisymmetry of the p‘‘, 

n“t/i+A(p«,i,). (2-13) 


Thus the tensors Tl and Ui only differ by a divergence. They both satisfy 


the conservation law 


in 

dx^ 


= 0 , 




0 . 


(2-14) 


Let us now consider a space-like section S,, referred to parameters u’' 
(r B 1 , 2 ,3). We wish to find an independent and complete set of initial data 
on Si. For this purpose we introduce a ‘'natural co-ordinate aystem" (cf. 
A, § 5). We then obtain 

iyr„ = i, Ni=^n,^n^^o, 

and therefore P®»0, P' = p®^. (2*16) 

Of the Euler equations ( 2 * 6 ) the one with k^O becomes 
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p® dei)ends, among others, on the potentials and we can, for instance, rewdve 
(2-16) with respect to Thus we see that P'[u), may be taken as an 
independent set of data on while P®(m) and ^q(v) are then determined 
by (2-16) and (216). Our set is thus complete. 

The considerations of A apply word for word to this new set of data and 
we obtain for their P.B.’s from A, eq. (lO'l), 


[P'iu], P*(m')] = 0, [(J,(tt), == ^ 


(2-17) 


From (2-16) we then obtain 

[p0(«), I>^(u')] = 0, [p®(M), - ■»’). (2-18) 

(217) and (2-18) together define implicitly the P.B.’s of with P’’ and ^1,. 
Let us define, in a natural co-ordinate system {w, vT), 


,7t(u) = 


M«) = T? = 

(219) 

where we have 

f 

dw du^ ’ 

f 

du^ du*' 

(2’2a) 

and put 

/*(3) 

H = Jf{v)dv, 

M) 

JSi 

(2-20) 

From (2'13) we obtain 






(2-21) 


Therefore, H and h,. differ from the corresponding quantities in A, defined by 
means of the tensor Ul, only by expressions referring to the boundary of 8^, 
and for their P.B.’s with any quantity taken at the interior of Si it is thus 
immaterial whether we consider TJ or as the stress-energy-momentum 
tensor. The former has the advantage of being expressible in terms of the 
field strengths and it is therefore usually used in physios. 

The Hamiltonian given by the first equation of (2*19) can, after per¬ 
forming a Legendre transformation (A, §6) 

fstr ~*» ^-^3^ 

and using (2-16), be expressed as 

(M2) 

Taking account of (2-2a), one sees that the Hamiltonian depends only 
on the initial data ^,( 14 ), P'(u) on Si as it should do. The differential of 

dJir:^~4,„dpO+prd4>r~UdP'+if*df^ (2-28) 
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Let U8 work out the P.B.’b involving H and h,. We obtain from (2*16)- 
(2*19) and from (2-23) 


,2.24) 


Similarly 




att*’ 0«- 

Frora the last set together with (2-5) it follows that 

dP' 


[Pr(u), H] = 


()W ’ 


(2-26) 


(2-26) 


The relations (2-17), (2-22), (2-26) represent the classical laws of Mie’s 
electrodynamics in terras of P.B.’s, and the quantum laws are formally 
the same. 


3 . The Pboca fieuj 

The case of Proca, written in relativistic notation, is described by the 
particular Lagrangian _ 

^ = + (3-1) 

The field quantities are complex. A bar denotes the conjugate complex 
quantity. The contra variant tensors/**, are defined as 

jiU ^ gUglcmf^^, ( 3 - 2 ) 

A is a real constant. From (2-3) we obtain in this case 

p< = A*^<, p<**/<* (3-3) 

and the conjugate complex relations. The Euler equations (2-4) go over into 

^ » AV*. (3-4) 

and into the conjugate complex relations. From the second set of (2*16) 
we see that/’*'(«) and ^r(u) form a complete and independent set of initial 
data, while and are derived from the r^ations (2*2a) and from (2*16) 
which reads here 




(3*6) 
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The P.B.’s (2<n) and (2-18) simplify to 

u'), I (3-0) 

[fiO(u),/o^(u')] = 0, 9S,(«')J = 

and to the conjugate complex relations. Thus in Prooa’s case the P.B.*s for 
the scalar potential given explicitly. The corresponding quantum 

commutation rules are formally the same (Kemmer 1938 , eq. ( 12 )). In this 
way we obtain the quantized Proca field in relativistically invariant form. 


4. Consequences oe the postulate of gauge*invariance 

We have pointed out in the introduction that Bom's and in particular 
Maxwell's electrodynamics possess the property of gatige-invariance and 
that this fact necessitates a modification of the procedure of A. This modi¬ 
fication we now wish to study. 

By gauge-invariance one understands that no physical change is involved 
when the potentials are replaced by x ^^^^8 arbitrary 

scalar. Ordy quantities which remain invariant under such a '^gauge- 
transformation" 

(4-1) 

have a physical meaning. The themselves have therefore no physical 
meaning but the functional, more precisely, the ''line-function" 

^ =r ^[C] =s (4-2) 

has. Here O represents any closed (one-dimensional) curve in space-time, 
and is a functional of C, 

It should be noted that in four-dimensional space-time the curvee 0 are 
in no way affected by the presence of singular lines representing charges, 
since they can always be contracted to a point without meeting the singular 
lines. Their topological role in four-space is analogous to the topological 
role of a pair of points in three-space. 

The Une-fuTiction ^[ 0 ], given by (4*2), expresses what one really means by 
^^poterUiaV' in dll relativistic and gauge-invariant electrodynamics. 

The dependent quantity now consists not of a set of functions, like the 
z in A, but of the line-function ^[(7}. Its derivatives, however, the so-called 
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“Orasamann-derivatives”, are ordinary fimctions, viz. the held atrengths 
/,*, defined by 

<p (j>idixf 

_ 


fik 




(4-3) 


where A 8^^ is the area of a two-dimensional surface element parallel to the 
{ai^, x*)-plane (more precisely; asymptotically parallel, for d)S**-»-0) and C is 
the boundary curve of The definition (4*3) is equivalent with (2’2); 
this fact is the essence of Stokes’s theorem in four-dimensional space. 

We now have to determine the variations of x* and corresponding 
to those of A, § 3. We define a variational line-function ^[C], analogously 

toA, (3-1), by _ 

ij>[C]=^<j>[C] + ev[Cl (4-4) 

and variations S<j>\C\, analogously to A, (3-2), by 

x< * x< + 6Sx\ = (l>[C] + eSi^iC]. (4.6) 

According to (4-2), the equation (4-4) and the second part of (4-6) read 

^ ^j(x)(ia:‘= ^ i^i(x)dx* + e^j)t(x)dx* (4*6) 

and ^ ^ <l>f{x)dx* + e^ 6<f>i{x)dx^ {^'1) 

respectively. 

Let us evaluate the left-hand side of (4-7). We obtain, neglecting powers 
of e higher than the first, 

k yi{x)dx*. (4.8) 

And from the first set of (4*6) we get 

^ <^Si(x + €Sx)(dx* + edSx*) 

where in the last term under the second integral sign we have interchanged 
the Bummation indioee i and fc. Performing an integration by parts on this 
term we get, taking into account that C is closed and using (2*2), 




(4*9) 
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Inserting (4-9) into (4-8), we obtain 

^ ^i(*) ® ^ {A<(*) + ’7i(*)} (4* 10) 

Comparing (4-10) with (4-7), we see that we have 

+ (4-11) 

the equivalence holding in the sense of gauge-invariance, and from (4-4) 
and (4-5) we have 

8<I>[C] = ^J^83*dx^ + ri[C]. (4-12) 

The procedure of A would have given the non-gauge-invariant formula 

(cf. A, (3-3)) instead of (4-11) or (4-12). 


5. BoEN’s ELECTBODYNABaCS 

The postulate of gauge-invariance, if applied to Mie’s electrodynamics, 
gives the restriction 

pi « 0 , ( 6 - 1 ) 

so that the action integral becomes 


I 


r(4) 


The formula (2-3) reduces to 

Instead of (2'6) we have the field equations 

dp» 


dxi 


0. 


( 6 - 2 ) 

(6-3) 


(6-4) 


and instead of (2' 11) we now have 

(5-6) 

or, using {2-12), -pi*f„. (6-6) 

In particular Maxwell’s case is described by the Lagrangian (compare 
with (3-1), (3'2)) 

so that 
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If we now calculate the boundary formula, but use the modified procedure 
of the preceding section, we obtain 

(•( 3 ) 

<yi = <j) + (5-7) 

where we have now put 

X,= nN„ Fi=pf‘N,. (5-8) 

This should be compared with (2- 7 ): The appearance of the, instead of the 
V^k in the definition of the is due to the gauge-invariant procedure of the 
preceding section. The are unchanged. 

The gauge-invariance of the boundary formula ( 5 * 7 ) is not obvious on 
account of the terms and we therefore wish to verify it. It will be 

/•(H) 0^ 

sufficient to show that J vanishes for an arbitrary function x(^)- 

Wc have from ( 5 - 8 ), using Green’s theorem, 

But the integrand under the last integral sign vanishes for an arbitrary 
on account of the field equations (5'4) and of the antisymmetry of the p**. 

We can also calculate the boundary formula for the dual action integral 
(Bom and Infeld 1934 a, p. 435; Weiss 1936 , p. 211 ) 




The differential of if* becomes 


(5-2 o) 


dSf* = + hf**’’dptu. (5-3a) 

The dual theory is gauge-invariant in the antipotentials and the 
boundary formula becomes 


/•(S) 

<yi* = A^ {X„dx>‘-{-F*<Si/rf)du, 


where we have put Xjf=T\.Ni, F*^=f*‘^N,. 


(6-7a) 

( 6 - 80 ) 


t Usually if* has been denoted by JF and has been called “Hamiltonian”, 
owing to the formal reaemblauoe of its definition 

if* » if- 

to that of the Hamiltonian of mechanics. In fact, if* does not play the role of 
Baizultonian but that of dual Lagrangian. We therefore prefer to reserve the letter 
Jtf" fi» the true Hamiltonian, defined, for example, by ( 5 'fl) below. 


Vat. CUCIX. a. 


9 
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It will be seen that the quantities X^, which are conjugate to the a;*, are the 
same in both dual theories. This would not have been the case if we had 
used the non-gauge-inVariant procedure of A. 

We now have to look for a complete, independent and gauge-invariarU set 
of initial data on The potentials (or antipotentials are not admis¬ 
sible now, since they are not gauge-invariant. The field strengths (orp^), 
however, are atlrnissiblo, for they are gauge-invariant. 

Introducing a natural co-ordinate system we have, analogously to (2*16), 


(2-19), 




Y ™ 7^0 r/7 



-P‘f„=-F*»p* (5-9) 


= jt 


= K 

and 

P° = 0, 

it 

> 

(5-10) 


F*° = 0, 

]^*r ^ y ♦Or 

(6-10o) 


h’rom the two sets of field equations, which may be written as 


Bx' 


0 , 


0/ 


*tlk 


dxf 


0. 


( 6 - 11 ) 


we obtain for fc = 0 restrictions on the initial data, viz, 

SpOr ^ spr 

du' du' ’ 
du' du’’ ~ 


(5-12) 

(6-12a) 


Subject to these conditions, the six quantities JP', F*’’ form an independent 
and gauge-invariant set of initial data. We wish to show that this set is also 
complete. For this purpose we observe that we have 


(P^, P^, P^) — (jp23> Ptly 

(5-13) 


(6*13a) 

and perform the Legendre transformation 



(5-14) 

or the dual one 

(5* 14a) 

In either case we obtain JT’ as a function of P*" and P*’’, and the detivatdves 
of are given by 


* -fordP^-p$tdFK 


( 5 - 16 ) 
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Thus the remaining field strengths are determined by P', F*’'. It should be 
noted that the present formalism is quite symmetrical between the two 
dual theories. 

Working out the P.B.’s we obtain 

[Pr(u),P>{u')] = 0 , [U(u),Uu')]^0, 1 

or, in dual formulation, 

[F*'{u), F*>iu')] = 0 , p%{u')] = 0 , I 

The relations ( 5 * 16 a) are in substance the same as ( 516 ). 

With the help of 


/•( 3 ) /*{ 3 ) 

H- .r(t;)dt% h, - h,( 

J J Si 


and of the field equations, we obtain 

dP' 

H] = , 


(516a) 


\ nn), h,] = 


( 2 - 20 ) 


( 5 - 17 ) 


H] = [F*'{u), hj = 

and hence for an arbitrary function F*^), 


The quantum laws are, as always, formally the same as the equations 
{5-16)-(5-19). 

If the space-like section is especially a section of constant time, we 
obtain, using space-vector notation, 

(u^) ^ (x,y,z)\ (5-20) 

(P0--D; = {5-21) 

(A,) - (D X B) - S; .r - Pg - f/(D, B). (5-22) 

The relations (6vl6)“(6'19) go therewith over into the quantum relations 
of Born and Infeld (19346)—and in Maxwell's case into those of Heisenberg- 
Pauli. Our formalism thus constitutes an invariant form of quantum 

electrodynamics.f 

t In a previous paper (Weiss 1936) an argument more formal than the present one 
the same quantum relations as obtaineil here on and in addition to 
them other quantum relations on a time*like section. The latter ones do not corre¬ 
spond to initial data and have therefore no physical significance according to the 
procedure of A. 


y.3 
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6. OONOLTTDIKG REMARKS 

Our procedure of obtaining Poisson and quantum commutation brackets 
is not restricted to the preceding cases, where the dependent variables form 
a vector (or a line-function formed by means of a vector). The procedure 
applies equally well to cases where the dependent variable is a scalar 
(Pauh and Weisskopf 1934) or a tensor of higher rank; moreover, any kind 
of invariant auxiliary conditions may be introduced. 

For all such theories one has to find an independent and complete set of 
initial data. Then the description of the classical laws by means of Poisson 
brackets and of the quantum laws by means of commutation brackets is 
determined. 

One might think of applying the same procedure to the quantization of 
electron waves which obey the Dirac equations. Since these equations are 
of the first order, the dependent variables {\jr^) alone form a complete and 
independent set of initial data, the canonical conjugates of the being 
expressible in terms of these data. In a suitable representation the canonical 
conjugates are just the complex conjugates. It then turns out that one 
obtains a quantum theory satisfying the Einstein-Bose statistics. This does 
not agree with physical fixperience since electrons satisfy the Permi-Dirac 
statistiC/S. 

Speaking more generally, classical Poisson brackets always lead to 
quantum conimnUxtimi brackets and never to auticofnniuUition brackets, 
hor this reason a description of particles satisfying the Fermi-Dirac sta¬ 
tistics appears to be impossible with the resources of the present procedure. 

However, if once the anticommutation laws in the customary form 
(referring to a spacie section of constant time) are assumed, our procedure 
enables us to express them in relativistically invariant form (referring to 
an arbitrary space-like section) and thus to dispense with an explicit proof 
of the relativistic invariano.e. For this purpose one need only replace the 
space variables x, y, z by the parameters w®, u^ of the space-like section 
and the time variable t by the time-like variable w. The same remark applies 
to a theory which involves Einstein-Bose particles together with Fermi- 
Dirac particles (Bhabha 1938; Kemmer 1938). 


Summary 

A procedure of quantizing a dynamical continuum, developed in a 
previous paper, is applied to the electromagnetic field in generalized form 
as given by Mie and by Bom. Important 8i>ecial cases are the Prooa field of 
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the Heavy Electron, whose structure is similar to the linear case of Mie’s 
theory, and the Maxwell field which is the linear case of Born’s theory. In 
the theory of Mie, which is not gauge-invariant, the stress-energy-momentum 
tensor suggested by the mathematical procedure differs from the one 
defined in physics, but it is shown that both tensors lead to the same physical 
results. In the theory of Born, which is gauge-invariant, the potential” 

of the field is described by a line-function which has an absolute 

physical significance wliilc the world vector {^i) has not. In this way the 
ambiguity concerning the stress-energy-momentum tensor is avoided. The 
well-known peculiar difficulties due to the antisymmetry ” of electro¬ 
dynamics can be overcome by a clear fonnulation of the correct initial data 
in the classical theory: The present method is relativistically invariant 
throughout, so that an explicit proof of the invariance of the quantum 
conditions becomes unnecessary. 
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Introduction 

The method first useil by Bethe ( 1935 ) in the statistical treatment of 
alloys such as /?-brass, with a superlattice structure, has since been applied 
by other authors to assemblies of a simple type in which there is no long 
distance order. The object of the present pajier is to extend, amend and 
simplify the treatment of assemblies of this simple type. It is convenient 
to develop the treatment in detail before considering the work of these 
other authors. 


1. Regular ASSEMBLIES 

The epithet co-operative is applied (see Fowler 1936 ) to an assembly 
when its properties cannot be expressed in terms of the properties of a large 
number of independent or almost independent systems (molecules, atoms, 
electrons, ions), because the states of any distinct system are fundamentally 
influenced by which states of the other systems are occupied. Considerable 
advances have been made recently in the statistical mechanics of co¬ 
operative assemblies, particularly of a class of co-operative assemblies with 
the following assumed properties: 

(1) Any configuration of the assembly can be described by specifying the 
number and geometry of occupiable sites in the assembly and how each site 
is occupied. 

( 2 ) Interactions between pairs of molecules that are not nearest neigh¬ 
bours may be neglected and therefore the interaction energy of the systems 
composing the assembly can for each configuration be expressed as the sum 
of contributions from each pair of immediate neighbours. 

(3) The internal degrees of freedom of each system are independent of 
its neighbours. 

Possible examples of such assemblies are mixed crystals, “regular” 
liquid mixtures, solutions of hydrogen in palladium, monolayers adsorbed 
on a surface. In mixed crystals the sites are lattice-points; in monolayers 

[ 184 ] ‘ 
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on a surface the sites form a two-dimensional lattice; in solutions of hydrogen 
in palladium the sites are the spaces between the palladium nuclei; in liquids 
the sites are not fixed in space but liquid mixtures may be included in the 
same class as the other examples mentioned, provided the various types 
of molecules are sufficiently alike in size and shape that every molecule 
is surrounded on the average by the same number of other molecules, of 
whatever type. The class of liquid mixtures which satisfy these conditions 
corresponds roughly to the class of liquids which Hildebrand (1929) has 
named regular solutions. It therefore seems natural to apply the epithet 
regular to any assembly satisfying the criteria (1) and (2) above, and this 
terminology will be used here. 

In two of the mentioned examples of regular assemblies, namely solutions 
of hydrogen m palladium and monolayers adsorbed on a crystalline surface, 
any site may be either empty or full. In the other three examples every site 
must be occupied. The distinction is, however, irrelevant for what follows. 

We shall immediately proceed to develop some quite general statistical 
mechanical formulae for regular assemblies and postpone reference to 
previous work on the subject until a later stage. 

2. Grand partition functions 

The procedure which we shall adopt is to construct the grand partition 
function of the assembly. For a detailed description of this function and its 
use the reader is referred to a recent article by Fowler (1938). We denote by 
N the total number of sites, by the number occupied in the manner a, 
by the number occupied in the manmr /?, and so on. Of the quantities 
Np ... we could define at least all but one of them by saying that 
deno^s the number of sites occupied by systems of type a and so on. But 
there may be one quantity of the set i\4, ... say which denotes the 

number of empty sites. In this case occupied in the manner 0 , means empty, 
but occupied in any other manner a, /S, ... means occupied by systems of 
the type a, .... We further denote by the number of pairs of neigh¬ 
bouring sites the one occupied in the manner a and the other in the manner 

We denote by z the number of closest neighbours of each site. For liquids 
the number of closest neighbours fluctuates slightly and z must be regarded 
as the average value; for all the other examples 2 is a true constant deter¬ 
mined by the type of lattice. We have then the necessary equalities 

a*fi 


( 2 - 1 ) 

( 2 - 2 ) 



136 


E. A. Guggenheim 


where is the usual symmetry numbw equal to 2 when a and fi are 
identical and equal to 1 otherwise. 

The grand partition function S for an assembly with N sites is then 
defined by 

where k denotes Boltzmann's constant and T the absolute temperature. 

- ) denotes the number of distinguishable configurations for 
the si>ecified values of . The contribution of each txfi pair of 

neighbours to the interaction energy is denoted by The partition func¬ 
tion of a system a for all degrees of freedom and forms of energy other than 
the interaction energy is denoted by We can, if we wish, include in each 
of ... an extra factor so that ... become zero and becomes 

the excess energy of an a/? pair over the mean of the energies of an aux pair 
and a pair. This is, however, merely a matter of convenience and is 
irrelevant to our further procedure. Finally the quantities A^, A^, ... are 
related to Gibbs* partial potentials ... by 

kTlogX^ (2-4) 


and the like. The appropriate thermodynamic name for A^^ seems to us to be 
the absolute activity of a, the ordinary activity of a used by G. N. Lewis 
( 1923 ) being defined by 

/^a^KiT)^kT\oga^, ( 2 ‘ 6 ) 

where is arbitrarily fixed at each temperature. 

The properties of the grand partition function which we shall require to 
use are the following. For the given values of T, A,, A^,... the probability of 
some configuration with specified values of ... and ... is pro¬ 
portional to This enables 

one to write down all average properties. In particular one finds that the 
average (equilibrium) value of for given T, A^, ... is given by 




3 log S’ 


and the average (equilibrium) value of is given by 


( 2 - 6 ) 


Strictly ... depend on the volume F, as well as the temperature, and 
... depend on the volume F of the assembly. (For volume, read area, in 



The statistical mechanics of co-operative assemtUes 137 


the case of a monolayer assembly). The pressure P (two dimensioiial in the 
case of the monolayer) is then given by 


p - 

It is convenient to re-write this in the form 

NlcT kT 

P ^ log == log 


( 2 * 8 ) 


(2*9) 


where v—V/N denotes the volume per system and 5^^ is for aU relevant 
large values of N independent of N, that is to say independent of the size 
of the assembly. It is usually more profitable to regard (2-9) as a condition 
of internal equilibrium at a given P rather than as a relation determining P. 
In particular P is usually negligibly small compared with kT/y and (2*9) 
then reduces to 


1 . 


(2*10) 


This relation will play an important part when we come to contrast our 
formulae with those used previously by various other authors. 

For brevity's sake it is convenient to introduce the quantities 


defined by 6. - A.^., 

V(xfi - 

The formula for S now becomee 
and the relations (2-6), (2-7) become 


^a/l ^ Vafi 


SlogS 

~dC’ 

dlog£ 


^V,/i ' 


( 211 ) 

( 212 ) 

(213) 

(2-14) 

(2-16) 


In deriving averages the error is negligible if one replaces the series for S 
by its greatest term. If this term is S* defined by 

s* = .... ( 2 - 16 ) 

then the average values of JV,, Np ,... and N^p ,... are given by 

K = N* 








(217) 

(2.18) 


If then one could determine N*^ and N*p^ ... one could construct 3* 
and could so determine all the thermodynamic properties. 
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3. FOBMAIi OONSTBUCmONS OF S 

To make use of formula (2-13) for S we should require to evaluate the 
coefficients while to make use of (2-16) we should require 

to evaluate N*^ and . As there is no straightforward way of 

doing either, it is necessary to find some special device for evaluating S. 

We define the quantities rj, y by 

(3-1) 

17 **^ = (3-2) 

(3-3) 

Thus I is the geometrical mean of the factor of the type ... contributed 
by each site to 5**; ^ is the geometrical mean of the factor of the type ... 

contributed by each pair of neighbouring sites to *5^; y is the geometrical 
mean of the factor contributed by each site to We also 

define as the geometrical mean of the factor of the type contributed to 
5* by each pair of neighbouring sites one of which is specified as being 
occupied in the manner a. 

Using these definitions we can express S* or S in a number of alternative 


forms amongst which are 

5 = ( 3 * 4 ) 

S - 5^1 = (3-6) 

5 = 5, = (3-6) 

S = ic+i = . (3-7) 


The expressions 5*, 5,, 5,, 5g+i have by definition equal values, each being 
equal to but differences in form corresponding to differences in the 

physical points of view. The form of 5, is such that the assembly is regarded 
as one site, which we may call the central site, and a residue which forms an 
external field as far as the central site is concerned. The form of 5, is such 
that the assembly is regarded as a single pair of neighbouring sites, and a 
residue which forms an external field as far as the single pair of neighbouring 
sites is concerned. The form of 5g+i is such that the assembly is regarded as 
a group of a central site and its z neighbours, that is * +1 sites in all, and a 
residue. 

We assume that all the formulae of the present section can be made 
mutually consistentf, and valuable conclusions can be drawn from this 

t The nature of this assmnption is further oonsidwed in J 10. 
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conaiBtenoy when we apply the formulae of § 2. For example, we can derive 
alternative formulae for the fraction of siteB occupied in the manner a or 
the probability that a given site is occupied in the manner a, by appl 3 H[ng 
(2*14) either to Si regarded as the S for a single site in a field due to the 
remaining sites or to S^ regarded as the S for a pair of neighbouring sites in 
a field due to the remaining sites. We thus obtain on the one hand using (3-6) 





{3-8) 


and on the other using (3-6) 


(3-9) 


In order that (3-8) and (3-9) may be mutually consistent, we must have 


Va 


^rirlfT~^Var 


(3-10) 


and this is also sufficient to ensure the consistency of (3-7) with (3*5) and 
(3*6). For the mutual consistency of (3*4) and (3*5) it is further necessary that 


2:Artr = rCr* 


(311) 


We might alternatively evaluate 6^^ from the relation 


“"AT 2+i^* 01. ’ 


(3-12) 


using formula (3*7) for 5's^ i. If we do this and make use of (3-10), we obtain 
after simplification just (3*8) and so obtain no new relations analogous to 
(3*10). Nor do we obtain anything new by considering groups of sites 
intermediate between a pair and the group of 2 + 1. More complicated groups 
leading to more accurate approximations are considered in § 10. 

From (3*8) we deduce using (3-11) 


A-. A = = _L_ = _L 

Lta ifitfl ■■■ yit' 

and from (3'10) we deduce 

?/» 

£4rfr~^Var ^Artr’^V/lr ^ 

In (3‘14) we have a set of simultaneous equations in number sufficient to 
determine the ratios as functions of the known quantities ... 

and ... and so by (3-13) to determine d^, Of, ... as functions of ... 


(313) 

(3-14) 
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and . Since however the equations (3-14) are of degree z in if. . 

they are intractable and this method of attack cannot generally lead to 
explicit formulae for 6^, .... 


4. Quasi-chkmicai. bqttilibria 

Just as we have obtained formulae for 0 ^ by using (2-14), so by using 
(2'16) we can obtain formulate for the fraction of pairs of neighbouring 
sites occupied the one in the manner a, the other in the manner It is 
simplest to combine (2*15) with (3-6) for regarded as the *5* for a pair of 
sites in the field due to the remaining sites. We thus obtain 


^ d\ogS,_ 2 


(4-1) 


where is a symmetry number equal to 2 when a and y? are identical and 
1 otherwise. From (4*1) we can deduce a number of relations such as 


(4‘2) 

^ay Vay VfiJ ^ay * 

and in particular 

- (4-3) 

VaaVfifi 

It is remarkable that these relations, from which the quantities if^, iff, ... 
as well as y have been completely eliminated, have been obtained from 
(3'6) without any use being made of (3-10). It will be noticed that these 
relations have the simple form of a quasi-chemical equilibrium. We shall 
now use them to treat the problem by an entirely different method. 


6. Free eneboy and total energy 

The ordinary partition function, corresponding to the grand partition 
function (2'3), for an assembly with given N^, N^, instead of given 
A,, Af, ... as previously, is 

( 6 - 1 ) 

where denotes the number of distinguishable configurations with 

the specified values of _ which are subject to the necessary relations 
(2*2). We now define quantities , such that whatever values be 
assigned to 
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wiiile the true average values given by 


By taking logarithms of (6-2) and diiferentiating with respect to T, we can 
verify that 

a/1 i'r\ • 


3 ( 1 /^) • 


The free energy F of the assembly according to (Sd) is given by 

F = -r,iV.^riog0,-fcTlog2\.^^ (6-6) 

Using (6-2), we can re-write this as 

F - -r.iv„fcTiog0,-^'Tiogr^„^ 

= 2, iV. k T log + 2;^ «v,. (6-6) 


We see that the contribution of the interaction energies to the free energy of 
the assembly is 

= (6-7) 

The corresponding contribution to the total energy E is 


jjlnt 


‘ 1 ( 1 / 1 ’) 




( 6 - 8 ) 


according to (6-4). 

If then we can determine or alternatively . since the two 

sets of quantities are related by (6'4), as functions of T, N^, N ^,..., we shall 
have an explicit formula (6-6) for the free energy as a function of T, iV^, ... 
and from this we can derive all the thermodynamic functions of the assembly. 
But according to (4‘3) we have 


m 

- 2 £_ = 4e-^>u>afi~v>aa-^JIfVkT ( 5 . 9 ) 

and according to (2’2) = zN^. (6’10) 

There are as many equations of the type.(6'9) as quantities («+/?) 
and as many equations of the type (5-10) as quantities Hence there are 
just sufficient equations (5*9) and (5* 10) together to determine all the 
and as functions of Ng, . 
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The number of simultaneous equations to be solved is greater than in the 
method of § 3, but the equations are all quadratic or linear, whereas those in 
§ 3 were of order z. In practice the equations of the present section are by 
far the more tractable. 


6. COMPABISON WITH PISRFBCT ASSEMBLIES 

We define a perfect assembly as one such that 

(all a, fi). (6-1) 

It is usual to describe a regular assembly by comparing its properties with 
those of a perfect assembly chosen as standard, but in making this com¬ 
parison the perfect assembly used as standard is chosen in a different way 
according as sites may or may not remain empty. 

Let us first consider assemblies such as mixed crystals and regular 
solutions in which all the sites must be occupied. We shall call these regular 
assemblies of class 1. The perfect assembly chosen as standard is then one 
in which ... have the same values as in the actual assembly, while 

the ... are determined by (6*1). If then we use the symbol A to denote 
the excess of the value for the actual assembly over its value for the chosen 
standard perfect assembly, we have 

fifth («- 2 ) 

AE = ^nfi^'^afi~ ~ \'<^fifi)- (®’ 3 ) 

It is usual and convenient to include in the partition functions (f>fi, ... 
factors so that w*,, ... become zero. Formulae (6'2), (6-3) then reduce to 

AF = ^^fiW^p, («;,.= ...= 0 ), ( 6 - 4 ) 

AE ^ I^ftE^ftW^ft, ... = 0 ). ( 6 - 6 ) 

According to this convention the quantities ... become equal to 

unity. 

In assemblies such as solutions of hydrogen in palladium and monolayers 
on a crystal surface some of the sites may be empty. We shall call these 
regular assemblies of class 2. For these assemblies we use the subscript 0 
to denote an empty site. The perfect assembly chosen as standard is now 
one in which w^, ... have the same values as in the actual assembly, 
the w,, being determined by 




2w«o, 


“’a. + M’oo 


( 6 * 6 ) 
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Binoe Wqo is obviously zero, and the remaining being given by 

= Kw'a. + + W^. (6-7) 

When we now compare the properties of the actual assembly with those of 
the chosen standard fwrfect assembly, we find 

d - M>,o (6-8) 

AB = ~ «^«o - Wflo)- (6-9) 

It is now convenient to include in the partition functions (f>^, (j>^, ... factors 
so that ... become zero. Formulae (6-8) and (6 0) then reduce to 

AF = ••• = 0 ), ( 6 - 10 ) 

AE («)„„=...= 0 ). ( 6 - 11 ) 


These are of the same form as (6*4) and (6*5) but it is now ... that 

become unity. 

The essential similarity of the two classes of regular assemblies is apt to 
be obscured by the two different conventions, one leading to 7)^^, ... equal 

to unity, the other leading to ... equal to unity. We have therefore 

avoided using either convention in the earlier stages. 


7. Sites occupiable in two manners 


All previous work on this subject has been confined to assemblies whose 
sites can be occupied in only two manners. We therefore re-write some of 
our formulae for this special case in order to compare them with formulae 
previously used. We now distinguish between the two types of regular 
assemblies. 

For assemblies of class 1 such that each site must be occupied by either a 
system a or a system /?, we define (l>^, so tliat ^ or = 1. 

Formulae (3-8) and (3-11) now^ reduce to 

,0 Lvl_ Lvl n 

while formula (3-10) reduces to 


Va 




(7-2) 


For assemblies of class 2 such that each site may be full or empty, we use 
the subscript 0 for the empty state and the subscript a for the full. We set 




144 


E. A. Guggenheim 

Ao = 1 , £o= 5/00 = ^ in ^ energy of a completely 

empty assembly may be zero. We include in a factor so that tt >^=0 or 

Since % is an averaged value of i/oo 7«o which are both unity, 

it follows that rj^^l also. Formulae (3-8) and (3- 10 ) now reduce to 


LVl = 


S-3) 


„ _ - 1 

(7-4) 


8. Pbkvious treatment 

The methods of §5 have been used previously by the author ( 1935 ) in 
an attempt to determine the equilibrium properties of regular solutions. 
Formulae of the quasi-chemical equilibrium type like (5'9) were there as¬ 
sumed intuitively. They have since been derived for regular solutions by 
Rushbrooke ( 1938 ) who used the method due to Bethe ( 1935 ) which will 
be discussed in the next section. At the same time Rushbrooke has pointed 
out an error in the author’s paper in that he applied the equations of the 
quasi-chemical equilibrium type to the instead of to the.^,^. The formulae 
of the author’s previous paper are therefore wrong, but when the error is 
corrected the method of attack, which is that used in § 6 , is probably the 
most convenient for determining the equilibrium properties of any regular 
assembly. 

9. Bkthe’s method 

For convenience we have postponed to this stage any detailed discussion 
of Bethe’s work. The method used by Bethe ( 1935 ) in his treatment of 
metallic alloys has since been applied to monolayers by Peierls ( 1936 ) and 
by Wang ( 1937 ), to solutions of hydrogen in palladium by Lacher ( 1937 ) 
and to regular solutions by Rushbrooke ( 1938 ). The reader will have noticed 
the similarity of the method of the treatment described here to that of 
Bethe, out of which it has in fact been developed. There is no need to dwell 
on this similarity and we shall confine our discussion to dififerenoes. 

As already mentioned, all previous work has been confined to oases 
where the sites can be occupied in only two ways. This restriction is removed 
in the present treatment. We have also avoided any reference to “right” 
and “wrong” manners of occupation of a site, these conceptions being 
irrelevant to assemblies in which there is no long range order. We have also 
deliberately avoided any consideration of the sign of 
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dnce this is irrelevant to the development. It is true that when this is posi¬ 
tive, but not when it is negative, we shall find that at sufiSiciently low tem¬ 
peratures d^JBN^ or dfiJdNg can become negative for certain values of 
iiJNf). Such phases will be unstable and will split into two phases and we 
have critical phenomena. But this follows naturally from the formula for 
F or or as functions of NJN^ and there is no point in giving separate 
developments of the formulae for the two cases and 

As far as the above comments are concerned, the formulae of Bethe, 
Peierls, Wang, Lacher and Rushbrooke might be special examples of our 
formulae, but this is not the case. There is a real difference, though, as we 
shall see, not a serious one. If for assemblies of class I we define a quantity 

6' = (Vv.r^ (9-1) 

we can derive from (7-1) and (7-2) 

= ( 9 - 2 ) 


, (Lv.fi 

\L + e'Vafiy ' 


\L + ^-'Vafiy ' ' 

Formulae { 9 * 2 ) and ( 9 * 3 ) are identical with the formulae for regular solutions 
obtained by Rushbrooke using Bethe’s method. Similarly, if for assemblies 
of class 2 we define a quantity ^ by 

we can derive from (7*3) and (7*4} 



If we omitted the subscripts a, (9*5), (9*6) would become identical with the 
formulae for monolayers obtained by Peierls using Bethe’s method. We see 
then that we obtain the same formulae for OJO^ or for as are 

obtained by Bethe’s method. One difference between the two methods is 
that whereas Bethels method deals throughout with a group of « + 1 sites 
we have obtained all the essential formulae by considering only a pair of 
sites; we have included certain formulae referring to a group of z + 1 sites 
merely to show the absence of any inconsistency. The other essential 
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difference between the two methods is that we have defined and iip in 
such a way that their values are unambiguous, whereas Bethe’s method 
involves only the ratio It is stated explicitly by Bushbrooke, and it is 
tacitly implied in the work of Bethe and Peierls, that only this ratio has any 
significance. It is true that the absolute values of are not required to 
determine 0^, dp ; but these values do matter if £ is to be the grand partition 
function with a value equal to e^Pvikr jf for simplicity we confine our¬ 
selves to the usual case when Pv-^kT, then we have the approximate 
equality (2-10). According to (3-4) and (3-5) this requires 

(9-7) 

or in the simple case of only two ty{3es of systems 

( 9 - 8 ) 

The relation {9'8) determines the absolute values of when their ratio 
is determined by (7-2). 


10. Nature OF APPROXIMATION 

The formulae, which have been derived, are accurate only in ^ far as 
there is no long distance order. But, if the absence of long disttuice order 
means that the probability for a given site to be occupied in a particular way 
is independent of the manner of occupation of ail other sites other than its 
neighbours, then there can strictly never be complete absence of long dis¬ 
tance order. For suppose a certain site is 8{)eoified as occupied in a oerfain 
way, then the probabilities of occupation in various ways of its immediate 
neighbours are immediately affected; but this affects the probabilities of 
the next neighbours and these in turn those of their neighbours and so on. 
Thus strictly the probabilities of occupation of each site are linked at least 
remotely to those of every other site however distant. 

The analytical form of the approximation consists in using the same 
factors whatever manner the other sites, other than immediate 

neighbours, bo occupied. We have seen that subject to this approximation 
we can use the same value for these factors whether we consider a single 
site, a pair of sites or a group of a central site with its z neighbours. We should 
continue to obtain mutually consistent equations for even larger groups of 
sites provided these contain only branches but no rings (in the terminology 
of organic chemisty). But as soon as we consider a group containing a dosed 
ring we obtain different results. 
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For simplicity let us consider a square array with two manners of occupa* 
tion a and /?. Then we have for a single site 

= iLvt + (10-1) 

For a pair of sites we have 


*^2 = {LvliLvlVaa + + + 

( 10 - 2 ) 

For a central site with its four neighbours wo have 


‘S's = {LiLvlVaa + ifiV^Vap)* + V + 

(10-3) 

As we saw in § 3 these forms for S are all mutually consistent with the same 
values for If however we construct for a group of four sites forming 

a square, we find 


•=4 = {{ia.vl)‘^ via + HLvlf iflVfiVla fafi + (Lvlf (ifiVW maaVlfiVfifi + '^Vlfi) 


This is not equal to Si, S^, with the same values of This incon¬ 
sistency exposes the nature of the approximation. 

It is almost obvious that the more closely the sites are packed, the smaller 
will be the least group which manifests the inconsistency and the more 
serious the approximation of our treatment. For a closest packed lattice 
our constructions of Si and S^ are consistent with each other but not with 
that for Sg^i, Fortunately Rushbrooke’s work on regular solutions shows 
that for the simple types of assembly under consideration the error due to 
our approximation is not serious even for a closest packed lattice. 


The author is grateful to Professor C. G. Darwin, P.R.S. and Professor 
R. H. Fowler, P.R.S., for their interest and advice and to Mr G. S. Rush- 
brooke for helpful discussions and constructive criticism. 


StTBOdABY 

A regular assembly is defined as a co-operative assembly with certain 
simple properties analogous to those of regular solutions. The definition 
covers an important class of assemblies including, in addition to regular 
solutionsi mixed oiystals, solutions of hydrogen in palladium and mono- 
hiyerg on a surface. A general statistical treatment of regular assemblies is 
given, the approximation involved being equivalent to that of Bethe. The 
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treatment given may be considered as generalizing, amending and to some 
extent simplifying the treatment of various examples of regular assemblies 
due to Peierls, Wang, Lacher and Rushbrooke, using Bethe’s method. 
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The Bakerian Lecthre 

The structure of benzene 

By C. K. Inoold, F.R.S. 

(Read ]6 June 1938 .—Recewed 6 October 1938) 

1. The eeoblem 

The structure of the parent of the aromatic series has long been one of 
the foremost unsolved problems of chemistry. The foUowing formulae will 
be a sufficient reminder of the long, complicated period of historical de¬ 
velopment, which extended from 1 H 66 until the present decade: 



Kekul^ Dewar Claus Ladenburg Thiele Boeyer 


The fundamental difficulty for chemists has always been that of re¬ 
conciling the stability of the benzene nucleus with its chemical trans¬ 
formations. If one considers only the transformations, Kekule’s expression 
is undoubtedly the best single representation. Dewar’s is a possible 
addition if a dynamical system be postulated. But neither structure in¬ 
terprets the stability of the ring; nor do the saturated, but highly strained 
alternatives of Claus and Ladenburg. Formulae which employ imperfectly 
defined symbols leave us with the problem of more exactly defining the 
significance of symbcAs. As to dynamical systems, many have been 
suggested; but none escapes the difficulty that the stability of a system of 
tautomerides cannot be greater than that of its most stable component: 
the whole trouble is to invent a sufficiently stable component. Moreover, 
we now know that there is a stereochemical criterion to be satisfied: no 
formula, static or dynamic, is satisfactory which does not provide the ring 
with the at least approximate planarity demanded by the X-ray analysis 
of aromatio cryst^s, and by electron diffraction in benzene vapour. I shall 
deal in turn with the modem theory and with some recent experimental 
<>vid6n(3e* 

to 
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2* Ak attempted theoretical solxttiok 

The modern theory of benzene structure is not simply one more of the 
ad hoc hypotheses which have from time to time been advanced in order 
to provide some symbol which could be supposed to express the i>ecu- 
liarities of benzene. Our modern views on benzene arise in a natural way 
as a part of a much more extensive theoretical development. The generic 
relationship between the branches of theory here referred to is the follow¬ 
ing. First, the elecjtronic theory of valency, in its original form, covers in 
a satisfactory way a large part of the general theory of chemical com¬ 
bination. Secondly, an extension to the original electronic theory of 
valency (I shall call the extension the theory of mesomerism) has been 
created in order to deal with another large part of the phenomena of 
chemical combination for which the original theory of valency is in¬ 
adequate. The theory of benzene structure is a '"rider”, because in this 
general extension to the theory of valency benzene theory is automatically 
included os a special (and esf)eciaUy important) case. Fundamental to 
every link in the chain of theory is the quantum theory. The relationship 
may bo outlined as follows. 

Commencing with the quantum theory, we know that it is impossible 
accurately to s|)ecify the position and motion of an electron, considered as 
a particle, at each instant of time. What can be known about an electron, 
considered as a particle, is of a statistical nature, and is summarized in 
the behaviour of a wave. The frequency of the wave measures the energy 
of the electron {E^hv) and the amplitude of the wave measures the prob¬ 
ability that the electron is in a given element of volume (prob. | |® dv)» 

The fundamental wave-property in the theory of the atom is adf-inter^ 
ferencs —the self-intorferenc‘e of a confined wave; this annihilates all 
frequencies excej)t those that can form standing waves, which are per¬ 
petuated and describe the quantum states. The fundamental wave pro¬ 
perty in the theory of valency is resonance —the resonance of connected 
standing waves; their mutual perturbation replaces these waves by new 
standing waves, one of which usually corresponds to the creation or 
modification of some bond. 

In order to appreciate the significance of resonance in the theory of 
valency, it is useful to recall the nature of resonance in vibrating mechanical 
systems. The simplest example is that of two like pendulums hung from 
the same stretched string. If one pendulum is given a displacement, its 
interaction with the string causes the vibratory motion gradually to 
become transferred to the second pendulum, after which it travels back 
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to the first as is shown in the right-hand time graphs of Fig, 1. This motion 
is obviously not simple harmonic, and in general it is not even singly 
]>eriodic, for at no time after the start is the original configuration exactly 
repeated. It can, however, be shown to be a mixture of two simple har¬ 
monic motions. One of these occurs alone if we start the pendulums with 
equal amplitudes in phase; the frequency p — e is then a little less than the 
frequency v of either utK^oupled pendulum, because the two pendulums 



Fia, 1. Mechanical regonanco: tiino graphs illiiHirating tho behaviour of uncoupled 
and coupled pendulums. {Reproduced from Natun^ by permission,) 

when swinging in phase deform the supporting string in mutually ac¬ 
commodating ways and this lowers the restoring forces. The other simple 
harmonic motion occurs when we start the pendulums with equal ampli¬ 
tudes in opposite phase; the frequency is now a little greater than 
that of the uncoupled pendulums because of the opposing actions on the 
string. When we start the pendulums with any arbitrary amplitudes and 
phase difference, the two simple harmonic motions occur together, and the 
''beats’’ arising from their differing frequencies give rise to the com¬ 
plicated motion described. However, it is less the beats than the analysis 
into two simple harmonic motions which is important from the point of 
view of analogy, 

If and ^5 ate the co-ordinates measuring the displacements of the 
two pendulums, then before coupling, each co-ordinate was associated 
with a definite frequency v, but after coupling neither nor has any 

10-4 
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definite, characteristic frequency. On the other hand, the linear com¬ 
bination + constant, characteristic frequency v — e, whilst the 

combination equally constant and characteristic frequency 

v-he. We may say that the mutual perturbation, or “resonance’’, has 
destroyed the former co-ordinates of periodic motion, and ha# 

set up iti their place two new co-ordinates each with definite j>eriodicity, 
these new co-ordinates, ^1 + ^2 being indej3endent linear 

combinations of the old ones. At the same time the original co-incident 




Flo. 



Bond 

formation 



Repulsion 


2. Quantum mechanical resonance: schematic representation of the 
formation of a bond. (J^eprodwccd from Nature by pemiissi<yn.) 


frequency, v, has been split into two new frequencies, one greater and one 
less than the original. 

If there are alternative ways in which we can supply electrons to a fixed 
system of atomic nuclei, and if the standing waves representing these 
alternatives can perturb each other then there will be “resonance”: it is 
called resonance” on account of the analogy with mechanical resonance, 
t ough the analogy has certain limitations. Consider the imaginatiTely 
simplified example, represented in fig. 2 , of two atoms in a one-dimen- 
sional world, each atom having only one electron. So long as the atoms 
are well separated the. electron in atom A will move according to the 
standing wave whilst that in atom B will move according to the stand¬ 
ing wave r/rjf. The frequency of each wave corresponds to the energy of 
the atom, and the form of the wave determines the probability, or charge 
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distribution. If now the nuclei are moved closer together so that the 
fringes of and overlap, each wave will perturb the other and neither 
will any longer be a standing wave of characteristic frequency. Two new 
standing waves will arise; one, the like-phase combination, which 

has a decreased frequency, and the other, the opposite-pliase combination, 
which has an increased frequency. The former represents a system 
of reduced energy, that is. a more stable system—one which will tend 
to be formed, and to persist; clearly it corresponds to the establishment 
of a ‘n)ond*’. 

This is a w ave picture: a particle picture of the same phenomenon may 
be drawn as follows. It is a direct consequence of the uncertainty principle 
that all particles whose motion is restricted fmve vibrational energy. The 
principle may be expressed by the formula Aq.Ap h, where Aq represents 
the uncertainty of position of the particle, Ap the uncertainty in its 
momentum, and h is Planck’s constant; the momentum is closely related 
to the kinetic energy (T ^p^j2m) and therefore to the minimum possible 
value of the total energy, E. A particle which is confined to a very small 
region of space (Aq-^0) would necessarily be moving with a correspondingly 
large energy {Ap-^co\ E->co)\ and in proportion as the spatial region 
available to the particle is expanded the energy of the particle will be 
reduced; wherefore the system which contains the particle, having less 
energy, will bo more stable. Thus if a system containing electrons can find 
a way of changing such that new motions become permitted to the elec¬ 
trons, the system will in fact undergo that change, becoming more stable. 
Consider again the two one-dimensional one-electron atoms. So long as 
they are well separated, the electron in each hs restricted to move in the 
neighbourhood of its nucleus with a position probability defined by the 
curve called the w^ave function. But if, notwithstanding the mutual 
repulsions of the nuclei, we bring them into such positions that the regions 
occupied by the separate curves overlap, then each electron will be able 
to escape out of the domain of its own nucleus into that of the other; the 
electrons can change places. This newly acquired freedom of motion will 
give added stability to the system, wherefore it will tend to persist, and 
we shall describe this by saying that a bond has been formed. 

In the atoms and molecules of the real, three-dimensional world other 
restrictions, of which the chief is Pauli’s principle, apply to the motions 
of electrons, but this does not alter the general nature of the basis on 
which chemical combination is interpreted. Historically, the two most im¬ 
portant events in the development of the electronic theory of valency in its 
original form are, first, the purely empirical recognition of the two-electron 



154 


0. K. Ingqld 

bond by Lewis in 1916, and, secondly, its physical interpretation by Heitler 
and London, in 1928, on the general basis indicated. 

We now come to the extension of valency theory summarized in the 
term mesomerism. This extension was constructed to deal with the very 
large class of molecules, including all aromatic molecules and many others, 
for which ordinary valency theory gives a wrong picture of the electron 
distributions. We meet with the same two evolutionary steps. Piret, it 
was empirically recognized that the valency picture is wrong, whenever, 
starting with an electron distribution given by ordinary valency theory, 
it is possible, with nuclei in fixed relative positions, to displace the electron- 
pairs in such a way as to produce a second valency structure, which, like 
the first, obeys the valency rules. In all such cases, some part of that 
possible electron displacement is permanently present in every molecule. 
In forraamide, for example, some part of the electron displacement which 
would convert NHg.CHiO into NH^rCH.O is present permanently in 
every formamide molecule, so that the actual electron distribution is a 
mean between those which might have been assumed on the basis of 
ordinary valency theory. I have since 1926 derived this view firom the 
facts of organic chemistry including many which Fliirscheim had collected 
together and had attempted to explain without assumptions as to the 
physical nature of forces responsible for valency. Especially important 
amongst these facts were those relating to chemical equilibrium, since 
equilibria depend on the normal, non-activated states of molecular systems. 

The second step, the physical interpretation of the phenomenon, was 
developed independently by Pauling and me between 1929 and 1933. The 
central principle employed is the same as that used in the interpretation of 
bond formation. It is the uncertainty principle, or, alternatively, the 
derivative principle of resonance, which is fundamental to all departments 
of the theory of atomic and molecular interaction, including even van der 
Waal’s attraction and steric repulsion. In its application to mesomerism 
the qualitative conception may be expressed as follows: molecules depart 
from the normal valency arrangements of the electrons for the same 
reason that atoms depart from the electronic arrangements characteristic 
of free atoms, namely, in order to produce a more stable system; and the 
molecules achieve the added stability in essentially the same way as atoms 
do, namely, by discovering new possibilities of motion for their electrons. 

Let us first consider the wave picture. We can regard an orchnary 
structural formula as a symbol of the standing wave which has been 
derived by taking into account all the resonance involved in the bonds of 
the formula and selecting from the final linear combinations of wjiye 
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futictione that which has lowest energy. Mesomerism arises when, with 
nuclei in fixed positions, we can write several ordinary structural formulae; 
for in this case the corresponding “final*’ combination waves are not 
really final. They have to be linearly combined once more, with a further 
delocalization of the electrons, a further splitting of frequencies, and 
therefore a further gain m the stability of the most stable state which is 
}}OS6ibIe for the system. It is essentially as a matter of convenience rather 
than principle that we separate this final stage of approximation to a true 
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Fio. 3. Quantum mechanioal resonance: schematic representation of moso- 
merism in the amidinium ion. {Reproduced from Nature by permisaion.) 

description from the previous stages, these being summarized in the 
classical structural ideas which the conception of mesomerism attempts to 
improve. 

As an example we may consider the amidinium ion. The standing waves 
corresponding to the alternative formulae are similar; strictly expressed 
they are polydimensional, but are represented in fig. 3 schematically in 
one dimension. The final combination wave is a mixture of equal pro¬ 
portions of the two, and hence the charge distribution may be described as 
intermediate between those corresponding to the alternative formulae 
given by ordinary valency theory. The identical (fictitious) energy levels 
represented by the alternative formulae are, as usual, split into a ground 
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level which lies lower, and an excited level which lies higher, than the 
original coincident levels, as is shown in fig. 4. We usually speak of the 
ground state as “the” mesoraeric state, and the energy interval between 
this state and that of the formulae given by elementary valency theory as 
the mesomeric energy. 

When the alternative formulae are dissimilar, as in the amide group, 
there will be upper and lower energy levels belonging to the formulae of 
elementary valency theory, and the corresponding waves will not mix 
together in equal proportions. The combination wave of the ground state 
will contain an excess of the lower initial approximation wave and that 
of the excited state an excess of the upper (fig. 4). But still the real ground 


Degenerate 


Nearly degenerate 


For I R^N—C=NR, (I) 

Example j + j 

NRj (II) 


For R,N—(I) 

Example + j 

IRjN^C—O (II) 


Exoited - f - Excited 

1 -n 

Energy 

I and II- j 

-I 

Oround- Ground 


Fig. 4. Splitting of energy levels.* 


level will lie below the lower of the initial, fictitious levels, and the charge 
distribution will have a certain “intermediate” character between those 
of the elementary valency structures. 

In the corresponding particle picture the essential point is the greater 
delocalization of the electrons, and their greater opportunities of motion. 
This produces a smaller range of variation of the kinetic energy, and a 
smaller total energy, in the mesomeric state than in those fictitious states 
which are given by classical valency theory. We may again clarify the 
conception slightly by proceeding to the limit of imaginative simplification: 
consider a one-dimensional molecule with one displaceable electron. Sup¬ 
pose that in one structure suggested by an elementary theory appropriate 
to the one-dimensional case the electron is represented as being confined 
to the left-hand half of such a molecule, whilst in another it is represented 
as confined to the right-hand half, as illustrated in fig, 6. The two eta^otnree 
suggest an analogy with the two positions for the double bond in the 
elementary representations of (e.g.) formamide. For each struoture there 
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will be a curve, localized to the appropriate half of the linear molecule, 
which defines the probability of position of the electron, considered now 
as a particle. However, the real molecule will be one in which the particle 
electron has the power of escape from one half of the molecule to the other, 
and it is that |K)W6r of escape which gives the added stability. 

When mesomerism was first empirically recognized as a general pheno¬ 
menon of chemistry the aspect which was most strongly emphasized was 
that of electron redistribution. At that time very little was known about 
dipole moments, and it was thus possible to predict in 1926 that evidence 
of the electron redistribution required by theory would be found in dipole 
measurements. The first evidence, which related, however, only to a few 
special cases, emerged from Hojendahl’s work published in 1928, whilst 
the first comprehensive investigation, definitely designed to reveal the 


“Valmcy fomm*’ 

A _ —^ 

“MoBOinoric form" 

Pj<j. 5. Mesomerism: simplifier! model of one-dimensional 
molecule with one displaceable electron, 

exjiected effect, was published by Sutton in 1931. He showed that, 
where the conditions for mesomerism exist in a compound that has a finite 
dipole moment, then that moment shows an abnormality in the expected 
direction. 

The complementary aspect of mesomerism, that of the energy disappear¬ 
ance, was established qualitatively by Burton and me in 1929 as the cause 
of abnormal molecular stability, often very strikingly exhibited, which 
older theories were unable to explain. But this additional stability was 
first given a satisfactory basis in measured energy values, and was first 
shown to be general amongst the structures capable of mesomerism, by 
the work of Pauling and Sherman in 1933. They collected together a large 
body of thermoohemioal data, which showed that, in all those molecules 
in which this special stability was expected, it could be detected as an 
abnormally large beat of formation, the deviation amounting sometimes 
to several electron-volts. 

There are two other general effects of mesomerism, and they have a 
close causal connexion with those already mentioned. It is an immediate 
oonsequenoe of the electron redistribution that the diffierenoes between 
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what elementary valency theory would regard as single and double bonds 
become always reduced, and in some cases eliminated. Thus in formamide 
neither is the N—C bond single nor is the C—O bond double: both are 
intermediate between single and double. Such bonds are found to be 
shorter than single and longer than double bonds; they also exhibit a 
rigidity intermediate between those of single and double bonds. When 
the difference between adjacent bonds is completely eliminated, additional 
molecular symmetry may result, as in the carbonate ion, the three bonds 
of which used to he regarded two as single bonds and one as double bond. 
We now know from spectroscopic evidence (derived mainly by Schaeffer) 
that, as theory requires, all three bonds are identical—^identical geometric¬ 
ally, mechanically and electrically, having the same length, the same force 
constant, and the same electric moment. 

The fourth general effect of mesomerism is related directly to the en¬ 
hanced stability of mesomeric systems, for this, as we have seen, is asso¬ 
ciated with more widely dispersed electron orbits. The expected greater 
latitude in the electron motions can in general be detected as either an 
increased refractive index, or an increased diamagnetic susceptibility, or 
both, although, for reasons which are qualitatively understood, there is 
not a simple parallel between these effects, and those found in the dipole 
moment, the energy content, or the bond constants. 

In the example of benzene the theory of mesomerism has been set out 
in an elegant, semi-quantitative manner by Pauling and Wheland. First, 
they showed that the following five formulae, constitute a complete set of 
the valency-theory electron distributions, which, by becoming mixed 
together, can produce less localized and therefore more stable electron 
distributions. 







II III IV 

^ (H«nzon«) “ 0*6216(^j + 4* 0*2711(|^jjj 


Secondly, they worked out the mixing proportions (shown in the coeffi¬ 
cients attached to the wave functions under the formulae) which would 
give the most stable distribution theoretically possible—the distribution 
which we must seek to identify with the actual one. 

A brief reference may be made here to the appearance or otherwise in 
benzene of the four general effects of mesomerism. First, the dipole 
moment is necessarily zero, so that no observable effect of the electron 
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redistribution on the dipole moment ean be exi>ected* Secondly, the 
excessive stability of benzene has been qualitatively knovm since the time 
of Kekul6; and now Pauling and Sherman have estimated the energy 
defect as 1*7 eV fi*om thermochemical values, Pauling and Wheland could 
not calculate this quantity from their theory in an absolute manner; but 
they did calculate the ratio of the energy defects in benzene and naph¬ 
thalene, obtaining the value 1: 1*9, which agrees to this degree of accuracy 
with the value estimated thermochemically. Thirdly, with regard to the 
molecular geometry of benzene, it is a consequence of the equality in the 
proportions in which the two Kekul^, and likewise the three Dewar, 
structures, enter into the mixed wave function for benzene, that the 
molecule should have the full symmetry of a plane regular hexagon. The 
experimental evidence on this subject is discussed in the next section. 
Fourthly, evidence of electron delocalization emerges clearly from the 
study of the diamagnetic susceptibility of benzene derivatives. Such 
studies have been made by Krishnan and Lonsdale and the data have been 
interpreted by Pauling and Lonsdale. The contribution of an electron to 
diamagnetic susceptibility de|)end8 upon the area which can be circum¬ 
scribed by the electron in a plane j)erj)endicular to the measuring field. 
Most valency electrons yield a susceptibility contribution corresponding 
to an area of the order of an atomic cross-section, and this is true also of 
benzene derivatives for rnagneti(5 fields applied in the plane of the ring. 
When, however, the field is applied perf)endioularIy to the ring, an in¬ 
creased diamagnetic effect is observed, which can be accounted for if we 
suppose that six of the electrons can freely circumscribe the whole ring. 
Thus it appears that the ring is a free conductor vith respect to the six 
electrons, which elementary valency theory would have allocated to the 
three bonds, now regarded as delocalized. 

3. An attemvtko experimental solution 

There are two types of method 'available for the experimental deter¬ 
mination of any simple molecular model ; the first consists in X-ray or 
electron interferometry; the second may be summarized under the name 
long-wave spectroscopy”. The sensitivity and scop© of the interforometric 
method is limited for hydrocarbons, but it has shown in the case of benzene 
that this molecule conforms approximately to the model indicated os most 
probable by theory. On the other hand, the spectroscopic method, which 
is sensitive, exact and particularly suitable for application to the case of 
benzene^ has been claimed to give quite contrary results* In order to 
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explain this, it will be necessary to indicate some of the more unportant 
principles underlying the spectroscopic method. 

In long-wave spectroscopy one studies the internal vibrations of mole¬ 
cules with the object of deducing, first, the configuration of the atoms, 
and secondly, the force field which maintains that configuration. The 
vibrations of a molecule, as of any mechanical system, consist in a super¬ 
position of harmonic vibrations of which the chief are a set of fundamentals, 
equal in number to the degrees of freedom of internal atomic motion. Any 
harmonic vibration may record its frequency in a spectrum, provided the 
physical mechauism of the production of the spectrum is suitable. This is 
not always the case. 

One of the spectra used is that of infra-red absorption. The mechanism 
of its production may be ex})lained as follows. When a light beam travels 
past a molecule, the electric vector of the light causes a periodic surge of the 
electrons relatively to the nuclei, and therefore a periodic variation of the 
dipole moment. If the molecule has a natural vibration whidi involves a 
periodic variation of the dipole moment, and if the frequency of the light 
happens to agree with this natural frequency, then the light will strongly 
excite these particular vibrations, losing energy in the process, so that we 
shall observe an absorption band. It follows that only those vibrations 
which involve an oscillation of the dipole moment will record themselves 
in the infra-red spectrum. 

Another important spectrum is the Raman, or scattering spectrum. The 
following is a simple picture of the mechanism of its production. Visible 
or near-'ultra-violet light sets up (comparatively rapid) forced dipole 
oscillations, which radiate secondary light, that is, the scattered light. 
Normally the secondary light has the frequency of the dipole osoiUations, 
and therefore of the incident light; that, at least, is true if the molecule is 
stationary. If, however, the molecule is executing a (comparatively slow) 
natural vibration which involves a periodic variation of the internal electrical 
elasticity, then the amplitude of the forced dipole oscillations will fluctuate 
correspondingly; and so also will the amplitude of their radiation. Thus the 
natural molecular frequency will appear in the scattered radiation as a 
“beat” frequency, and it is this “beat” which (in the usual way as a 
difference of two harmonic terras) the Raman spectrum records. It follows 
that only those vibrations which are associated with a periodically vMying 
electrical elasticity will leave their record in the Raman spectrum. 

The original spectroscopic conclusion regarding bensene was that it 
could not have a centre of B 3 mimetry. Concerning the presence or absmoe 
of centres of symmetry, a simple rule, of the type called a “ selection 
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foUowa directly from the two physical pictures given. This may be illus¬ 
trated by means of the two linear vibrations of carbon dioxide, which has 
a centre of symmetry. The motions of the oxygen atoms relatively to the 
carbon atom (it is simpler here to use the carbon atom rather than the 
centre of gravity as a reference point) are shown on fig. 6. In the symmetric 
vibration the centres of gravity of both nuclei and electrons remain fixed 
at the centre of symmetry throughout the vibration ; and hence the 
dipole moment does not vary. Therefore the symmetric vibration cannot 
record its frequency in the infra-red spectrum. In the antisymmetric 
vibration the effect at any moment of the displacement of one oxygen 
atom on forces holding the electrons will be counterbalanced by the 
simultaneous displacement of the other; so that the overall electrical 

O 0 O"*" 

Symmetric vibration; dipole moment constant (= 0): frequency 
absent from infra-red. 

% cy-^ 

Antisymmetric vibration: polarizability constant: frequency 
absent from Raman 

Fio. 6. Simplified represtmtation of the symmetric and antisymmetric 
■ linear vibrations of carbon dioxide. 

elastioity will not vary. Therefore the anti-eymmetric vibration wiU not 
appear in the Raman spectrum. This principle is quite general. If a centre 
of symmetry is present, all harmonic vibrations are either symmetric or 
ant^ymmetric to it; and, since those that are symmetric are excluded 
from the infra-red whilst those that are antisymmetric are excluded from 
the Raman spectrum, every vibration must be excluded from one spectrum 
or the other. There may be special reasons why some vibrations are 
excluded fr*om both, but all vibrations must be excluded fix)m one. There¬ 
fore if we in fact find the same vibrations appearing in both spectra the 
oonoluition cannot be escaped that there is no centre of symmetry. This wa« 
the difficulty with benzene, the older records showing as many as twelve 
coincident frequencies in its infra-red and Raman spectra; it appeared, 
therefore, that the plane, regular hexagonal model, indicated as most 
probable by the present position of the theory, could not be correct. 

My eoUeagues, Dr W. R. Angus, Mr C. R. Bailey and Dr C. L. Wfison, to- 
getW with several of our co-workers, have recently taken up this question. 
We set ourselyee three problems. The first was the limited one of finding 
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general problem of empirically establishing {without t«£eH»itee to thcKuy) 
the correct model for benzene, and placing it on an unaesailabte experi¬ 
mental foundation. The hnal, and most difficult task (it is not yet com¬ 
pleted), is to define the force-field which maintains this model. In each 
of these stages use is made of the heavy isotope of hydrogen. 

In the problem of the coincidences the hydrogen isotopes can be applied 
to determine whether two identical frequencies in the infra-red and Raman 
spectra really belong to the same vibration, or whether they belong to 
different vibrations which by chance have the same frequency. We can 
e.vamine both CgHg and CgDg: if the vibration is the same then the frequency 
shifts will be the same, and what was a coincidence in benzene will remain 
a coincidence (at a different frequency) in heavy benzene. But if the 
vibrations are different, then the laws which govern the frequency shifts 
will be different, and what was a coincidence in benzene will no longer be 
one in heavy benzene. In conducting the experiments it transpired, most 
surprisingly in view of the literature, that there were no coincidences 
requiring this test. Fig. 7 shows a plot of the low-frequency half of the 
Raman spectrum and of the infra-red spectrum of benzene ^pour. The 
toleration to be allowed is at most 4 cm."^, and within this limit there are 
no coincidences. The same is true for C,D„ for which the corresponding 
plots are in Fig. 8. 

The reason why coincidences had been reported became clear when the 
spectra given by the liquids were examined. A number of additional 
frequencies were then observed and it was amongst these that the coin¬ 
cidences appeared. Fig. 9 shows a plot of the low frequency half of the 
spectra for liquid benzene: a number of coincidences can be seen. Quite 
similar results were obtained for liquid C,D,, the corresponding diagram 
for which is in fig. 10. It is true that infra-red spectra like that of fig. 9 
have been recorded as the spectrum of benzene vapour, but there can be 
no doubt that this is because thin films of liquid have been allowed to 
condense on the end-plates of the absorption tube. When we avoid this 
occurrence by means of an appropriate experimental arrangement the 
spectrum is of the simple form shown in fig. 7. The reason why the liquids 
show all the extra bands which gi^je the coincidences is as follows: in the 
liquid the molecules are under intermolecular forces, which, though 
fluctuating, are at every moment very slightly deforming the equilibrium 
configuration about which the molecule vibrates, thus destroying the 
strict centre of symmetry, which the results for the vapour show the un¬ 
disturbed molecule to possess. We have here an illustration of how sensitive 
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Liquid 



Liquid C^D* 



Fig. 10. Baman and infra-red spectra of liquid hexadeute^bemene. 
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10 the spectroscopic test for symmetry. It is also a typical example of the 
way in which selection rules in general may be used to determine what 
elements of symmetry are present in any molecule. 

As a check we may observe that when the centre of symmetry of ben¬ 
zene is deliberately destroyed by a suitable form of partial deuterium 
substitution, as in 1:3: S-C^HgUg, then coincidences appear in the spectra 
of the vapour. Fig. 11 shows a plot of the low frequency end of the infra¬ 
red and Raman spectra of this substance, and one can observe a number 
of coincidences. The whole spectrum shows seven coincidences of funda¬ 
mentals. 

533 691 1407 



Fio. 11. Raman and infra-red spectra of 1:3:5-trideiiterobenzene (vapour). 


The only known example of a genuinely accidental coincidence of 
fundamentals is in the spectrum of l:4-CgH4Da, which, having a centre 
of symmetry, ought not to show any coincidences. It shows, as a matter 
of fact, one, but the coinciding frequencies (597 cm.“^ in the Raman 
spectrum and 696 cm.““^ in the infra-red) belong to quite different vibra¬ 
tions as can be proved by comparison with other benzenes, e.g. 1:2:4:5- 
which has the same symmetry. 

It is necessary now to consider the second problem, the establishment 
of the confect model. Our ability to modify benzene by isotopic sub¬ 
stitution is used in accordance with the following principle. When we 
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replace atoms by their isotopes, all the forces within the molecule remain 
unchanged, because the forces depend on the interactions of electric 
charges which are not altered in an isotopic substitution. Therefore the 
frequency shifts which we observe will be due, not to any chai^ of forces, 
but solely to known changes in the masses of the atoms. Hence, for an 
assumed model, we can calculate relation8hi|)s between the old frequencies 
and the new. Since we can do this, not only for and but also 

for the eleven other benzenes obtainable by the partial replacement of 
protium by deuterium, the number of verifiable frequency relations is 
large. A model that satisfies, not only all the selection rules (which fix the 
symmetry), but also all these quantitative relations, as well as explaining 
the numerous details of the sjjectra such as intensities, infra-red band forms, 
Raman polarizations, and the occurrences of combination tones, may be 
considered proved. 

Strictly, we should now consider all possible models, but I shall simplify 
discussion here by anticipating the establishment, which is now quite 
complete, of the plane, regular hexagonal model. This model has twenty 
fundamental frequencies whose vibration-forms are shown in fig. lj|f The 
arrows indicate motion in the plane of the ring, and the noughts and 
crosses motions perpendicular to the plane. The twenty vibration forms 
are divided by the horizontal and vertical lines into ten classes according 
to their symmetry. Thus, the first row of vibrations have sixfold symmetry 
with respect to the unique axis, the second threefold symmetry, the third 
row twofold symmetry, and the last no symmetry, all with respect to the 
unique axis. The further subdivisions (indicated by the vertical dividing 
lines) depend on differences with respect to other elements of symmetry, 
such as the centre, the plane, and the twofold axes in the plane of 
the ring. It is unnecessary to enter into all these details, but it may 
be noted here that the first two vibrations have all the symmetry of 
the model, while all other eighteen vibrations lack some port of the total 
symmetry. 

By considering, just as for carbon dioxide, how pairs of equivalent atoms 
either compensate, or fail to compensate, each other’s effect on the varia¬ 
tion of, first, the dipole moment, and second, the electrical elasticity, we 
can decide in which sfiectra each of these vibrations is able to record its 
frequency* Of the twenty frequencies, seven (labelled R) should show in 
the Raman effect. For reasons into which it is unnecessary to enter, the 
two vibrations which have all the symmetry of the model should give 
polarized Raman lines, whilst all the others should give depolarized Hues* 
Of the remaining vibrations, four (labelled /) should appear in the infira-red 
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speotram. The one which is alone in its symmetry class should give what is 
called a “parallel” band, and the other three “perpendicular” bands. The 
remaining nine vibrations cannot record their frequencies either in the 
Raman or in the infra-red spectrum. 
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Fia. 12. Vibration forms of benzene, (£>,») model. 

Notks: <1) Vectom jjerpondioiilar to piano of ring represented by + O- 
(2) For each type of atom f = + : + = 0* 0=2:1. 


It is possible to decide to which vibrations the observed frequencies 
belong, partly, and in a few cases, by purely spectroscopic characteristics 
such as polarization, but more generally by means of the isotopic frequency 
shifts. The principles of the latter method are contained in a theorem 
discovwced first by Teller, and, independently, by Redlich. 
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The Raman spectra of CgH^ and C^D, are shown diagrammatioally in 
fig. 13. The expected seven fundamental frequencies appear each as a 
well-defined line in the spectrum of C,Dj, and the same is true of C^He, 
except that, for an understood but purely incidental cause (resonance 
arising from an accidental agreement of frequency between a fundamental 
and a combination tone) one of the fundamentals, that at 1696 cm.~^, 
apx)ear8 as a doublet. The identification of these frequencies with the 
Raman-active vibrations is as follows. The polarized line at 902 cm."* 
frequency displacement in C,Hg, and its counterpart at 946 cm."* in C,Dg, 
represent the “breathing vibration” of the carbon ring (fig. 12, formula 1): 
the six carbon atoms, each carrying its hydrogen with it, pulsate inwards 
and outwards synchronously.♦ The vibration is only slightly slower in 



Fio. 13. Baman spectra of C«Hg and CgD,: correlation of fundamentals. 


CgDg than in CgHg because the moving imit is essentially the whole CH 
group which changes in mass by the small ratio 13:14. The highest 
frequency (polarized) line, at 3062 cm.~* iri C,H, and 2292 cm."* in CgDg. 
is the breathing vibration of the hydrogen atoms (fig. 12, formula 2): it 
represents the rapid synchronous pulsation of the hydrogen atoms with 
only a very little related motion in the carbon atoms; and, of oour8e,,4|is 
superposed on the slower breathing movement of the CH groufM as a 
whole. Here the frequency shift is large because almost all the motion is 
in the hydrogen atoms, whose mass changes in the large ratio 1:2. The line 
at 849 cm."* in CjH, and 661 ora."* in CjD, is identified by its frequency 
shift with the vibration in which the plane of the hydrogen atoms rooks 
over the plane of the carbon ring about an axis common to both planes 
(fig. 12, formula 17). The low frequency line at 606 cm."* in C,Hg and 
577 cm."* in CgD, represents the vibration in which the ring is longi¬ 
tudinally stretched and compressed with bending of the ring angles (fig. 12, 
formula 11). The higher frequency at 1696 cm."* in C,H, and 1658 cm."* 

* Working models were shown on this and of all the vibrations hereafter men¬ 
tioned. 
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in CqDq oorresponds to a similar longitudinal extension and oontraotion 
effected mainly by alteration of the carbon-ring bond lengths (fig. 12, 
formula 13). In both these vibrations of the carbon ring the frequency 
shift is small, because the carbon atoms carry their hydrogen atoms with 
them. The remaining high frequency, 3048 em."^ in and 2264 cm,“^ 
in is a bond-stretching frequency of the hydrogen atoms (fig. 12, 

formula 12), and the lower frequency, 1178 in and 867 cm.”^ in 
is a bond-bending frequency of the hydrogen atoms (fig. 12, formula 
14), these two vibrations having the same kind of symmetry as the two 
preceding. The frequency shifts of the hydrogen atom vibrations are large 
because of the proportionately large mass change of the moving unit. 

The frequencies of four more fundamentals can be found from the infra¬ 
red spectra, the principal bands in which are represented diagrammatically 
in fig, 14. The frequency shifts show that the ex}>ected four active funda- 
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Fro. 14. Infra-red spectra of C,H, and correlation of fundamentals. 


mentals are represented in CjHj by the four bands of outstanding intensity; 
and in C,D^, as to three by the three very strong bands, and as to the fourth 
by the moderately intense band at 1333 cm.“^. All other bands are com¬ 
bination tones. The low frequency, 671 cra.“‘ in C,Hj and 603 cm.“^ in 
CgD,, represents the vibration in which the six hydrogen atoms together 
move perpendicularly to the plane of the ring (fig. 12, formula 4). The 
frequency at 1485 cm."^ in C,H, and 1333 cm.“* in corresponds to the 
vibration (fig. 12, formula 18) in which the ring is deformed as if to outline 
a conventional heart. The high frequency, 3080 cm.”^in CgHgond 2294 cm.-* 
in CgDj (in C,H, there is doublet formation due to resonance with a com¬ 
bination tone) belongs to a hydrogen-bond stretching vibration having 
the some t3rpe of symmetry (fig. 12, formula 20). Finally the frequency 
at 1037 om.-^ in CjH, and 813 cm.-> in C,D, corresponds to a hydrogen- 
bond bending vibration (fig. 12, formula 19) of the same symmetry as the 
two preceding vibrations. 

Thus we establish the frequencies of eleven of the vibrations: it is con¬ 
siderably more difficult to deal with the remaining nine. Two methods 
have been employed with some success. 
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One eonsists in examining the ultra-violet emission (fluorescence) spectra 
which arise when the electronically excited benzene molecule regenerates 
the ordinary (but vibrating) benzene molecule. As Kistiakowsky first 
recognized, two types of spectra can be thus obtained. One is formed if 
the electronically excited benzene molecule is nearly vibrationless, as can 
be arranged by providing a gas pressiue which will give, during the life¬ 
time of the excited molecule, sufficient inelastic collisions to remove the 
excess of vibrational energy communicated to the excited molecule in the 
excitation process. The purely electronic disturbance which-occurs in the 
formation of the ordinary molecule from a vibrationally quiescent, elec¬ 
tronically excited molecule can excite only a limited number of vibrations 
in the ordinary molecule, these being determined by the difference of 
shape between the excited molecule and the ordinary molecule. Thus we 
obtain the comparatively simple spectrum, shown in fig. 16, in which 
certain regularities are obvious even to casual inspection. On the other 
hand, if the electronically excited molecule is vibrating with the whole of 
the excess of energy communicated in the excitation process (as can be 
arranged by maintaining so low a gas pressure that there is no opportunity 
for inelastic collisions during the life of the excited molecule), then the 
regenerated ordinary molecule will possess many vibrations, generated in 
the vibratory motion of its precursor. We thus obtain a complicated 
spectrum, such as is shown in fig. 16. Such spectra are more difficult to 
analyse, but when analysed yield more information, than do spectnt'' of 
the simpler t 3 q)e. ’ 

These spectra record a number of vibration frequencies, which we 
already knew from the Raman and infra-red spectra, but in adffition they 
yield a few others. One is known to be the butterfly-like puckering 
vibration of the carbon ring (fig. 12, formula 16), Another is probably to 
be identified with the rotatory vibration of the hydrogen atoms in the 
plane of the ring (fig. 12, formula 3). 

The second method of searching for the firequencies of the inactive 
vibrations is by examining the Raman and infra-red spectra of benzenes 
in which only some of the positions are filled by deuterium atoms. By 
judicious partial deuterium substitution, one can destroy chosen elements 
of molecular symmetry, and this allows certain previously forbidden lines 
and bands to appear. It is sometimes possible to identify the newly 
appearing frequencies by studying the types of substitution which allow 
them to appear; and, of course, confirmation can always be obtained from 
the frequency shifts provided the frequencies can be rendered active in 
more than one benzene. In illustration of the former method of identification 




Fig, 16* Part of low-preasure fluorescence spectra of benzene and hexadeuterobenzene (vapour) excited by Hg 2537 A, 
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we may consider the “butterfly” vibration (fig. 12, formula 16). When 
we work out the selection rules which govern the appearance of this 
vibration in the Raman and infra-red spectra of a number of benzaaes 
having different dispositions of deuterium atoms, for instance the four 
benzenes formulated below, we find that it should appear in some spectra 
and not in others (in one it should appear as a doublet), as is indicated 
under the formulae. No other vibration has these properties in their 
entirety, excepting one of high frequency which cannot be confused vdth 
the necessarily low frequency of a ring-puckering vibration. When we 
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examine the si>ectra, we find that one, and only one, low frequency has 
these properties. Knowing the laws governing the isotopic frequency shifts, 
it can be deduced from the observations that in ordinary benzene this 
vibration has the frequency 398 om.~*. 

Another vibration whose frequency is easily found in just the same way 
is the planar, trigonal, bending vibration of the carbon ring (fig. 12, 
formula 5). The selection rules for the same series of benzenes are shown 
below, together with the numerical observations. From these it can be 
deduced that in ordinary benzene this vibration has the frequency 
1007 om.~^ (see opposite, p. 173). 

The detennination of the frequehcies of the vibrations which are speotro* 
soopically inactive in benzene is of importance, because only when the 
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&»quenoies are known can their inactivity be conclusively established: it 
is necessary to be sure that they are not merely obscured under some 
other line or band. The two vibrations last mentioned have been selected 
for consideration, because their complete exclusion from the spectra of 
ordinary benzene combined with the absence of coincidences, affords a 
self-contained proof (which can lie considerably supplemented) that the 
undisturbed benzene molecule possesses very strictly every one of the 
elements of symmetry of the plane, regular hexagonal model. The quanti¬ 
tative frequency shifts, as well as detailed measurement of the infra-red 
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bands, give information concerning the dimensions (C—C, 1-39 A; C—H, 
1'08 A), the carbon-carbon distance being already known from diffraction 
data. 

We do not yet know a sufficient number of the frequencies of the partly 
deuterated benzenes to undertake more than a rough calculation of the 
force field within the molecule. 

Although the benzene problem is not yet fully solved, it seems in recent 
years to have emerged from a period of vague speculation and qualitative 
experiment, and to have entered on a pmriod of much improved, if still 
Ijinperfeot, theory, supported by concordant and quantitative observation. 





The photography of airscrew sound waves 

By W. F. H 11 .TOK, Ph.D. 
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[Plates 3-8] 

1. Inteodtiotion 

The detail of the problem of airscrew noise has received little attention 
in the past, and the present research was undertaken to investigate pressure 
waves in the neighbourhood of an airscrew. It appears that airscrew noise 
may be considerably reduced by decreasing the tip speed, but the method 
involves an increase of airscrew diameter which conflicts with other aspects 
of eflicient design. 

The effects now considered are those due to the passage of an aerofoil 
through air, and the fundamental problem examined has wider application 
than the consideration of noise production. The primary observatihiis are 
photographs of the pressure wave system caused by an airscrew blade in 
motion at high speeds; from the wave shape so found, and measurements of 
the width of the image a method is developed for estimating the pressure 
amplitude of the wave. 


2. Expebimsntai. method 

The photographs of airscrew pressure waves reproduced in figs. 6-11 
(Plates 3-8) were taken by Dvorak’s direct shadow method, using a spark 
giving exposures of about a millionth of a second. This method has for many 
years been used for photographing bullets in motion. Nothing was added 
to the air to render the motion visible, and the airflow near the airscrew was 
in no way disturbed by the experimental technique. The images obtained 
by this method are free from distortion, however large the angle cd fidd 
included, but they are magnified in the ratio 

( 1 ) 

where b is the distance from spark to airscrew, and / the distance firom air¬ 
screw to plate. Thus the wave shape is faithfully recorded on the photograph 
if / is constant. The only optical defect of the image is a sli ght difiraction 
effect at the edges of all shadows. 


r 174 ) 
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The variable pitch airscrew used was two feet in diameter, driven by a 
compressed air turbine, and is described by Douglas and Hartshorn { 1931 ), 
Tip speeds up to l' 2 a, where a is the velocity of sound in undisturbed air, 
were obtained. The lowest tip speed at which sound waves were photo¬ 
graphed was but eddies could be recorded at tip speeds as low as 0 * 4 a. 
The airscrew operated at zero rate of advance through the air and was 
enclosed in a dark room. A secondary spark gap closed by the airscrew itself 
was used to ensure that the main spark passed only when the airscrew was 
in the desired position. Conditions did not repeat with sufficient accuracy 
to enable the images from successive sparks to be superimposed. An in¬ 
duction coil with a manually o|)erated make and break produced the spark. 
When the spark gap was suitably adjusted, no spark was obtained at 
‘'make but only at “ break The charge was held by a condenser until the 
airscrew came round into the correct position and produced a discharge in 
the main spark gap. A tell-tale spark gaj) in series with the others was placed 
outside the dark room, to indicate when a photograph had been taken. 


3. Description of peates 

Typical photographs are reproduced in figs. 0-11 (Plates 3-8) showing the 
black shadow of the airscrew blade, together with the curved images of the 
sound waves. The photographs were taken from the front of the airscrew, 
and are mounted to correspond with the airscrew blade moving upwards. 
On many of the photographs the eddy sheet behind the airscrew blade is 
visible, as well as the trailing vortex from the airscrew tip. It is believed 
that these are the first direct photographs taken of vortex motion in air. 
At low speeds only the trailing vortex and eddy sheet are visible, but at a 
definite critical tip speed, a series of diffuse wavelets appears at the blade 
tip. At a slightly higher tip speed these wavelets condense into a single wave 
front, similar to that shown in fig. 7, Plate 4, taken at a sf)eed F“0*87a. 
Fig. 8 , Plate 5, was taken at a 8 i»eed V = 0-984o, and shows a well-developed 
wave. It also shows a wave emitted by a previous blade, which after re¬ 
flexion at the wall of the room has returned in time to be recorded on the 
photograph. Measurements of this reflected wave enabled the wave velocity 
to be ^termined. The eddying wake and tip vortex are also clearly defined 

in fig. 8. 

T’ig. 9 (Plate 8), unlike the other photographs shown, was taken in the 
plane of rotation of the airscrew, the direction being inclined at about 30** 
to the let^h of the blawie, giving a very foreshortened view. The extent of 
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the wave in the fore and aft direction can be seen firom sudi photographs, 
as well as the eddy sheet and tip vortex from the other blade. Kgs. 9aiid 10, 
Plates 6 and 7 , were taken simultaneously at a speed F = l*083a for the 
purpose of applying the method of pressure amplitude determination des¬ 
cribed in § 5 . Fig. 10 shows a wealth of detail of reflected waves, some of 
which have been reflected several times. In front of the blade may be seen the 
faint eddying motion due to the passage of the previous blade. A bow wave 
is seen to be forming ahead of the blade, and is in two parts, which unite at 
a shghtiy higher speed. The speed at which a bow wave first appears is 
discussed in §7. The black pointer indicates the position of the blade tip 
when the blade was horizontal and the shadow of a plumb-line is also 
included. 

Fig. 11 , Plate 8, was taken at the highest speed reached, V = l- 21 o, and 
shows a well-developed bow wave, also the “second” and “third” sections 
of the trailing wave, defined in fig. 2 . The tip vortex due to the passage of 
the blade during the previous revolution, as well as that due to the other 
blade, are seen quite clearly on this plate. It is also instructive to note the 
abrupt change in the eddying wake, from a high-speed fine-grained, to a 
low-speed coarse-grained appearance. This change occurs at a radius 
corresponding to a linear 8 i)eed F»»0’98o, and is the only discontinuity 
observed at or near the speed of sound. 

The plates were chosen as representative from over 200 photographs 
taken under various conditions. The ble^e section of the airscrew in figs. 7, 8 
and 11 was R.A.F. 28 at 6 ° incidence at the tip, while fig. 6 was taken at 
11 ° 40' incidence. Figs. 9 and 10 were both R.A.F. 32 section at 10 ° 30' tip 
incidence. 


4. Calculation of the wave .shape 

The curvature of these waves is due to the rotation of the airscrew, and 
was predicted by Lamb ( 1921 ). 

If it be assumed that the wave was generated by a point source of sound 
at the tip of a blade of radius A , the wave front may be drawn by the simple 
geometrical construction shown in fig. 1 . This construction assumes that 
when the airscrew was in a position making an angle 6 with its present 
position, the tip emitted a spherical wave which has travelled a Stance 
AQjK before the photograph was taken, K being the ratio of the tip speed 
of the airscrew to the velocity of sound. The wave front will be the env^ope 
of a series of circles, drawn for various values of 6. This construction assumes 
without proof that the wave is produced by a single source of sound at the 
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aireorew tip, and it gives no envelope for tip speeds less than the speed of 
sound, although photographs such as fig. 7 show a very definite wave front 
at speeds as low as 0’87a. 



Professor G. I. Taylor, F.R.S., in correspondence with the author, has 
given a mathematical expression for this wave shape by assuming 

(i) That the wave is propagated with velocity (a). 

(ii) That the wave pattern rotates with angular velocity w about the hub. 
Referring to fig. 1, ^ is the angle between the wave front and the radius 
vector r, which makes an angle 6 with an arbitrary fixed direction. Then 
from assumption (ii), 

QOS 6 — ( 2 ) 

^ r(i> 

where (o), the velocity of the sound wave becomes equal to a# for small 

fdd 

amplitudes. Remembering that tan ^ , elimination of r and integra¬ 

tion of the resulting relation between d and gives 

(9-f constant == tan ^ ~ (3) 

The shape of the wave may now be plotted, by taking a series of arbitrary 
valites for finding r from (2), and 9 from (3). 
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Professor Taylor ended his mathematical treatment of the wave shape by 
remarking that it gave the same result as the geometiioal oonstruo^on 
outlined above, without assuming a point source of sound at the blade tip. 
However, if a curve be plotted from (2) and (3), taking the constant as zero, 
a right and left handed pair of spirals starting from a cusp are obtained, as 
is shown in fig. 2. To reproduce Lamb's geometrical construction, it must 
further be assumed that the wave comes from the blade tip and two alter¬ 
native positions of the cusp must be combined, treating the part of the wave 
ahead of the blade as imaginary. This imaginary part arises firom the mathe¬ 
matical method, and is shown dotted in fig. 2, together with a convenient 



Fio. 2. Nomenclature adopted for distinguishing various wave fronts. 


nomenclature for the various wave fronts. The function of the blade tip in 
the production of these waves would seem to be doubtful, and the assump¬ 
tion made to reproduce Lamb’s geometrical construction is quite arbitrary. 
It is better to regard these spiral curves as the only wave pattern which can 
rotate with given angular velocity about the hub without change of shape, 
and to leave the relative positions of the airscrew blade and wave pattern 
to be determined by experiment. 

The cusp from which the two spirals spring is at such a radius that it 
moves round the hub with exactly the velocity of sound and thus for lower 
speeds of rotation, the cusp is farther from the centre. When the tip speed 
falls below the speed of sound, the cusp and the rotating wave system will be 
entirely outside the airscrew disk, and the wave cannot join the aiisorew at 
any point. Since it is known that conditions favourable to the formation of 
a shook wave exist on the blade alone at subsonic velocities, it is evident 
that some additional assumption must be made to explain the wave shapes 
seen in figs. 7 and 8 at subsonic velocities. Since the two spirals meeting in 
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a cuap are the only waves which can be propagated without change of shape, 
it is assumed that the cusp prolongs itself and joins on to the airscrew blade, 
and that the shape of this connecting wave is continually altering. The 
upper spiral or ‘'second section*' starting from the cusp in fig. 2 does not 
exist at subsonic tip speeds, leaving the lower spiral, or “third section” to 
be joined to the airscrew by this undetermined extension of the wave. Fig. 7, 
taken at a speed 0'87a, shows this connecting part of the wave moving 
faster than the blade, and getting ahead of it. 

On comparing the theoretical curves with the actual wave shapes, the 
best agreement is found by comparing photographs taken at one speed with 
theoretical curves for a rather higher speed, as may be seen from the tracings 
to fit figs, 10 and 11, where the higher speed curve is shown dotted. This 
effect is almost certainly due to the fact that the air in the neighbourhood 
follows the blade, and so augments the speed of propagation of the waves 
relative to still air. 

An estimate of the velocity of the air may be obtained by finding the 
value of the speed constant ajco which must be substituted in equation (2) 
to obtain the best fit between theory and ex|)eriment. Since the rotational 
speed is fixed, the magnitude of a, the enhanced velocity of propagation 
is found. Thus for fig. 11, taken at a tip speed of l'21ao, the dotted curve 
calculated for a speed I^Suq gives the best fit. (The dotted curve for V = Ma, 
fitting the bow wave, is discussed later.) Hence a = l*074ao and the velocity 
component of the air perpendicular to the wave front is 0*074a(j or 81 ft./sec. 
The component of air velocity along the wave front is not determined by 
thiemethod, but should be fairly small. An airspeed of 62 ft./sec. wasobtained 
similarly for fig. 8, which was taken at the same blade incidence os fig. 11, 
but at the lower tip speed of 0*984ao. Figs. 7 and 10 were taken at greater 
blade incidences (see §3), and gave higher air speeds of 101 and 129 ft./sec. 
respectively. These results are in accordance with the velocities one would 
expect from general knowledge of the flow near an^irscrew. 

It may seem surj^rising that the wave due to any one blade can be affected 
by the disturbances due to the same blade, but this is explained by the fact 
that the “second section*' is propagated inwards towards the boss, and thus 
finds itself in the eddying wake. The third section, starting from the cusp^ 
is thus also immersed in the moving wake, until it has propagated for a 
sufiBioiently long time to enable it to get clear of the wake. 

Sinoe the first section is propagated in undisturbed air, it would be ex¬ 
pected to have the normal velocity, and to fit the theoretical curves exactly. 
An excellent fit is obtained for fig. 10, the only plate reproduced which shows 
the first section at all distinctly. The reason for the absence or faintness of 



the first section in ail eases may be that the blade tip alone is inatrumental 
in producing it, since it only arises as a consequenoe of assuming that the 
wave front comes from the blade tip. 

The bow wave would also be expected to fit the theoretical curves. Such 
agreement is found in fig. 10, where the bow wave is newly formed, and of 
small amplitude. In fig. 11 the bow wave is much stronger, and it is found to 
give a better fit with a theoretical curve drawn for the lower speed F « l*la. 
This apparent diacrejiancy may bo explained by the effect of finite amplitude 
on the velocity of wave propagation. If the wave had an amplitude of 
0*89 atm,, its velocity from equation (12) would be a= Maj,, and the curve 
for F=a l*la would give the correct shape for a speed V = l*21a(,. It thus 
appears that the wave shapes observed can be fairly well accounted for on 
a theoretical basis. 


6. DkTERMINATION of the FRESStTRE AMPLITUDE OF A WAVE, 

FROM MEASUREMENTS OF A PHOTOGRAPH 

CJonsider a surface of revolution of radius r, separating compressed air of 
refractive index n + Sn from air of refractive index n, Sis a point source of 
light, and CD a photographic plate. AU rays above SAD in fig. 3 will fall on 



the plate without deviation, to produce a uniform grey fog. Rays falling 
below SAD will be deviated away from D, as is also shown in fig, 3* There 
will thus be a shadow of width d below D, limited at a point C by the ray of 
light having minimum deviation. The author is indebted to Professor 












Hilton 


Proc. Roy. Soc. A, vol. 169, Plate 6 



Fia. 9. r/a=:l-083, 










PKimb Ijine 


Hilton 


Proc. Roy. Hoc. A, vol. 169 , PkiU 7 



Fio. 10. r;a=10«3, 










181 


The phcAography of airscrew sound waves 

G. 1. Taylor, F.R.S., for pointing out that this ray of miriim iiTn deviation is 
not necessarily the ray having grazing incidence. It should he noted that 
fig. 3 is greatly exaggerated, for the sake of clearness. ltd, and Hn are all 
small quantities, but of different orders and it is necessary to be careful 
when neglecting any of them. Thus <j> is of square root order in comparison 
with p. Using Snell’s law at the first refraction, and remembering 

9i4-0 + fi0 + /?/fe = 90°, 

n _ 8in0 _ coB(^ + /ff/6 + 5d) 
n + Sn sin (6 + M) ~ cos +fi/b) ’ 

Sn 

1 - 3 = cos S6 — sin S6 tan + filh). 

7h "*f" 07t 


we have 

or 


Since Sn and (w — 1) are small, it is permissible to write Sn for 5w/(n-f 
and to expand cos SO and sin SO, giving 

2Sn ^ SO^ + 2Se tan + fijb). (4) 

Further, from the geometry of the circle, 


hence 


« r^tan^^i, 


Since/3/6 is small, although^ is not so small, write tan (^+yff/6) = tan^+/?/6. 
and neglect /?* in comparison with fi. The negative sign of the root applies 
only to the case of a second refraction, and thus 


tan (0 + ^/6) = J~. 


Substituting in equation (4) and neglecting ^0*, 

r I8n\ 




l$nY rSn 


The deviation d of a ray of light is given by 

d = +2fS6, 

where m is the optical magnification. Substituting for from (6), 

mrSn 




2 


( 6 ) 

( 6 ) 

(7) 

( 8 ) 


V(a.cwix. A. 


13 
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i.e. 


mrSn^ 


0 , 


Sn* ^ 2/ dn* _ 2fm 

Sd^ mr' 8Q* mr ‘ 


Substituting these values in (8), and remembering that d is now the special 
value for minimum deviation, 

d^fS0 + 2fS0~~~ or 2d+mrd» = 


Cubing both sides of this equation, and substituting for S0^ 

8d*+ 12d*rftf d» + 6dm®r*5»*4-TO®r*dn* = 108/*dn*mr. 
In experiments, the following approximate values were found: 

d * 0 07, m = 1-6, r = 20, dm = 2 x l0-‘, / = 60. 
Thus all terms but the first and last may be neglected, giving 


in 


^ 

/V 27mr* 


( 9 ) 


In order to relate Sn to the pressure amplitude Sp of a sound wave, we have 
(n— l)lp = constant, and the Rankine-Hugoniot relation connecting pres¬ 
sure ahd density in a shock wave. These may be written 


and 



in 

SB —— 

P 

— respectively, 


where Sp is the pressure amplitude of the shook wave. Eliminating 
between these equations, 

6n[(2ypjdp) + (y-1)] - 2(no-1). <I0) 

Eliminating in between (9) and (10), , 

Po /(Wq-I) y-1 . 

ip~ 2y ^ d> 2y ‘ ^ ’ 

giving the pressure amplitude ip of a shook wave in terms of experimentally 
known quantities. 
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To measure the width d and the radius of curvature r of a shock wave, it 
was necessary to take a pair of photographs simultaneously in two mutually 
perpendicular directions, as in figs. 9 and 10. Measurement of / and of 6 
gives the optical magnification m, by using equation (1), and, taking 
ysa 1^402 and 1*000303,* the pressure amplitude may be calculated 
from (11). A series of such pressure amplitude calculations is given in 
Table I. On photographs where more than one wave was visible, the final 
column gives the total amplitude for all waves from the blade. 


Iablk I. Calculation of the pressure amplitude 

OF THE WAVES (dp) 


Rev./ 


b in 

r in 

d in 

/in 

min. 


in. 

in. 

mm. 

in. 

0,900 


40*3 

6*7 

0*36 

16*4 

10,800 

/39-6 

8*6 

0*65 

17*1 

(39-3 

8*6 

0*43 

17*4 

11,700 


3K*3 

90 

0*68 

18-4 

12,600 

/37*8 

7*0 

0*75 

18*9 

137*7 

100 

0*79 

19*0 

9,000 


40*7 

9*0 

0*46 

16*0 

10,800 


39*0 

6*4 

0*46 

17*7 



(37*8 

3*6 

0*41 

18*9 

11,700 


|38*7 

6*0 

0*66 

18*0 


138*6 

20*0 

0*89 

18*2 



[38*4 

7*0 

0*32 

18*3 

12,600 


38*0 

4*0 

106 

18*7 





Aerofoil 

l + (//t) 

^P/Po 

Total 

section 

1*406 

0-0403 

00403 

R.A.F. 32, 

1-432 

0-0666) 

01116 

1-6'^ 

1-443 

0-0460J 


1*481 

0-0810 

00810 


1*600 

0-10301 

1 01966 


1*603 

00926J 


1*392 

0-0638 

00638 

R.A.F. 32, 

1*453 

00664 

0 0564 

10*6*^ 

1-600 

0-0693] 



1*405 

1*472 

0-07641 
0-02421 

01871 


1-476 

00312J 



1-491 

0-2241 

0-2241 



This method of estimating pressure amplitudes of shock waves may be 
checked by using it on a bullet shock wave of known amplitude. The 
Ordnance Committee, Woolwich Arsenal, kindly lent the author a photo¬ 
graph of such a wave. The known velocity of the bullet being F, the value of 
ajV was found from measurements of the photograph, giving (a), the wave 
velocity. By using the Rankine-Hugoniot relation for shock waves, the 
wave velocity may be correlated with the pressure amplitude (p—Po)j 
for small amplitudes, it can be shown that 


Oo Ip 


( 12 ) 


* A special experiment was made, to determine the refractive index of air appro¬ 
priate to these spark photographs. A spectrogram was.obtained of the light used for 
taking the photographs, on the same brand of plates as were used in the rest of the 
^ork. An analysis of this spectrogram gave a mean wave-length A ==3200. The 
reft-active index of air for this wave-length is 1*000303, and this value was employed 
in the calculations. 


i3-a 
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Measurement of the photograph gave a/ao«= 1'087, whilst the value of aja^ 
found by the present method was 1-041. 

The conventional method dej)ends on the determination of a small 
difference between the Mach angle {sin~^a/V) and the measured angle 
(sin-^a^/F), while the present method depends on the measurement of the 
width of the dark band in the shock wave, which is not very distinct. It is 
probable that the discrepancy is due to inaccuracy in the latter measurement. 
The present method leads to a direct determination of the pressure ampli¬ 
tude, and would seem to be better for small amplitude waves, when the 
Mach angle becomes nearly equal to the angle of the wave. In the case of 
irregular shock waves, or shock waves propagated in moving air, os in 
these experiments, the conventional method breaks down entirely. 

It was hoped to convert the pressure amplitudes shown in Table I into 
loudness of sound in decibels, when large errors in pressure amplitude would 
lead to small errors of loudness, but no method has yet been found for 
estimating the angle of the cone through which an airscrew blade emits 
sound at any given instant. The angle in a direction parallel to the axis of 
rotation is readily measured, but that in the plane of rotation of the airscrew 
is as yet indeterminate. Exi)eriment would seem to show that it is very 
small, about one-fortieth of the spreading in the other direction. 

The loudness of the sound was measured with a Barkhausen audiometer. 
The results are plotted in fig. 5, and are discussed in § 8 below. 


6, Determination of the velocity of propagation 

It is desirable to know the velocity of propagation, for as is shown in 
§6, these waves possess a small but finite amplitude, which might be 
sufficient to make this velocity appreciably greater than normal. In addi¬ 
tion, the velocity usually quoted is for pure air, but in the experiments a 
certain amount of oil spray was inevitably present in the air at these high 
speeds. Incidentally, this oil spray caused much trouble by spotting the 
plates. 

On certain of the negatives waves reflected from the walls of the room ore 
to be seen. Measurement of their very slight curvature enabled the distance 
and direction of the reflecting surface to be estimated. A plane board was 
then nailed over the suspected surface, and the photograph repeated. A 
displacement of the reflected wave by a distance equal tp twice the optical 
magnification times the thickness of the board indicated that the true 
reflector had been found. The distance of the board from the airscrew was 
then accurately measured. In order to determine the velocity, the angle 



185 


The photography of airscrew sound waves 

through which the airscrew had turned since emitting the wave most be 
determined, as well as the distance travelled by the wave after emission. 

The particular plate from which the wave velocity was calculated has 
not been reproduced, but fig. 8 was taken under similar conditions. Fig. 4 
shows diagrammatioally the reflected wave, which intersects the axis OG 
of the airscrew blade at a point A. This wave has been reflected at an angle 
a from the wall at B. The original, unreflected sound wave SSS, is assumed 
to retain its position and shape relative to the airscrew blade, as the latter 
rotates. Draw a tangent to the wave front, from the tip of the blade and 


|_»-30‘48cm.--54-02cm. “i 

I I I 



consider a position OD of the airscrew, such that this tangent DE to the 
wave front S'8'S' is perpendicular to EB, the line of propagation of the 
wave before reflexion. 

The wave will move along ECB, and after reflexion at B will travel along 
BA , to arrive at A in time to be photographed. During this time the airscrew 
has not necessarily turned through an angle 0, but possibly through 
(18Ow + 0)°, where n is any positive integer. From consideration of the 
dimensions of the apparatus, it was evident that n was unity. From the 
geometry of the figure, 

90'’-/ff-2y-a, (13) 

and hence ii?om meaeurements of the photograph it was found that 9 » 31 -6°. 
Since 1, the airscrew had turned through 211’6° whilst the wave had 
travelled a distanoe (EB + BA ), which wm calculated to be 116*6 cm. 
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These qimntities lead to a wave velocity a <=352 m./a»o. Since the air 
temperature was 29'2°C, the normal velocity of sound was 349-1 m./seo., 
and apparently the finite amplitude of the wave oaiised a 1 % ina«ase of 
velocity. If a/a^- 1-01, from (12) Splpf^=n0-01, which agrees reasonably well 
with Table I. A small correction should strictly be applied to the velocity, 
to allow for the effect of the wake through.whieh the wave had to pass for 
a short distance, but this has not been determined. 


7. Speed at which a bow wave first appears 

According to the conventional theory of shock waves, a bow wave of 
infinitesimal amplitude should be formed at an infinite distance ahead of 
the blade as soon as the velocity of the airscrew tip equals that of sound, 
coming progressively nearer to the blade and increasing its amplitude as 
the speed is raised. 

It is evident from the photographs taken, that a bow wave is not formed 
until the speed of sound at the tip is appreciably exceeded, the exact speeds 
being given in Table II. The bow wave has a broken and diffuse appearance 
when first formed, as may be seen from fig. 10, where it appears as two 
separate wavelets. 

Table 11 


Georneirical inoi- 

- 3° 36' 

6° 66' 

12° 36' 

16^ 

10*6® 

denoe of blade tip 

Blade section used 

R.A.F. 28 

R.A.F. 28 

R.A.F. 28 

R.A.F. 32 

R.A.F. 32 

Critical speed (series 

0-878a 

0-861a 

0°830a 

0-860O 

0-882a 

of diffuae wavelets 

6rst visible) 






Nature of vortex 

Just visible 

Strong at 

Very strong 

Just visible 

Strong at 


at l'04a 

lOa. 

Distinct at 
0-7a 

at l‘0a< 
Distinct at 
0‘6a 

at I'Oa 

0-83a 

**Bow wave” first 

appears faintly 

Mia 

i‘08a 

Mia 

Between 
l*0a and 
l'08a 

l*08a 


The experimental fact that a bow wave was not formed until the speed 
of sound was appreciably exceeded is probably explained by the peculiar 
flow in the neighbourhood of the tip of a high-speed airscrew working at 
zero advance. Exploration of the flow with silk streamers showed that 
the air was being sucked in at both sides of the airscrew disk near the tip, 
and ejected radially. For the air to be flung out radially, it must first have 
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a<)qii}r 6 d conaiderable circumferential velocity, which would dimm i sh the 
speed of the blade 3?elative to the air through which it was passing, and delay 
the formation of a bow wave. If the effective incidence of the tip were 
increased, this induced circumferential velocity would be greater, and the 
formation of a bow wave would be further delayed. The data given in 
Table II will be seen to support this argument, when it is remembered that 
the geometrical incidence is a rough guide to eifective incidence. 


8. Application to the problem op airscrew noise 

A remarkable feature of the audiometer readings is their continuity as 
the tip speed approaches and passes the speed of sound, as seen in fig, 5 . 
Apparently the straight-line law connecting loudness in decibels with tip 
speed, mentioned by Capon ( 1933 ), may be extrapolated to apply to speeds 


Tip speed in terms of the velocity of sound 



Fig. 5, Variations of loudness with speed, R.A.F. 32 section airscrew with 10*6** 
incidence at tip. Noise measured in decibels with an audiometer. The noise level of 
59 db. at eero speed is due to the air compressor actuating the turbine. 
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as high as V=l-2a. Although there was no disoontinuity in loudness as the 
speed passed through the speed of sound, a very definite change in quality 
was heard. At lower speeds the note was of the kind associated with a 
prominent fundamental, accompanied by a few weaker harmonics. On 
increasing the speed, a change was heard at the precise speed at which shock 
waves first apj)eared on the photographs. The note became harsh, and of the 
type associated with a fundamental accompanied by a large number of 
prominent harmonics. The existence of shock waves on the photographs 
suggests a rapid rise in pressure on passing through the wave front, the 
Fourier analysis of which would be rich in harmonics. 

Bearing in mind the continuity of the loudne88-R.P.M. curve, it seems 
that at low sj^eeds the excess pressure in the sound wave is spread out over 
a band whose width is of the order of half the wave-length, but that at a 
certain critical speed the wave front suddenly condenses into a single line, 
retaining the same pressure amplitude as before. Additional evidence was 
obtained from photographs at this critical speed (see fig. 6). A series of faint 
wavelets spreads out over a fairly wide area at the critical speed, and con¬ 
denses into a single wave front at a slightly higher speed. 

The formation of a shock wave may be due to small disturbances from 
the rear of the blade which travel forward with the velocity of sound until 
they enter a region of sonic velocity, where their motion is arrested by the 
air moving towards them with equal and opposite velocity. Here they 
remain fixed relative to the blade until further disturbances arrive to 
increase the pressure amplitude, whereupon the wave moves forward to a 
region of even higher velocity, due to its increased rate of propagation. At 
the critical speed, however, the wave will move forward into a region of 
lower speed, get ahead of the blade, and become detached from it, in the 
form of a wavelet. This is precisely what may be seen to be happening in 
fig. 6, which was taken at the critical speed. 

This critical speed at which the sound wave condenses into a single 
pressure discontinuity is probably the shock stall or compressibility stall, 
i.e. the speed at which the aerodynamical coefficients show abrupt changes 
from their low speed values, due to the local velocity of sound being first 
exceeded at a point on the blade or aerofoil. 

The photographs may also be used to throw some %ht on the generation 
of airscrew noise by the periodic shedding of eddies from the blade. Measure¬ 
ment of the eddies shows that they are about 1 mm. apart, and if the blade 
producing them moves with the velocity of soimd, then the frequency of 
shedding eddies will be 340,000 per sec. A sound of this frequency is com¬ 
pletely inaudible, and it is improbable that much of the noise actually 
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heard was due to the periodic shedding of eddies from the blades. It may be 
remarked that if an airscrew blade emits noise continuously, then by virtue 
of the geometrical construction outlined in § 4, this noise will be concen¬ 
trated into compressions and rarefactions having the same frequency as 
the number of airscrew blades passing a given point per second. This holds 
true even at low subsonic tip speeds. 

Equation (11) gives a method of finding the pressure amplitude of shock 
waves from photographs. It is particularly useful in the case of small 
amplitude shock waves, or of waves propagated through moving air. 
Although the method is apparently not very accurate it may be used in 
cases such as the present which would be otherwise insoluble. The wave 
shape is fairly satisfactorily explained by theory as is the measured wave 
velocity. 

The well-known linear law connecting noise in decibels with airscrew tip 
speed has been found to hold up to speeds higher than those used in airscrew 
design. 

In conclusion the author would like to thank the Director of Scientific 
Research, Air Ministry, for permission to use the high-speed airscrew, 
members of the staff of the Royal Aircraft Establishment for their valuable 
practical assistance, Dr Maccoll and the Ordnance Committee, Woolwich 
Arsenal, for the loan of a bullet photograph, and Professor G. I. Taylor for 
his helpful criticism of the v^ork. 

Finally, his thanks are due to Professor L. Bairstow, under whose direc¬ 
tion the research was carried out at the Imperial College of Science and 
Technology, 


SUMMAEY 

An experimental technique has been developed for photographing the 
shock waves generated by an airscrew at all speeds above a certain critical 
speed. A modified form of spark photography was employed, and photo¬ 
graphs were obtained for the first time of the airscrew sound wave system at 
tip speeds ranging from 0*83 to 1*2 of the velocity of sound. 

The photographs also reveal a tailing vortex from the blade tip, and an 
eddying wake behind the blade. These vortices and eddies are more distinct 
at high speeds than at low, but there is no definite lower limit to the speed 
at which they can be photographed. 

A method is given for calculating the pressure amplitude of these shock 
waves from measurements of the width of the image. The wave velocity 
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has been calculated from the photographs^ and is found to be slightly greater 
than that of small amplitude waves. 

A method of calculating the shape of the waves is examined, but no 
theoretical indication of a wave front at tip speeds less than the speed of 
sound is given, whereas a very definite wave front exists down to speeds 
as low as 0-85 of sound velocity. The problem of noise reduction in aircraft^ 
is discussed. 
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Key to annotation of plates 0-11 

B = bow wave; i? 5 = reflected wave; 1= first section of wave; 3— third section 
of wave; V = vortex from tip; F* — tip vortex fiom previous blade; Fa ~ tip vortex 
from present blade during previous revolution; ^r= eddying wake; = eddying 
wake from previous blade. 


The dissociation of the ammonium ion and the 
basic strength of ammonia in water 

By D. H. Everett and W. F. K. Wynnb-Jonbs 

(Communicated by Sir Harold Hartley, F.R.S.—Received 24 June 1938) 

In recent years the strengths of many acids have been determined by 
exact methods and the work of Hamed and Embree (1934) on the dissocia¬ 
tion constants of acids at different temperatures Eas given us precise know¬ 
ledge of the thermodynamic functions associated with the ionization of 
these substances. No similar measurements had been made with uncharged 
bases until Pedersen (1937a) determined the dissociation constants of 
emiltne and o-chloraniline, Pedersen (19376); the accepted values for the 
common bases are derived from old measurements which can no longer be 
regarded as sufficiently precise. 

The difficulties in the determination of the strength of a base suiffi as 
ammonia are greater than for an acid such as acetic add, partly because the 
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effects of carbon dioxide and of the solubility of glass are more serious for 
alkaline solutions, and partly because the solubility of silver chloride in 
ammonia prevents the use of the silver-silver chloride electrode. To avoid 
these difficulties, we determined the hydrogen-ion concentrations of buffer 
solutions of ammonia and ammonium chloride from measurements of the 
e.m.f.’s of cells of the type 


Cl NH, 

3-5N 

cHCl 

Cj NH 4 CI 

KCl 

C-cKCl 

C-c^ KCl 




where the total ion concentration is the same in both half-cells and is equal 
to 2C. In a cell of this type the activity coefficient of the hydrogen ion is 
virtually the same in both compartments and the small liquid junction 
potential can be completely eliminated by Pedersen’s device of making 
measurements with various ratios of KCl and the other constituents of the 
solution (i.e. HCl and the buffer mixture) and extrapolating the apparent 
hydrogen-ion concentrations to zero concentration of the buffer. This 
extrapolation enables us to obtain the true value of the dissociation con¬ 
stant at each ionic strength and an extrapolation of these values to zero 
ionic strength gives the thermodynamic dissociation constant. We made 
measurements at different tomt)eratures so as to obtain values for the other 
thermodynamic fimctions. 


Expebimjsntal 

The electrical equipment consisted of a Tinsley “Concentric” potentio¬ 
meter the scale of which was calibrated by the makers, a high sensitivity 
galvanometer of 463 ohms resistance, and a Weston standard cell. The 
apparatus was placed on an equipotential shield which was connected to the 
thermostats. 

The thermostats were controlled nominally at 6 °, 16°, 26°, 36° and 46° by 
relays of the type described by Temple ( 1936 ): the relays were actuated by 
benzene-mercury thermoregulators and the temperatures were kept con¬ 
stant to about 0 ‘ 01 °. Two mercury-in-glass thermometers which could be 
read to 0-006° and which had recently been calibrated at every fifth degree 
at the N.P.L. were used for determining the temperatures. 

The 15° thermostat was cooled by a current of water passing through a 
metal ooil, while the 8 ° thermostat was cooled by circulation of brine from 
a refrigerating unit assembled by Mr P. Temple, for the loan of which we 
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are indebted to Captain J. Golding of the National Institute for Besearoh 
in Dairying. 

The cells were similar to those used for determining the ionic product of 
heavy water (Wynne-Jones 1936 ), but they were made entirely of Monax 
glass and all the ground joints were interchangeable; each half-cell required 
about 15 c.c. of solution. To saturate the hydrogen with the vapour of 
the solution two bubblers wore placed in front of each half-cell: these 
bubblers, which are similar to those described by Bichowsky and Storch 
( 1915 ), were found to be quite efficient in saturating the hydrogen while 
they produced only a small pressure head and required only 10 c.c. of 
solution. The solutions were saturated by bubbling at each temperature. 

The liydrogen electrodes were made of platinum foil covered with a black 
deposit according to the instructions of Popoff, Kunz and Snow ( 1928 ): 
if the electrodes differed in potential by more than 0-06 mV they were 
replatinized. 

Hydrogen was obtained from a cylinder and was passed through a tube 
containing active copper at 450°. Because of the symmetiy of the cell it 
was mmeoessary to reduce the results to a pressure of 1 atm. of hydrogen; 
even at 46° the partial pressure of the ammonia is not sufficient to cause an 
error of more than 0-05 mV. 

The ammonia buffers were prepared by adding definite volumes of 
standardized carbonate-free KOH solution to a solution of NH4CI, sufficient 
KOI solution was then added to attain the ionic strength required. The acid 
solutions were prepared from constant-boiling hydrochloric acid (Foulk 
and Hollingsworth 1923 ) which was also used for the standardization of 
the KOH. Kahlbaum’s purest ammonium chloride was used except for a 
few measurements made with a sample of synthetic ammonium chloride: 
the salt was dried by heating to 130° for 2-3 hr. and then kept in a vacuum 
desiccator. All the solutions were prepared with conductivity water from a 
still of the type described by Stuart and Wormwell ( 1930 ). All vessels were 
made of Monax or Jena glass and solutions were used as soon as possible 
after preparation. 

At ammonia concentrations lower than 0*015 N the values of 
progressively deviated from the linear relation between log if and the buffer 
oonoentration found for the higher concentrations. The direction of the 
effect could be explained by assuming the removal of ammonia from the 
solution, but this removal was not the result of the passage of hydrogen 
through the solution nor of reaction with the glass of the oeU and the tem¬ 
perature coefficient of e.m.f. for these cells was unaffected. We believe the 
explanation to be absorption of carbon dioxide during the prejiminaiy 
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handling of the solutions. The effect was negligible at concentrations greater 
than 0*015 N, and in our final measurements we did not employ more dilute 
solutions. 


Results 

The actual experimental results are given in Table I of which the first 
column contains the ionic strength, the second the concentration of am¬ 
monia, the third the concentration of NH 4 CI, the fourth that of HCl, the 
fifth the temperature, the sixth the e.m.f. in volts, and the seventh the 
temperature coefficient of the e.m.f. The concentration of KCl added to 
the buffer and to the HCl solution is not given as it can be calculated from 
the other data. It will be observed that the measurements were not made 
at round temperatures, but the e.m.f. was found to be very exactly a linear 
function of the temperature and thus it is possible to interpolate values of 
the e.m.f. for any desired temperature using the temperature coefficients 
given in the table. 

All concentrations are expressed in g.-mol./lOOO c.c. of solution at 15"^. 


Table I 


I 

0*200 

0*0400 

^NHiCl 

0*0400 

0*0200 


0*0394 

0*0406 

0*0200 


0*0296 

0*0306 

0*0150 


0*0236 

0*0244 

0*0120 

0150 

0*0400 

0*0400 

0*0160 


00320 

0*0320 

0*0120 


r 

E 

dEjdT 

16*70 

0*46040 


25*16 

0*44775 


34*85 

0*44490 

-0000304 

6*40 

0*46280 


16*30 

0*44980 


24*76 

0*44736 


33*20 

0*44466 


41*60 

0*44210 

-0000304 

6*40 

0*44616 


16*40 

0*44260 


24*70 

0*43990 


33*66 

0*43700 


42*00 

0*43400 

-0000322 

6*46 

0*44120 


16*60 

0*43700 


24*76 

0*43416 


33*50 

0*43110 


42*40 

0*42780 

-0*000347 

6*60 

0*44606 


17*00 

0*44235 


24*80 

0*43962 


34*80 

0*43636 


43*80 

0*43340 

-0*000330 

5*35 

0*44060 


17*00 

0*43675 


25*26 

0*43400 


34*36 

0*43090 


43*30 

0*42730 

-0*000348 
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Tabi^ 1 {continued) 






E 

dEldT 

00250 

0*0250 

0*00938 

5*46 

0*43476 





17*00 

0*43005 





24*76 

0*42796 





34*20 

0*42485 





44*40 

0*42080 

-0-000354 

0-0200 

0-0200 

0*0076 

iroo 

0*42600 





26*00 

0*42185 





34*80 

0*41810 





44*85 

0*41406 

-0-000380 

0-0400 

0-0400 

0*0100 

6*40 

0*43550 





16-90 

0*43170 





24*76 

0*42866 





34*76 

0*42480 





44*10 

0*42130 

-0-000361 

0-0320 

0*0320 

0*0080 

5*40 

0*42005 





16*90 

0*42666 





26*10 

0*42270 





34*80 

0*41910 





44*10 

0*41506 

-0-000366 

0-0260 

0*0260 

0*00625 

6*60 

0*42460 





17*00 

0*41986 





24*76 

0*41686 





34*80 

0*41276 





44*70 

0*40866 

-0-000398 

0-0200 

0*0200 

0*0050 

6*56 

0*41806 





17*00 

0*41300 





24*76 

0*41040 





42*30 

0*40200 

-0-000426 

0-0160 

0*0160 

0*00376 

6*66 

0*41200 





10*80 

0*40096 





24*76 

0*40336 





32*80 

0*39986 





42*30 

0*39610 

-0-000448 

0-0300 

0*0400 

0*0070 

6*40 

0*41976 





17*00 

0*41470 





24-80 

0*41146 





34*80 

0*40726 





44*90 

0*40293 

-0-000426 

0-0240 

0*0320 

0*0066 

546 

0*41466 





17*00 

0*40946 





24*76 

0*40006 





34*80 

0*40170 





44*90 

0*39730 

-0-000438 

0-0250 

0*0260 

0*00438 

6*40 

0*41620 





17*00 

0*41010 





24*76 

0*40040 





34*96 

0*40100 

-0-000426 

0*0200 

0*0200 

0*00360 

5*40 

0*41010 





17*00 

0*40600 





24*80 

0*40160 





34*40 

0*39740 





42*06 

0*39386 

-0-000436 
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For each cell the e.m.f/s given in Table I were plotted against the tem¬ 
perature and the values read off these curves at round temperatures were 
used to calculate the apparent values of log from the equation 

logi-NH.* - + + 

These values are given in Table II which also contains the extrapolated 
values for zero concentration of the buffer and of HCl. The factor 2-303/iT/ jF 
was taken to be 0-06913 at 26® and corresjwndingly at the other tempera¬ 
tures. The extrapolation to zero concentration of the buffer, which is shown 
in fig. 1 for the results at 26°, does not seriously affect the values of the 
dissociation constant, but its importance lies in the fact that it enables the 
complete elimination of the liquid junction potential. 


Table II 


I 


- log if J- 

-Jog 

-log AV 

-log AV 

-log 

0-200 

00400 

»-9288 

9*6885 

9*2736 

8*9777 

8*7016 


0*0406 

9-9292 

9*5895 

9*2766 

8*9796 

8*7036 


0*0306 

9-9290 

9*6909 

9*2769 

8-9837 

8*7079 


0*0244 

9-9302 

9*6917 

9*2772 

8*9873 

8-7063 


0 

9-933 

9*694 

9*279 

8*986 

8-709 

0-160 

0*0400 

9-9131 

9*6738 

9*2689 

8*9636 

8*6873 


0*0320 

9-9101 

9*6746 

9*2619 

8-9688 

8*0964 


0*0260 

9-9122 

9*6766 

9*2041 

8-9711 

8*0966 


0*0200 

9-9141 

9*6736 

9*2592 

8-9649 

9*6885 


0 

9*916 9*578 

9*266 

8-973 

8*696 

0-100 

0*0400 

9*8980 

9-6600 

9*2465 

8*9517 

8*6769 


0*0320 

9-8890 

9-6536 

9*2664 

8*9634 

8*6812 


0*0250 

9*8934 

9-6662 

9*2425 

8 9483 

8*0734 


0*0200 

9*8937 

9-6649 

0*2400 

8*9448 

8*6695 


0*0160 

0*8999 

9-6616 

9*2472 

8*9630 

8*0765 


0 

9*898 

9-660 

9*248 

8*966 

8*678 

0-070 

0*0400 

9*8926 

9-5637 

9*2382 

8*9423 

8*6668 


0*0320 

9*8966 

9-6669 

9*2426 

8*9481 

8*6724 


0*0260 

9*8900 

9-6488 

9*2315 

8*9346 

8*6680 


0*0200 

9*8944 

9-6676 

9*2461 

8*9534 

8*6796 


0 

9-893 9-654 

9*238 

8*946 

8*070 


In Table III we have combined these results for the ammonium ion with 
the data of Harned and his collaborators (19330,6; 1935, 19370,6) for the 
ionic product of water, thus obtaining values of the equilibrium constant 
for the re^tion between ammonia and water giving ammonium and 
hydroxyl ions. Fig. 2 shows the extrapolation of log^^j^Q^.^ to zero ionic 
strength. 
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Table III 


1 ■* 

0-20 

0*16 

0*10 

0*07 

0 


9*933 

9*916 

9*898 

9*893 

9*867 

— log K^^ 

14*496 

14*612 

14*633 

14*567 

14*734 

-log-KsH. 

4-563 

4*697 

4*636 

4*664 

4*867 

IB® — logK^H4-t- 

9*694 

9*678 

9*660 

9*664 

9*629 

- log ^M,0 

14*107 

14*122 

14*144 

14*166 

14*346 

-logjK»H. 

4*613 

4*644 

4-684 

4*612 

4*817 

26° -logKNs.+ 

9*279 

9*266 

9*248 

9*238 

9*216 

-log^HlO 

13*764 

13*768 

13*791 

13*810 

13*997 

-log^^NH. 

4*476 

4*503 

4*543 

4*672 

4*782 

86° -logK^H., 

8*985 

8*973 

8*956 

8*945 

8*923 

-iogii:„.o 

13*436 

13*460 

13*474 

13*490 

13*680 

-lOg^KH. 

4*461 

4*477 

4*618 

4*545 

4*767 

46° -logK„*,., 

8*709 

8*696 

8*678 

8*670 

8*646 

-lOg^H.0 

13*148 

13*161 

13*186 

13*204 

13*896 

-lOg-KNH. 

4*439 

4*466 

4*607 

4*534 

4*761 
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It is interesting to compare the temperature coefficients of these different 
equilibrium constants and, as shown in fig. 3, the values of log K for the 
ammonium ion vary linearly with the reciprocal of the absolute temperature, 
whereas the values for the ionic product of water and for ammonia do not 



Fio. 2 

show this linear relation. The most satisfactory proof of the linearity of the 
relation between logj^ and 1/7* for the ammonium ion is afforded by the 
plots of e.m.f. against temperature which show that the deviations from a 
straight line do not exceed two-tenths of a miUivolt, i.e. less than 1 % in 
the disBobiation constant. If the e.m.f. changes linearly with the tem¬ 
perature, it follows from the relation between the e.m.f. and the dissociation 
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constant that the Jatter is related to the temperature by an equation of the 
form 

logK a= AJT+B. 

The temperature coefficient of the e.m.f. of a cell can then be expressed as 

dJUjdT =■ 2-303i?/jF’(ll + logCg<. + logCj,g^ —logCj,nj+), 

a relation which afi'ords a sensitive test of the accuracy of the results, since 
on plotting dEjdT against (logcg, + log Cjjj,,-log 0 ^ 34 +) we should obtain 
not merely a straight line, but a line of slope 2-30iBjF. This is strictly true 
only for constant ionic strength, but the uncertainty in dEjdT is greater 
than the errors introduced by varying the ionic strength. Fig. 4 represents 
the temperature coefficients given in Table I. 



1 ^ 0 . 8 
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Fig. 4 


Comparison with other measurements 

Detenninationa of the basic strength of ammonia have been made mainly 
by the electrical conductivity method and there have been numerous 
investigations dating back to the work of Kohlrausch in 1876 . The early 
measurements gave values greater than 2 x 10~* for the constant at room 
temperature for the equilibrium NH,+HgO = NH^+OH~, but there is no 
doubt that these results were high because of acid impurities in the water 
used for making up the solutions. The best of the more recent determinations 
®®®m to agree on a value of about 1*80 x 10”* at 28 ®; however, in none of 
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these investigations have the corrections for interionic forces been applied, 
and for acetic acid, which has a dissociation constant comparable with 
the basic dissociation constant of ammonia, we know that the application 
of these corrections has reduced the value of the dissociation constant from 
1-85 X 10 "® to 1*75 X lO""®. The only determination which can be regarded 
as satisfying modem requirements is that of Owen ( 1934 ) who, using a 
hydrogen and a silver-silver iodide electrode in buffer solutions of ammonia 
and ammonium iodide, obtained a value of 1-75 x 10"® at 25°: however, this 
work was reiK>rted only in a note and was admittedly a preliminary attempt 
to see if the silver-silver iodide electrode could be used for determining the 
strengths' of bases. As most of the errors particularly in the conductivity 
method would increase the value of the dissociation constant and as, in 
spite of careful analysis, we have been unable to find any serious source of 
error in our work, we regard 1*65 x 10“® as the most probable value at 25° 
for the constant for the eqtulibrium between ammonia and the solvent water 
yielding ammonium and hydroxyl ions. We are made more confident of the 
correctness of this value by its agreement with a series of measurements 
made by one of us at Princeton University in 1934 with entirely different 
materials and a procedure which differed from that adopted in this work in 
sufficient important details to make it improbable that the errors would be 
the same in the two investigations. The earlier work was carried only at 25° 
and yielded exactly the same value as that recorded here but with about 
twice as great a probable error—3 units in the last significant place. 

Although we believe that previous determinations of the dissociation 
constant have given values which are too high, it is probable that in any 
given work the errors will be roughly the same at each temperature and 
that, in consequence, the temperature coefficient and heat of ionization 
derived from these earlier measurements will be essentially correct. In 
order to test this we have collected in Table IV the results of various in¬ 
vestigators on the dissociation constant of ammonia at different tem¬ 
peratures and in fig. 5 we have plotted the values of log if -h 20 log T against 
IjT after reducing all the constants by a factor which makes them agree at 
25 ° with the value obtained in this work: the term 20log T has been intro¬ 
duced simply because, as shown by Pitzer ( 1937 ) it gives a nearly linear 
representation of the data. The agreement between the various series of 
measurements is very satisfactory and shows that the temperature coeffi¬ 
cient of the equilibrium constant is not seriously affected by the errors 
which tend to make the absolute values too high. 

This conclusion is confirmed by comparison of the heat of dissociation of 
the ammonium ion calculated from our results with the directly det^miined 
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Tablb IV 



Limden ♦ 

Noyes* 

0 

l*4xl0-» 

1-39 

5 

— 

— 

10 

1-63 

— 

15 

1-70 

— 

18 

1-75 

1-72 

25 

1-87 

1-80 

32-35 


— 

35 

— 

— 

40 

1-98 

— 

45 

— 

— 

60 

1-96 

1-81 

60 

1-9 

— 

76 

— 

1-64 

100 

— 

1-36 


* Limden (1907); Noyea (1907) 


Mooro and 


Winmill* 

This work 

— 

1-368 

_ 

1-524 

1*72 


1-80 

1-652 

1-89 

— 

— 

1-750 

— 

1-774 

Moor© and Winmill (1912). 


values of Pitzer for the heats of ionization of ammonia and water. Our 
value of is 12,400 cal. and the value deduced from Pitzer’s data is 

12,493 cal. The agreement is within the experimental errors of the deter¬ 
minations. 

The dissociation constant of an electrolyte is related to the heat of 
ionization by the well-known equation 

dlnA^_ AH 
dT ~ BT^’ 


and we also have Kirchhoff’s relation between the temperature coefficient 
of the beat of reaction and the difference in the heat capacities of the 
reactants and products of reaction 


d{AH) 

dT 


dCp. 


If ACp is regarded as constant, combination of these two equations gives us 
the equation . AC IntrT 


which has been shown by Pitzer to represent Hamed’s data on the dissocia¬ 
tion of unoharged adds remarkably well if JCj, is assigned a value of — 40 cal. 
per degree. On the other hand, the results of the present work show that for 
the dissociation of an add carrying a single podtive charge the value of 
is not appiedably different from 0. This striking difference in the 
liehaviour of these two types of add may be regarded as evidence that the 
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value of AOp is determined primarily by electrostatic effects, the heat 
capacity of an ionic species being markedly less than that of an ordinary 
uncharged molecule. Since it has been shown that in similar solvents certain 
types of ionic equilibria depend upon the dielectric constant in the way 
expected from the Born equation (Wynne-Jones 1933 ), i.e. 


AlnK 




Pio. 6. O This work, A Lunden, 7 Moore and Winmill, □ Noyes, % W* point of 
this work. The other series have all been reduced to agree with this value. 
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we might expect it to be poeBible also to treat the temperature dependence 
in the same manner. We find, however, that if we assume r «= 1A the value 
of AC^ calculated for an ionization reaction in water cannot be numerically 
greater than 7 cal. per degree. This difference can be reconciled with the 
view that the effect is electrostatic in nature by postulating such powerful 
orientation of solvent molecules by the fields of the ions that the con¬ 
tribution of the rotational degrees of freedom of these molecules to the heat 
capacity has been lost. This hypothesis has important consequences for the 
applicability of the Bom equation to the change of equilibrium constant 
with solvent and it will be interesting to determine temperatiu^ coefficients 
in different solvents. It would also appear that the net charge on a molecule 
may be of less importance than the possibility of orienting a large number 
of solvent molecules, a conclusion which is supported by the recent work of 
Smith, Taylor and Smith (1937) on the ionization of amino acids. Examina¬ 
tion of the results of these workers for 8 a-amino acids show that for 
the first dissociation stage is 36 cal. pet degree, while for the second stage 
it is about 14 cal, per degree. Now the two stages are represented by the 
equations 

CHaNH/COOH - CH*NH2COOH + H+, 

CHaNHaCOOH = CHaNHaCOO^ + H+, 

and, at first sight, we might expect the respective values of dCp to be approxi¬ 
mately 0 and — 40 . However, it has been shown by Adams (1916) and 
Bjerrum (1922) that the molecules of amino acids are really ampho-ions, 
CHaNH^COO”, and the first stage of dissociation should be represented as 

CHaNHa+COOH - CHaNH3+COO- + H+, 

while the second stage is 

CHgNHa+COO- - CHaNHaCOO” + H+. 

Regarded in this way the flr*st stage corresponds more closely to the ioniza¬ 
tion of an uncharged acid, since the number of charge centres increases by 
two when the reaction proceeds from left to right. On the other hand, in the 
second stage the number of charge centres remains constant, and con¬ 
sequently we should expect the dissociation constant to simulate the be¬ 
haviour of a positively charged acid. Of course, it is not to be expected that 
the ampho-ion will behave as two quite independent charges, but the 
experimental values of the heat capacities show that there is rather 
strong orientation of solvent molecules around both the charges of the 
ampholyte. 
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We are indebted to Dr G. Salomon for his help in making some of the 
preliminary measurements and to the Government Grant Committee of the 
Royal Society for the loan of the potentiometer. 


StTMMABY 

1 . The dissociation of the ammonium ion in water has been measured at 
10 ® intervals from 5 ® to 45®. The results can be represented by the equation 

— log -h 0-139, 

2 . Values of the constant for the equilibrium NH 3 -f HgO = NH^ -h OH“ 
have been derived from these results by combining them with the data for 
the ionic product of water. At 25® is 1-65 x 10 ““®. 

3 . The heat of dissociation of the ammonium ion as calculated from the 
temperature coefficient of the dissociation constant k 12,400 cal. 

4. The temperature dependence of dissociation constants is related to 
the electrical type of the chemical reaction and, from the fact that simple 
electrostatic considerations do not account for the results, it is concluded 
that strong orientation of the solvent molecules occurs. 
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The low temperature properties of gaseous helium 

By H. S. W. Massey, Ph.D., and R. A. Buckingham, Ph.D. 
(See volume 168, pages 378-389, 7 November 1938) 


Ebbata 


Equation (7) should read; 

“ V(r) = 10 •e-’-/®-”’- 1-91 x ergs, (7) 

being 1 -30 times that given by Slater. This function, which necessarily has 
a zero in the same position as Slater’s function, provides a suitable starting- 
point from which to determine the exact interaction, as there is evidence 
that Slater’s function gives too small a repulsion at small distances and too 
small an attraction at intermediate distances.” 

This modification affects the discussion in the last paragraph of §3. The 
differences between the results of this paper and those of Massey and Mohr 
using the Slater interaction are probably largely due to the difference in 
magnitude of the interactions employed but may be partly due also to the 
inaccuracy of the perturbation method employed by Massey and Mohr to 
obtain the smaller positive phases. The discussion of §3 then applies. 

The first sentenee of the Summary should read: 

“The viscosity and second virial coefRoients of helium gas are calculated 
in the temperature range 0-26° K using exact quantum formulation and 
an atomic interaction 1'30 times that given by Slater.” 


[ a 06 ] 



The kinetics of electrode reactions. I and II 


By J. N. Agab and F. P. Bowdbk 
Laboratory of Physical Chemistry, Cambridge 

{Communicatedby R. O. W, Norrish, F.RM.—Received 28 June 1938) 

[Plate 9] 

PART I. THE EFFECT OF LOCAL CONCENTRATION CHANGES 
ON OVERPOTENTIAL 

In any surface reaction taking place in a solution, it is clear that the con¬ 
centration of the reactants in the vicinity of the surface must fall. If the 
concentration in the bulk of the solution remains constant, a steady state 
may finally be reached, in which the rate of replenishment of the solution 
in this region, from the bulk, is equal to the rate at which the reactant in 
question is used up. But, in general, such a state is only attained when the 
concentration at the surface is less than that in the rest of the solution. If 
the reaction considered is an electrode reaction, these concentration changes 
may affect the electrode potential. This question is therefore of importance 
in the study of overpotential, and of the kinetics of electrode processes 
generally. 

The overpotential at an electrode is defined as the potential 
between this electrode and a similar unpolarized reversible ele^t'^e in the 
same solution. In practice this reference electrode is usually situated outside 
the region affected by the concentration changes near the electrode at which 
the reaction is taking place. The measured potential difference between the 
two electrodes, i.e. the measured overpotential, may therefore include a 
term due to the concentration difference. 

It is possible to distinguish three main causes of irreversibility in electrode 
reactions: 

(i) Concentration changes of the type here considered. The term “con¬ 
centration polarization “ has often been used in the past to designate irre¬ 
versibility of this kind. In order to avoid the general confusion which arises 
from the loose use of the word “ polarization however, we have intro¬ 
duced the expression ‘ ‘ concentration overpotential “. 

[ 206 ] 
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(ii) H the aurfftoe reaction itself has a lar^ energy of aotivatioa, it may 
be alow oompabred with other stages of the deposition process, and give nse 
to an overpotential of a different type, which we have called “activation 
overpotential The hydrogen and oxygen overpotentials are of this kind. 

(iii) If the electrolyte near the electrode has an appreciable resistance, or 
if a poorly conducting film is present on the surface, the passage of current 
will give rise to a potential difference which obeys Ohm’s law. We may call 
this third type of irreversibility “resistance overpotential 

In Part I a general theory of concentration overpotential is developed. 
The treatment is restricted to the systems in which activation overpotential 
is small, and in which the electrode process itself can be regarded as rever¬ 
sible. This classification includes the deposition of the halogens (Keenan, 
unpublished work) and many oxidation-reduction processes. 

Part II describes an experimental investigation of oxygen deposition 
from fused sodium hydroxide. It will be shown that the observed over- 
potential is due to concentration changes, and that the results are con¬ 
sistent with the general theory. 

Concentration changes in the vicinity of the electrode 

When a steady state is reached, it is clear that the rate of removal of a 
constituent of the solution by the reaction at the electrode must be equal to 
the rate at which it is brought up from the bulk of the solution, where its 
concentration is supposed to remain constant. Three processes are of im¬ 
portance in this connexion: 

(i) Migration, i.e. the movement of ions towards the surface under the 
influence of an electric field. 

(ii) ConvecHon, i.e. bodily movement of liquid containing the substance 
of interest in solution. The movement of the liquid may be due either to 
mechanical stirring or to “convection currents’’, arising from density 
differences between one part of the solution and another. 

(iii) Diffusion. 

In the most general case the calculation of the amount of material trans¬ 
ported by migration is a matter of some complexity. In practice, however, 
it is only necessary to consider certain special oases: 

(а) The reactant is not an ion (e.g. dissolved chlorine). There is no trans¬ 
port by migration. 

(б) The reactant is ionized, but the solution contains an excess of some 
foreign electrolyte, which takes no part in the reaction. In this case trans¬ 
port of the reacting substances by migration may be negligibly small. 
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(c) The solution contains only two species of ions, one of which is a 
reactant. In this case the transport number of an ion is practically in¬ 
dependent of the concentration. 

It is difficult to give a complete solution of the hydrodynamical problems 
involved in the convection and diffusion process. It is therefore necessary 
to proceed by semi-empirical and approximate methods. In this connexion 
the concept of the “diffusion layer” has been found very useful. 

There can be no motion of fluid across the electrode surfa>oe itself, and 
therefore convection cannot take place at any point on this s<urfaoe. On the 
other hand, in the bulk of the solution, at sufficiently large distances from 
the electrode, the concentration is practically uniform. Diffusion must 
therefore be of very little importance in this region. Adopting the ideas first 
put forward by Noyes and Whitney ( 1897 ), and developed by Nemst 
{ 1904 ) and Brunner ( 1904 ), we may suppose that the electrode surface is 
covered by a “diffusion layer” of thickness i. Outside this layer the con¬ 
centration is constant, and is that of the bulk of the solution. We assume 
that convection is negligible inside the layer, and that the reactant is 
supplied to the electrode by diffusion (and migration) alone. 

It follows that in the steady state the concentration gradient in idle 
diffusion layer on a plane surface is linear. This state of affairs is represcMbed 
by ABC in fig. 1 , which shows the variation of concentration with distance 
from the surface. The true concentration near the surface is probably more 
accurately represented by the curve AXC. It is evident that the rate at 
which a substance diffuses inwards through the layer is equal to 


where k is the diffusion coefficient of the substance, Cq the concentration in 
the bulk, and that at the surface, expressed in g.-mols. per 0 . 0 . This 
treatment is equally applicable to the removal of a product of the reaction 
from the electrode region. 

Many calculations of the thickness of the diffusion layer in various 
systems have been made. A general discussion of most of the experimental 
data available has recently been given by Glasstone and Hickling ( 1935 )* 
A theoretical treatment of the subject from the standpoint of the theory of 
dimensions has been carried out by one of the present authors, and will be 
published shortly. 

The theory developed shows that: 

( 0 ) In stirred solutions, S is independent of the difference in concentra^cm 
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of the bulk solution and that at the surface, and is also very nearly indepen¬ 
dent of the nature of the solute in all ordinary cases. 

(6) In unstirred solutions, d is not entirely independent of the concentra¬ 
tion difference, but only varies slightly with it. It is again practically 
independent of the nature of the solute. 

This is in agieement with exj>erimental work. 



Fig. 1. The diffusion layer. 


Thb relation between current density and concentration 

Consider the deposition of an n-valent metal from a solution containing 
its ions, and also a large excess of some other electrolyte, e.g. KCl, which 
takes no part in the electrode reaction. Under these conditions migration 
can be neglected. 

If the current density is I, the number of g.-atoms of the metal deposited, 
and therefore removed from the solution, per sec. per sq. cm. of the surface, 
is equal to I/nF, where F represents the faraday. 

In the steady state this expression must be equal to the rate of diffusion 
through the diffusion layer, given by (1). Hence: 

/ Hco-Cf) 

nF^ S 


(2) 
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It is clear that cannot be less than zero, so that in any given soluiaon 
the rate of deposition cannot exceed IcCqIS. The corresponding “limiting 
current density”, l^, is given by 


, _ nFkc^ 
A>\ - J-- 


(3) 


If the current density is increased above tliis value, an alternative electrode 
process (e.g. liberation of hydrogen) must commence. This is usually asso¬ 
ciated with a sharp rise in the electrode potential. 

We know that in stirred solutions S is independent of the rate of diffusion 
through the layer. Consequently, from equations (2) and (3), we have 

Co knFc^ 



This is also approximately true for unstirred solutions. 

In the case here considered the concentration at the interface is less than 
that elsewhere. In the anodic dissolution of the same metal, on the other 
hand, it is evident that the concentration at the surface is greater than that 
in the bulk, so that 



Finally, we may take migration into account. We suppose that the 
solution contains only a salt, AB, of the metal, A, being deposited. 

If is the transport number and the valency of the ion A, then, owing 
to the migration of these ions, t^IjF g.-equiv., or t^Ifuj^F g.-mol.'pass 
through unit area of the diffusion layer per second. Migration and diffusion 
must together transport the ions through the diffusion layer as fast as they 
are deposited, so that 


i(Co —c„) . tj.! J 


( 6 ) 


If tg is the transport number of the anion, B, we have tg» 1 — and 


1 _i_ 

where = ( 8 ) 

Comparison with (3) shows that migration effectively increases ij, by a 
factor of l/tg. 
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Aa mentioned above, the treatment of migration in the more general 
cases becomes very complicated, since the transport numbers of the ions 
are no longer independent of the concentration. From the experimental 
point of view this limitation is not serious. 

It is not difficult to extend the equations for the “no migration” case so 
tiiat they apply to a generalized electrode reaction (anodic or cathodic): 

+ ... +axAi+... ve = 0 


(e represents an electron). 

We adopt the following sign convention: Oj, a^, ..., v, are taken to be 
positive for the products of the reaction, and negative for the reactants. 
The current den.sity, 7, is taken to be positive when the current flows from 
the electrode to the solution. We now have 



ii 

(9) 

where 

II 

f 

(10) 


It is of interest to estimate the numerical values of /q. In the simplest cases 


a = p 3= n ^ ±1, 


so that 


^0 



where Cq is expressed in g.-mol./c.c. In unstirred solutions we may take 
S 0-05 cm. (Glasstone and Hickling X 935 ). For most substances, 
k cm.* seo."^, so that /q N ± SOcj amp./sq. cm. In vigorously stirred 
solutions Iq will be at least 10 times greater. 


The VitwATiosr of blhctbode potbntiai, with oiteebnt density 

Provided “activation overpotential” and the potential drop due to the 
ohmic tesistanoe of the electrolyte can be neglected, the total observed 
overpotential must be “concentration overpotential”, which we represent 
l>y the symbol This potential is clearly equal to that of a concentration 
cell, in which the concentrations at the two electrodes are % and e„. In cases 
in which the transport of substances by migration is unimportant, we may 
neglect the llqliid junction potential. 
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In a simple system we thus have 


1 /I 1 \ 

- -yto- (») 

approximately. We here assume the use of the concentrations c* and in 
place of the corresponding activities w’ill give results of sufficient accuracy. 
(A system in which this approximation is not adequate is discussed in 
Part II.) 

Taking 1 )^ to be positive when the polarized electrode is positive with 
respect to the unpolarized electrode, we obtain 



after substituting in (11) the value of cjc„ given by (3) or (10). 
Corresponding to the general equation (0), we have 



(13) 


In cases in which migration is important, the relevant expression for the 
e.m.f. of a concentration cell with transport must be used in place of that 
employed above. This leads to an equation of the same form as (13). 

In figs. 2a and 2b the value of % given by equation (12) is plotted against 
1 and logiolj respectively. Ig is taken to be —10“* amp./sq. cm., since this 
would be a typical value in approximately 0>1 M solutions. 

These curves show the type of current-potential relationship which we 
should expect when the overpotential is determined by the concentration 
changes of only one of the substances taking part in the reaction. In practice, 
this condition is often approximately fulfilled. It should be noted that the 
nature of the relation between overpotential and current density for electro- 
deposition (J negative) is entirely diflferent firom that for electrosolution 
(/ positive). This difference is due to the fact that the potential determining 
substance is being used up at the electrode when I is negative, and is being 
produced when it is positive. In the former case the concentration at the 
surface cannot/all below zero; in the latter it can inereaee practically without 
Umit. For a given numerical value of I, the overpotential is mu<^ gimiter 
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Fio. 2 a. Reflation between concentration overpotential, 57 
and current density, /. 



F 20 . 2 b. delation between concentration overpotential 
and logarithm of current density. 


VctCtXXX. A- 
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for negative I than for positive I. On the positive side, however, it is 
interesting to note that (12) reduces to the linear relation: 

between and in I, for sufficiently large positive values of 7. Such a linear 
relation is commonly associated with activation overpotential. 


Th® rat® of growth of concentration overpotbntiai, 


The influence of time on the concentration near an electrode was in¬ 
vestigated theoretically by Sand (1901), for a system in which convection 
did not occur, A more general treatment, based on the idea of the diffusion 
layer, has been given by Kosebui^h and Lash Miller (1910). In cases in 
which migration can be neglected they find 


k(Cf~CQ)pF _ , ^ 

ai 


(16) 


where 


^ m-t.S. 6...M 


the “time constant’’. 


M *= 


n*k 

46 «’ 


and m represents odd integers. For sufficiently large values of t, and 
(16) reduces to the steady state equation (9). Convenient approximations 
for i are available for either small or large values of /U. 

We may now calculate how the concentration overpotential depends on 
time. We may make the assumption that the quantity of electricity which 
must be passed in order to produce the concentration changes, and thereby 
build up the concentration overpotential, is much larger than the corre¬ 
sponding change in the charge of the double layer on the electrode. The latter 
quantity can be calculated from the known capacity of the double layer 
(approx. 20/{F/sq. ora. of true surface); direct experiment (Part II) shows 
that it is usually negligible. In some oases, however, it may be appreciable, 
and an allowance for it should be made. Neglecting the double layer 
capacity we can at once calculate the rate of growth of fiom equation (16). 


c. 




/«’ 


It is clear that 


(16) 
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where ^ has its previous signifioanoe (equation (10)). In the most com¬ 
monly occurring case, in which the potential is effectively determined by 
the concentration changes of only one substance, we thus have 

RT , Cf, RT . j _ 

(17) 



Fia. 3. Rate of growth of oonoentration overpotontial at various current densities. 

Curve A 2 = - lOJj Curve a 2 =t +102, 

B b 2 =+ 2 , 

C 2*-012o 0 2=+012, 

i4-a 
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In the simple case where n = 1 and 0 = 1 , 



Fig. 3 shows this relation between and fU for various csurrents which may 
occur in practice. For convenience, the ratiois plotted in this figure; 
is equal to 


RT, 

F 


In 1 + 


/ 

h 


Taking k ~ 10 ~* cm.®/sec., the value of n is 


2-6 X 10-» 


sec."^. Table I 


shows the values of /i corresponding to various values of d. 

From these calculations, we may see how the electrode potential varies 
with time. The experiments described in Part II show that the relation 
between concentration overpotential and time is given by these expressions, 
and that /i is of the right order. 


Table I 


dom* 

sec.-* 

0-06 

0*01 

0*01 

0-25 

0-005 

1-0 

0001 

25 


The besistahoe of the solution nbab the subfaob 

The electrode potential measured while the current is flowing will include 
a potential drop due to the resistance of the solution near the electrode. 
The magnitude of this is clearly dependent on the experimental set'Up and 
on the conductivity of the solution. The resistance due to oxide or other 
poorly conducting films on the electrode surface is ignored here. 

If the total concentration of electrolytes near the electrode remains 
constant, this resistive potential drop, or “resistance overpotential”, 9 ,, 
must be given by an expression of the form 

Iff. - const. I. 

Such an expression is applicable to systems of the “no migration” type, 
since we assume that in such cases the solution contains a large amount of 
some electrolyte, in practically uniform concentration throughout tine 
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liquid. Under these conditions, it is possible to apply a correction for the 
resistance overpotential, or, in many instances, to neglect it entirely, in 
comparison with the concentration overpotential. 

But in other systems, e.g. the deposition of a metal from a solution 
containing one of its salts alone, this is no longer true. Owing to the 
concentration changes, the resistance of the solution near the electrode is 
not constant, and may attain very large values if the diffusion layer be¬ 
comes seriously depleted of ions. 

In the present treatment we make the following assumptions: 

(а) The variation of concentration near the surface is of the linear type 
illustrated in fig. 1 (line ABC). 

( б ) The whole thickness of the diffusion layer is included in the current 
path between the electrode and the reference electrode. 

For simplicity we restrict ourselves to the case of deposition of the cation 
Ay from a solution of a uni-univalent electrolyte, AB. are the transport 

numbers of the A and B ions resi>ectively. In the case of a large plane 
electrode we then have 

rudx 


const. / + 






(18) 


where A is the equivalent conductivity of the electrolyte, and is the con¬ 
centration at distance x from the electrode. According to assumption (a) 
above 

Ci “ c*+|(co-Ce) (see fig. 1 ). 

Introducing the value of I from equation (7) and assuming A to be constant, 
we find that 

i;, - const. J+^-^ln11 — ^1, (19) 


where 


f __ FkCf) 


(Cf. (8)). 


We may reasonably assume that the diffusion coefficient of an ion is pro¬ 
portional to'its mobility. On this basis Nernst (i 888 ) and Haskell ( 1908 ) 
have shown that the diffusion coefficient of an electrolyte, k, is related to the 
equivalent conductivity A, by the equation 




SO that 




const. 1 + 


4-5)- 


( 20 ) 

( 21 ) 
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In this equation the second term on the right-hand aide represents the 
ohmic potential drop due to the (variable) resistanoe of the diffusion layer. 
The first term is the potential drop in that part of the unchanged solution 
outside the diffusion layer which is included in the potential measuring 
circuit. Comparison with (12) shows that the ohmic potential drop in the 
diffusion layer is of the same order, and varies with the current density in the 
same manner, as the conceniration overpotential proper. This rather striking 
result is, of course, a consequence of the relation between the diffusion 
coefficient of an ion and its mobility. 


CoNOIiUSIOK 

In the investigation of the mechanism of irreversible electrode processes, 
it is desirable to know whether an observed overpotential is of the con¬ 
centration or activation type. The characteristics of concentration over¬ 
potential may be determined from the general theory developed in this 
paper. Those of activation overpotential are known, though not with com¬ 
plete certainty in all cases, from experimental work carried out on the 
hydrogen and oxygen overpotentials (e.g. Bowden 1928, 1929; Volmer and 
Wick 1^935; Wirtz 1938). 

Some of the differences between the two types of overpotential are set 
out below. 

(1) The effect of atirrin/g. The numerical value of the limiting current, io» 
is always increased by stirring, so that the concentration overpotential 
will fall. Stirring has little or no effect on activation overpotential. 

(2) The nature of the eurface. Activation overpotential is profoundly 
affected by the nature and physical state of the electrode surface. Concen¬ 
tration overpotential is in general unaffected by these factors. If, however, 
the surface irregularities are very large, so that they penetrate beyond the 
diffusion layer, it is possible that they may cause small variations on the 
concentration overpotential. 

(3) The temperature coefficient. Differentiation of (12) shows that 

(djA nc_ST_I_/dlnIA 

T ~~F(I-Io)[dTj 

. Ve FT/dinIo\ 

T~ F \ dT ) 


if 


/>-4 
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As the temperature is raised, the diffusion coefficient increases, and at the 

a 1— r 

same time the thickness of the diffusion layer may decrease. Hence - ® 


din Jo 


dT 


is always positive. A survey of the data indicates that ■■■ is approxi¬ 
mately 0-04 per degree in a very large number of cases. 

As a typical example we take = 0*160 V and T = SOO^'K, so that 


j = 0-0005 - 0-001 =-0-6x10-® V/degree. 

Under similar conditions the temperature coefficient of activation over¬ 
potential is considerably higher—about — 2-6 x 10-® V/degree. 

(4) The ejfeM of the concentration, of the aolviion. Apart from effects of 
secondary importance, /o is directly proportional to the concentration of 
the important substance in the solution. Although a similar relation between 
concentration and actimtion over|)otential may hold in some cases, there is 
evidence that it does not apply to many of the reactions so far studied 
(Bowden 1928). 

(6) The dependence of on I. In general the relation between the over- 
potential and the current density for concentration overpotential will be 
different from that observed for activation overpotential. One exception 
to this statement has been mentioned (p. 214 and fig. 2). 

(6) The rate of growth of overpotentM. In a similar manner, the potential¬ 
time relation for concentration overpotential, illustrated in fig. 3, is generally 
quite different from that observed in systems in which activation over¬ 
potential is of primary importance. As Bowden and Rideal (1928), and 
others, have shown, activation overpotential increases linearly with the 
time, and the electrode has a “capacity” of the order 20 /tF/cm.*. For 
concentration overpotential, the potential-time relation is not linear, and 
the rate of growth is generally very much slower, corresponding to an 
apparent “capacity ” of several thousand microfarads per sq. cm. 


StlMMARY 

We can distinguish three main causes of irreversibility in electrode 
reaotiwis. These are: 

(i) “Concentration overpotential.” 

(ii) "Activation overpotential.” 

(iii) “Resistance overpotential.” 



220 


J. N. Agar and F. P. Bowden 

A general theory of concentration overpotential is developed, and this, 
shows how the overpotential will depend on the current density, conoen- 
tration and temperature. An expression for the rate of growth of con¬ 
centration overpotential after switching on the current is also given. 

It is shown that the resistance of the diffusion layer may in some cases 
attain high values, and cause a resistive potential drop at least as great as 
the concentration overpotential. Finally, the principal differences between 
concentration overpotential and activation overpotential are described. 


PART II. THE ELECTRODEPOSmON OF OXYGEN 
FROM FUSED SODIUM HYDROXIDE 

The electrolytic deposition of the hydroxyl ion from aqueous alkali 
solutions has been studied by Hoar (1933), and by Bowden and Keenan 
(unpubhshed work). Tliese authors find that the deposition, and the reverse 
process (electro-solution of oxygen) have high overpotentials at current 
densities as low as 10~* amp./aq. cm.; in both cases the overpotential varies 
linearly with the logarithm of the current density. In this and other 
respects, the overjjotential shows the characteristics of “activation” 
overpotential in the sense defined in Part I. 

In aqueous solution, however, the ions may be hydrated and the electrode 
process is necessarily comphcated by the presence of water. It is therefore of 
interest to investigate the corresponding process in a system such as fused 
sodium hydroxide, which consists of “bare” sodium and hydroxyl ions. 
The experimental difficulties of work with fused alkalis are considerable, 
and, probably for this reason, no detailed study of electrode processes in 
such a system has previously been made. Haber (1906) and his collabmrators 
measured the reversible e.m.f. of an oxygen-hydrogen cell in fused caustic 
soda, in equilibrium with water vapour at a known partial pressure, and 
showed that it agreed with the value calculated thermodynamically. This 
shows that an oxygen electrode takes up its correct reversible potential 
under these conditions. Le Blanc and Brode (1902), Sacher (1901) and 
others have studied the electrolysis of fused sodium hydroxide. Their 
results indicate that the deposition of oxygen occurs irreversibly under 
these conditions, but they do not give us any quantitative information. 

The present experiments show that the deposition of oxygen from fused 
sodium hydroxide is accompanied by a considerable overpotential 
that this overpotential varies in an orderly manner with the currmt dflt^wy. 
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The detailed study of the reaction makes it dear that “activation over¬ 
potential “ is negligibly small throughout the large range of current densities 
used. The overpotential observed is actually “ concentration overpotential ” 
of a rather curious kind. This is in complete contrast with the conclusions 
to be drawn from investigations of the corresponding reaction in aqueous 
solutions. The results of the present work sup])ort the general theory of 
concentration overpotential given in Part I. 


Apparatus and experimental method 

Since glass, quartz, porcelain, etc., are rapidly attacked by fused caustic 
alkalis, substances of this type could not be used in the construction of the 
cell. Nickel was found to be suitable for this purpose. Under the conditions 



of these experiments nickel rapidly becomes covered with a black oxide 
film, but further oxidation is very slow. 

The fused alkali was oontained in the nickel pot, A (fig. 4). The anode E 
on w^Meh the measurements were made, consisted of a rectangular piece of 
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niokel or platinum sheet mounted on thick wire of the same material. The 
reference electrode which is represented diagrammatioally by the line if 
in fig. 4, was a fine wire, either nickel or platinum. This acted as a reversible 
oxygen electrode. The nickel pot A itself served^as cathode. The whole cell 
was supported inside a vertical tube of transparent quartz. The quartz 
tube was heated externally by an electrical heating element, so that the 
cell could be raised to any desired temperature. The ends of the tube were 
closed, to exclude atmospheric carbon dioxide and water vapour. The 
polarizing current was taken from a high voltage supply, and could be 
varied over a large range with the aid of a potential divider and resistances. 
The overpotential is given directly by the potential difference between the 
anode, E, and the reversible reference electrode. In the experiments on the 
rate of growth of overpotential an Einthoven galvanometer and moving 
paper camera, as described by Bowden and Rideal (1928) were used to 
follow the rapid changes of potential. 

Pure dry oxygen was continuously bubbled through the melt when the 
cell was in operation. Before entering the cell the oxygen stream could if 
desired, be diverted through a bulb containing water. In this way small 
quantities of water vapour could be transferred to the melt. 

Pure ‘‘sodium hydroxide from sodium** was used. When added to the 
cell it contained a trace of carbonate and up to 1 % of water. Most of the 
latter evaporated on heating for a few hours at 350"^ to 400® in the stream of 
dry oxygen. 


Experimental results 

(a) The variation of electrode potential vrith current density 

Immediately after the beginning of an experiment, the values of the 
overpotential observed are low and erratic. After a few hours, however, 
they rise and attain a fairly constant value. This change is no doubt due to 
the loss of water mentioned above. The behaviour at high anodic oturent 
densities, after the steady state is reached, is shown in fig. 6, in wMoh the 
overpotential, is plotted against the logarithm of the current density, L 
In these experiments the temperature ranged from 318 to 340® C, and the 
melt was in all coses stirred vigorously. 

At the higher current densities the resistive potential drop in the melt 
oazmot be neglected. This potential drop was measured directly by a mov¬ 
able reference electrode. The observed potential was found to vaity Hneariy 
with the distance between the electrodes. From these observations it is 
possible to calculate the specific conductivity of the melt. The value foumd 
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WAS 2*5 mho/cm. cube At 320 *^ C. Amdt and Ploetz (1926) give 2*25 mho/om . 
cube* This agreement is as good as can be expected. Since the distance 
(about 0*1 cm.) between the reference electrode and the anode is known, it 
is possible to use these results to apply a correction for the resistive potential 
drop in the electrolyte. The values of if for nickel and bright platinum 
electrodes plotted in fig. 5 are corrected in this way. The correction is 
negligible at the lower current densities and amounts to about 30 mV at the 
highest current density employed. 



Fig. 6, 17 — log I curves for nickol and platinxim anodes. © Ni anode (corrected 
for resistance of melt), x Pt jmode (oorrecte<i for resistance of melt). 

It is evident that there is a linear relation between the corrected values 
of the overpotential, Tfy and log/ for overpotentials higher than about 
0*100 V, This can be represented by the equation 

i?»61og^. (1) 

As will be seen from fig. 5, the overpotentials on bright platinum and nickel 
surfaces are the same to within the experimental error. The values of A 
observed range from 4 x 10~* to 9 x 10“* amp./sq. cm., and b from O-llO 
to 0'127 V. The mean value of 6 found is 0-121V. It is necessary to add that 
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the values of A quoted do not have any absolute signifioanoe, since it will 
be shown that A de|.)ends on the intensity of stirring of the melt. The values 
given here and elsewhere refer to a constant rate of flow of oxygen through 
the cell, and therefore to constant stirring conditions. 



Fio. 6. Kelation lietwoen and / at lower current densities (Ni anode). 


At low current densities the logarithmic relation no longer holds. The 
behaviour under these conditions is shown in fig. 6, in which the over- 
potential, 7f, is plotted against the current density, I. Positive values of I 
and If refer to the anodic reaction, i.e. the discharge of OH' ions with the 
formation of oxygen and water; negative values to the reverse reaction, 
i.e. the formation of OH' ions from water and oxygen gas. At these low 
current densities the resistance correction is negligible. 

A few observations have been made using platinized platinum anodes. 
Within the limits of the experiments, the value of the overpotential is the 
same as on bright platinum or nickel. 
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(6) The influence of stirring 

The melt in the cell was continuously stirred by the stream of oxygen 
flowing through it. It was found that increasing the stirring by increasing 
the rate of flow of oxygen always reduced the overpotential. This efiect was 
particularly marked at low rates of flow. The rate of flow could be controlled 
by altering the pressure drop across a capillary tube, and was generally 
kept at a predetermined value throughout each experiment. 

Expressing the rate of flow in arbitrary unite equal to the pressure drop 
across the gauge, we find that tlie overpotential increases by about 26 % 
when the rate is reduced from 4 to O-S unit. This corresponds to a decrease 
of about 50 % in A. The numerical values of A, etc., quoted, refer to a flow 
rate of 5 units. 

(c) The effect of temperature 

Owing to irreversible changes in the melt (probably due to loss of water), 
which occur when the temperature is raised much above 360° C, it is difficult 
to obtain accurate values of the temperature coefficient of the overpotential. 
A number of determinations showed, however, that it did not differ much 
from -0-3 mV/°C. 


(d) The rate of growth of overpotential 

These experiments were carried out with a moving paper camera and an 
Einthoven galvanometer. Fig. 7 a (Plate 9) shows a typical potential-time 
curve for the growth of the overpotential on a nickel surface in fused sodium 
hydroxide. The current density used is 3 x 10~®amp./sq. cm. The Einthoven 
galvanometer shows that there are slight oscillations in the final “ steady ” 
value of ri. These can probably be ascribed to the passage of separate bubbles 
of oxygen past the electrode surface. They are, of course, too rapid to affect 
an ordinary galvanometer. 

For comparison, figs. 76 and 7 c (Plate 9) show the growth of oxygen 
overpotential in aqueous aolvtiona (activation overpotential). 

(e) The effect of the addition of water 

The results so far described refer to specimens of sodium hydroxide con¬ 
taining only a small residual trace of water. Larger quantities (of the order 
uf 1 %) could be added by evaporation from the flask in the oxygen train. 
The efiect of adding water vapour in this way is very striking. For ex- 
<^mple, in one experiment, at a current density of 0'020 amp./sq. cm., the 
overpotential fell from 0<045 to 0*007 V within a few seconds of diverting the 
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oxygen stream through the flask. A sudden fiall of this kind is perfectly 
general, and shows that a very small amount of water added to the mdt 
has a pronounced elFect on the overpotential. Curve B, fig. 8 , shows the 
overpotential at constant current density, with various amounts of water 
added. 

(/) Melts containing sodium oxide 

Sodium oxide was prepared in situ by adding a small quantity of metallic 
sodium to the melt, and oxidizing it in a stream of oxygen. In this way we 
obtain a melt containing about 1 % of the oxide. This concentration could 
be readily diminished by the addition of small amounts of water in the 
manner described above. The oxide is thereby converted into sodium 
hydroxide. As is clear from figs. 8 and 9, the overpotential in oxide con¬ 
taining melts is much less than that in untreated hydroxide. In this respect 
sodium oxide has an action similar to that of water. 

The data plotted in fig. 8 were obtained by adding water to a melt initially 
containing oxide. As the concentration of this falls the overpotential rises, 
reaching a sharp maximum when the composition corresponds to pure 
NaOH. Further addition of water causes the overpotential to decrease 
again, in the manner already described. 


Discussion 

(a) The rtature of the electrode reaction 
Owing to the occurrence of the reaction 

20H'= HjO-l-O', 

we must expect to find a small concentration of water and of O' ions in a 
pure NaOH melt. Two lines of evidence show, however, that the degree of 
dissociation of the OH' ion in this manner must be extremely small: (a) pure 
NaOH does not lose water, even at very high temperatures, and (h) sodium 
metal does not react with pure sodium hydroxide at 300-400° C (Le Blanc 
and Brode 1902 ). These facts indicate that the concentration of water is 
vanishingly small in pure fused sodium hydroxide; the concentration of 
O' must be equally small. In general, sodium hydroxide at rocon tem¬ 
perature contains an additional trace of water. Under these conditions 
the concentration of 0 ' is even further reduced, and it is safe to assume 
that is is small compared with that of the water. We are therefore justified 
in supposing that the 0 ' ions from the bulk of the melt do not taJke part to 
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Fio. 8. Fall of overpotential on addition of water or sodium oxide. 



Ifto, 9. ;7*/ curves in melts containing water and sodium oxide. 






ft flign^Usftnt extend in the deoiarode xeAOtioa in audi««pniie|%llft tia 
anodic reaction is concerned, these ions could not be beeught up to 
surface sufficiently rapidly. In the cathodic reaction, the solution of oxygen 
as 0* ions would lead to an accumulation of these ions neaar the eleotoode. 
This can only occur at potentials much more negative than the reveraibte 
oxygen potential in this system. In melts containing a trace of water, 
therefore, the electrode reaction may be token to be the disdiarge of 
OH' ions when the electrode is anodicaUy polarized, and the fonnation 
of these ions, from oxygen and water, when the electrode is cathodiodly 
polarized. 

Some of the experimental evidence already presented, e.g. the influence 
of stirring, and the fact that the overpotential is independent of the nature 
of the anode surface, suggests strongly that the overpotential is due to 
concentration changes near the electrode. The following treatment is based 
on this view, and leads to results which provide further confirmation of its 
correctness. 

(6) The relation betioeen y and 1 

The equations for concentration overpotential developed in Part I can 
easily be applied in the present case. The anode reaction can be written 

~ 40H' + 4fi + 0| + 2 H 2 O =“ 0. 

In the system considered the activity of the OH' ion cannot vary appre¬ 
ciably; any concentration overpotential must be due to the oxygen and/or 
the water. As these are not ionized, transport by migration and^ifibsion 
potentials do not have to be considered. 'The oxygen readily escapes in the 
etceam of gas passing through the cell, and on this account its oonodntratiion 
at ^ electrode will probably not exceed the saturation value by very much. 
To a first approximation, we may therefore neglect the effect of this product, 
and consider only that of the water. 

In the theory developed in Part 1 we assumed that the activity oi the 
substances taking part in the reaction was equal to their oonoentration. 'nie 
activity of water dissolved in fused sodium hydroxide can be determined 
from measurements of the vapour pressure of water in the melt, l^e results 
of several investigations are given in International Critical Tabiei (3, 370). 
Hg. 10, in which the logarithm of the vapour pressure^ is plotted against the 
Ic^arithm of the concentration of water, c, is constructed from the data 
given there. In this range the curve has a slope varsdng from 1*5 to 3*0, and 
it is thus evident that the vapour pressure (or activity) is by no means 
directly proportional to the concentration. 
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The kinetice of eUcbrode reatAiom 

If we consider two arbitrary systems, represented by the points A and 
B in fig. 10, and write 



we find that the index A lies between 1*6 and 3-0 in the region covered by the 
curve. If we supjjose that A corresponds to the concentration of water at 
the anode and B to that in the bulk of the melt, we have 



log of percentage of water 

Fio. 10. Tho vapour j^ressiu'o of water over fused sodium hydroxide. 
Introducing the previous value for cJcq we get 

r/= 0-084log|l-jj volts, if A-1-6 

= 0-177logvolts, ifA = 3-0. (4) 

11 / > *■ equation (4) reduces to 

1 /= 0-069Alog—(6) 

(4 is a negative quantity; see equation (10) of Part I.) This relation is of the 
same form as that observed at high current densities (equation (1)). The 
'■unstant .4 in (1) is to be identified with — The observed value of the 
<jiuintity 6in (1), (0*121 V) lies between the extreme values of the coefficient 
in (4) (0-084 and 0-177 V). 


VotCLXlX. A. 
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The curve in fig. 6, which refers to lower current densities, represents the 
relation 

^=61og^l-^j, (6) 

with h ~ 0*110 V, Iq - -5*8 x 10 ® amp./sO* Within the experimental 
error these values are the same as those found from the linear rj — logi 
curve at higher anodic current densities. It ^ill be seen that the experi¬ 
mental points ( X ) in fig, 0 fit the curve very well. It is thus clear that the 
overpotential obeys a relation of the same type as the theoretical equation 
(4) throughout the range of current density available to investigation* 
Furthermore, the value of the quantity b is of the order we should expect on 
theoretical grounds, provided the difference between the activity and con¬ 
centration of the dissolved water is taken into account. 


(c) The vahie. of Iq, and the thickness of the diffusion layer 
Reference to equation (10) of Part I shows that 


4 


2FkcQ 

S 


(7) 


We have little knowledge of the magnitude of c^; it is, however, possible 
to make a rough estimate of the values of k and S from independent sources. 
A few measurements of diffusion coefficients in fused salts have been made 
(see Landolt-Bomstein, Tabellen, Erganzungsbd. 2, 199). Values of the 
order 4*5 x 10“® cm.®/sec. are observed under conditions similar to those 
of the present experiments, Knowing k, we can calculate the experimental 
value of d from the time constant, /i. From the potential-time curves of 
fig. 7 we find approximately 

n^k , ^ ,, 


Taking /b = 4*6 x 10 ~* cm.‘/sec., we obtain ^=0*003 cm. 

The thickness of the diffusion layer depends on the hydrodynamical 
properties of the liquid, but the available evidence indicates that it is not 
very sensitive to changes in these. Since the viscosity and density of fused 
sodium hydroxide at 320° C only differ by a factor of 2 or 3 from the corre¬ 
sponding quantities for aqueous solutions at room temperature, we may 
reasonably expect that, under similar conditions of stirring, it will be of the 
same order in both liquids. In fact, many workers have observed values of 
between 0*001 and 0*006 cm. in vigorously stirred aqueous solutions, which 
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agrees with the above experimental value (0-003 cm.) for fused sodium 
hydroxide. 

Taking ^a=! 0-003 cm., and using the experimental value of Iq( — 6x 10 “* 
amp./sq. cm.), equation (7) shows that: 

Cq := 2 X 10 ~®g.-moL H 2 O per c.c. 

= 2 X 10 -^g.-mol. H^O per litre. 

At the maximum overpotontial measured in these experiments, the con¬ 
centration of water at the electrode must be about 100 Cq, i.e. 2 x 10 "^ 
g.-mol./l., or nearly 0*19 % by weight. 

It is evident that, if all the water liberated at the anode were to evaporate 
in the bubbles of gas arising from the electrode, its partial pressure u ould be 
I atin. Such a pressure is only reached, however, when the concentration of 
water in the melt is of the order 5 % {InternaHorial Criiiml Tables, he. cit.). 
As the maximum concentration at the electrode in these experiments is 
found to be 0-19 %, it is clear that very little water will be lost from the 
anode region by evaporation. In confirmation of this conclusion, I^e Blanc 
and Erode ( 1902 ) have found experimentally that the gases liberated at the 
anode do not contain an appreciable quantity of water. We are thus justified 
in assuming that the water is removed from the anode by diffusion and con¬ 
vection, On the addition of 1 % of water to the melt, Cq is increased by 100 
or perhaps 1000 times. Equation (7) shows that there will be a similar 
increase in Iq. We can thus account in a very simple manner for the pro¬ 
nounced fall of overpotential w^hich occurs when small quantities of water 
are added to the melt. 

In the melts containing sodium oxide the electrode reaction must be of 
a different nature. In these the concentration of O'", or of Na^O, is much 
greater than that of water. Under these circumstances water is not of much 
importance in the electrode reaction, and need not be considered further. 
For simplicity we assume that the anodic reaction is the discharge of O'' 
ions. The argument is not affected if the substances taking part in the 
leaction are in reality undissociated Na^O molecules, or conceivably NajOg. 
Taking the electrode reaction to be 

20"-08 + 4 €, 

^nd using equation (13) of Part I, we have 



15-a 


(8) 
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where the constant 1^ now refers to the O' ion. This /d is a positive quantity; 
that for water in the water-containing melts is negative (see equation (7)), 
Owing to this difiFerenco in sign, we should expect that the ^ / curves in 

the melts containing oxide will be concave towards the positive axis; in the 
ordinary, water-containing melts they are convex towards this axis. This 
prediction is confirmed by the experimental curves (fig. 9). 

Independent confirmation of the view that thaoverpotential in the water- 
containing melts is due to local changes in the concentration of water is 
provided by the low value of the temperature coefficient, the effect of 
stirring, and the rate of growth of the overpotential. The observed value of 
the temperature coefficient is approximately —0-3 mV/degree. This is about 
the value we should expect for a concentration overpotential. It is much 
smaller than tliat characteristic of activation overpotential, which is usually 
of the order 2 to ~ 3 mV/degree (Bowden 1929 ). The marked reduction in 
the overpotential which is brought about by increased stirring is highly 
characteristic of concentration overpotential, but is difficult to explain on 
any other basis. 

The rate of growth of activation overpotential has been investigated by 
Bowden and Rideal ( 1928 ), Bowden and Grew (unpublished work) and 
others. It is found that the potential change is directly proportional to the 
time, or quantity of electricity passed, over a large range. The “capacity^* 
of the electrode is of the order 20 /^F/sq. cm. for mercury cathodes. Figs. 
76 and 7 c show Einthoven photographs of the growth of oxygen over- 
potential (activation overpotential) on a platinum anode in N /10 NaOH 
solution at room temperature. They are included for comparison with the 
growth curve in fused NaOH (fig. 7 a). In fig. 7 6 the current density em¬ 
ployed is practically the same as in fig. la. It is clear that in the aqueous 
solution the change of potential is so rapid that it cannot be followed. 
Fig. 7c refers to a lower current density (7*7 x amp./sq. cm,). It will 
be seen that the trace is substantially linear over most of the increment in 
electrode potential. From the sla}>e the capacity is found to be 24/eF/sq. cm. 
In fused sodium hydroxide (fig. 7a) the potential time curve is not linear, 
and the mean “capacity'' of the electrode (up to half the final potential) is 
about 40,000 /^F/sq. cm. It should further be noted that the curve in fig* 7 a 
is of tlie same type as the theoretical curves for concentration overpotential 
(fig. 3 of Part I). 

Finally , it should be noted that the independence of the overpotential on 
the nature of the electrode surface is entirely to be expected if the over- 
potential is concentration overpotential, but would be difficult to explain if 
it were of any other type. 
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Summary 

Measurements of the oxygen overpotential on nickel and platinum elec¬ 
trodes in fused sodium hydroxide have been made. The current densities 
used ranged from very low values up to 1 amp./sq. cm. At the highest 
current density the overpotential is of the order 0*2 V. 

Although in some respects the observations might suggest that the over¬ 
potential is of the same kind as that observed in the deposition of OH' ions 
in aqueous solutions, the evidence as a whole shows that this is not so. The 
overpotential in fused NaOH is due to the change in the concentration of 
water in the melt in the immediate vicinity of the electrode. A small trace 
of water is normally present in the fused hydroxide, and more water is 
produced by the anode reaction. 

This view is supported by many different lines of evidence, including: 

(a) The influence of stirring the electrolyte. 

(b) The effect of adding small quantities of water. 

(c) The rate of increase of the overpotential on switching on the current. 

(d) The nature of the relation between overpotential and current density. 

(e) The low value of the temperature coefficient. 

(/) The fact that the overpotential is independent of the nature of the 
electrode. 

The general behaviour is consistent with the theory of concentration 
overpotential developed in Part I. 
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The effect of solvents on the continuous absorption 
spectrum of bromine 

By R. G. Aickin, N. S. Bayuss and A. L. G. Reks 
Chemistry Departnmit, University of Melhoume 

(Covimunirated by I\ G. Dminan, FM,S.—Received 26 July 1938 ) 

Introduction 

The folloAving reasoiiB prompted us to select bromine as the subject for a 
study of the effect of the solvent on the absorption spectrum of a dissolved 
substance: 

(1) Bromine has a simple molecule, and its absorption spectrum in the 
gaseous state has been interpreted fairly satisfactorily (Acton, Aickin and 
Bayliss 1936; Aickin and Bayliss 1938; Darbyshire 1937; MuUiken 1936), 

(2) It has continuous absorption in a convenient spectral region (6000 to 
below 2200 A), where many common solvents are transparent. There are 
advantages in working with a continuous spectrum, since it is possible to 
compare absorption coefficients under varying conditions without the 
difficulties that are associated with the blurring out of bond structure 
(Rabinowitch and Wood 1936). 

( 3 ) The continuous absorption of bromine is complex, being composed of 
transitions to several excited states (Acton, Aickin and Bayliss 1936; Aickin 
and Bayliss 1938). This makes possible a direct oomparison of the effect of a 
solvent on different electronic transitions. 

It was fortunate that while this work was in progress, the work of 
Porret (1937) was published, enabling a further comparison to be made with 
liquid bromine. 
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The effect of solvents on spectrum of bromine 

This paper presents an account of the effect on the absorption spectrum 
of bromine, at concentrations between 0*00016 and 0*0010 mol./l., of the 
following solvents: 2 N sulphuric acid, cyclohexane, chloroform, carbon 
tetrachloride, benzene, chlorobenzene and toluene. The main effect in the 
case of 2 N sulphuric acid will be that of the water; an acid solution of this 
particular concentration was chosen in order to suppress the hydrolysis of 
bromine to less than one part in 1000 (Liebhafsky 1934 ). Other solvents 
were tested, such as carbon bisulphide, several alcohols and bromoform. 
Carbon bisulphide was rejected because it absorbs light strongly throughout 
a considerable part of our chosen spectral region, while in the case of the 
alcohols, even tertiary butyl alcohol reacted too rapidly with bromine. 
Bromoform gave trouble owing to a fairly rapid photo-decomposition that 
resulted in the liberation of bromine, and it also was discarded. 


Experimental 

Our materials were all carefully purified. The refractive indices recorded 
below were determined by a Zeiss-Pulfrich refractometer, and are compared 
with the values given by Weissberger and Ifroskauer ( 1935 ), denoted below 
by W.P. 

Bromine. The sample was A.R. bromine that had been previously dis¬ 
tilled over a mixture of pure calcium bromide and calcium bromate by 
Professor E. J. Hartung, to whom we are indebted for the sample. It was 
subsequently distilled in vacuo several times, the head and tail fractions 
being discarded. The tail fraction contained less than one part of iodine in 
5 million of bromine. 

Oychfiexane. Since the most likely impurities are unsaturated hydro¬ 
carbons, particularly cyclohexene, which have a much lower freezing 
point than cyclohexane, the product was purified by fractional freezing, 
followed by drying over fused calcium chloride, n = 1*42606 ( 20 ° C) 
(W.P. 1*42636). 

Chloroform. B.D.H. A.R. chloroform was repeatedly washed with dis¬ 
tilled water and then dried over calcium chloride. It was then fractionated, 
‘iolleoted over calcium chloride, and kept in the dark untU used. According 
to Twyman and Allsopp ( 1934 ), chloroform prepared in this way becomes 
useless for spectrographic work after 12 hr. We therefore distilled this 
solvent on the day on which it was to be used, n = 1*44808 (16° C) (W.P. 
1 •44868). 

Carbon tetrachloride. Merck’s guaranteed reagent was fractionated, and 
stored, over potassium hydroxide, n = 1*46966 ( 20 ° C) (W.P. 1*46040). 
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Benzene. Merck’s reagent was guaranteed firee from all sulphur oom- 
pounds. It was dried over freshly cut sodium for several days before use. 
n = 1-60388 (le” C) (W.P. 1-60440). 

Chlorobenzene. A good commercial sample of chlorobenaene was frac¬ 
tionated and dried over calcium chloride. The sample had a constant boiling 
point of 132“ C. 

Toluene. In order to remove sulphur compounds from the commercial 
sample, it was shaken with two portions of concentrated sulphuric acid for 
30 hr. each, followed by a shaking with distUled water for 12 hr. After 
repeated washing with distilled water, it was dried over calcium chloride, 
fractionated, and the product dried over sodium. It did not appreciably 
decolorize bromine during the time of an exposure. » = 1-49833 (15® C) 
(W.P. 1-49986). 

Method 

Our method of photographic spectrophotometry consisted, in outline, of 
passing a beam of suitable continuous radiation through a cell containing 
the liquid under examination, and then on to the slit of the Hilger all-metal 
medium spectrograph. On each plate (10 x 4 in.) we obtained about eight 
exposures, all with the same time of exposure. One of them was the absoq)- 
tion sjwctrum of the bromine solution. For the others, the cell was emptied, 
refilled with the pure solvent, and the h'ght beam was weakened by known 
amounts by interposing calibrated wire-gauze screens, which were 
mechanically shaken eccentrically in a plane normal to the path of the 
light. In addition to the above exposures, a spectrum of a brass or iron 
arc was photographed at each side of each plate, in order to provide wave¬ 
length calibrations. After development, photometer traces were taken 
across each plate between corresponding lines of the arc spectra. 

The transmission of the bromine solution at each chosen wave-length was 
thus compared directly with the transmissions of the calibrated screens, 
and the actual values for the solution were determined by graphical inter¬ 
polation between the known screen values. After the concentration of each 
solution was obtained, by shaking with aqueous potassimn iodide and titra¬ 
tion against standard sodium thiosulphate, the absorption coefficients were 
calculated from the relation logi„(/„//) = ecd, where e is the absorption 
coefficient, c is the concentration of bromine in mol./l., d is the length of the 
absorbing column in cm., and and I are the incident and transmitted 
intensities respectively. In different experiments, our bromine concentra¬ 
tions ranged from 0-00016 to 0-0010 mol./l. 

The absorption due to the solvent itself was corrected for by taking the 
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calibration spectra through the pur© solvent, oontained in the cell that had 
been used to contain the solution. The cell holder was so designed that it 
was easy to remove the cell and replace it accurately in the same position 
with re 8 |)ect to the optical path, 

Aa sources of continuous radiation we used a 30-watt car headlamp or a 
water-cooled hydrogen tube, according to the spectral region. In each case, 
the applied voltage was hand regulated for constancy during a run. The 
absorption cell was of silica, had plane windows, and was 5 cm. long (Hilger 
“Presil”, type D). In the exj)eriment 8 that were performed to fix the 
positions of the ultra-violet maxima, and in which we did not determine 
absorption coefficients, the solutions were contained in an all-silica Baly 
cell by Hilger. Exposure times were controlled electrically by means of a 
synchronous electric clock, and exposures of any integral multiple of 30 sec. 
could be repeated with an error not exceeding 0*2 sec. Both quartz and 
glass optical systems were used with the spectrograph according to the region 
of the spectrum. Previous work liad shown us that stray light in the spec¬ 
trograph introduced errors owing to the reception by ‘‘unexposed’’ por¬ 
tions of the plate of radiation sufficient partly to overcome the inertia of 
the emulsion. In the present experiments, w^e guarded against this error 
by constructing a diaphragm that fitted into the camera of the spectro¬ 
graph, and which shielded all but the strip of plate, about 0*5 cm. wide, on 
which the spectrum was being photographed. The calibration of the wire- 
gauze screens, and the construction of the photoelectric photometer, have 
been described previously (Acton, Aickin and Bayliss 1936 ). 

Our technique included the precautions that are necessary in photographic 
photometry (Harrison 1929 ). Blackened diaphragms placed at intervals 
along the optical path minimized the amount of stray light reaching the 
slit of the spectrograph. Kodak process, Universal and Ordinary plates 
were used. In no case did the emulsion contain a dye which after develop¬ 
ment might provide a background of uneven transmissivity. A metol- 
hydroquinone developer was used, and the plates were brushed lightly to 
ensure even development. After hardening and washing, they were 
swabbed with distilled water and slowly dried. 

Rbstjlts 

Our absorption coefficients, defined as above, are given in Table I. The 
absorption curves of bromine in the various solvents are shown in figs. 1-3. 
In each case, a comparison is drawn with the absorption of gaseous bromine, 
which is represented by the broken curves derived from the results of 
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Tablb I 

Absorption ooofficionts of bromine dissolved in 


Wave- 

lei^h 

Water 

Oyt'lo- 

hexane 

Chloro¬ 

form 

Carbon 

tetra¬ 

chloride 

Benzene 

Chloro¬ 

benzene 

Toluene 

Wave 

no. 

cm/* 

5292 

15*8 

38*6 

34*8 

42*8 

40-9 

77*1 

76*7 

18889 

5260 

19*6 

342 

37-1 

48*6 

33*8 

79*9 

78*0 

19042 

5220 

22*6 

39*9 

46*4 

52*5 

69*4 

80*7 

90*0 

19152 

5153 

25-1 

44*7 

55*7 

00*8 

78*9 

910 

105*9 

19400 

5106 

29*4 

62*0 

62*2 

72*8 

82-6* 

97*4 

in 

19681 

5076 

31*2 

56'1 

...... 

74*0 

86*3 

105 

120 

19605 

5016 

37-8 

61-5 

69 i 

820 

96*9 

114 

131 

19928 

4958 

40*3 

67*6 

80*0 

92*5 

108 

122 

146 

20165 

4919 

44*8 

72*5 

87*2 

98*0 

122 

134 

161 

20324 

4865 

50’6 

83*5 

942 

103 

131 

141 

161 

20549 

4810 

55-9 

86*4 

too 

108 

142 

160 

169 

20782 

4768 

62*0 

104 

108 

1(5 

153 

169 

183 

20971 

4722 

67*2 

no 

Ml 

119 

166 

176 

196 

21171 

4651 

78*3 


119 

127 

190 

184 

215 

21494 

4687 

86*1 

127 

128 

133 

209 

199 

228 

21795 

4540 

93*7 

137 

133 

139 

218 

206 

234 

22022 

4480 

103 

150 

141 

148 

232 

216 

266 

22314 

4415 

in 

164 

154 

156 

248 

229 

272 

22643 

4378 

116 

178 

162 

163 

255 

231 

285 

22834 

4326 

122 

194 

171 

174 

265 

244 

301 

23111 

4275 

128 

— 

180 

176 

278 

260 

326 

23385 

4226 

133 

212 

189 

181 

299 

258 

336 

23662 

4178 

136 

-— 

192 

182 

— 

258 

351 

23930 

4144 

139 


203 

193 

309 

261 

358 

24125 

4104 

— 

— 

— 

,— 


263 

— 

24358 

4063 

147 

207 

206 

203 

302 

262 

— 

24603 

4023 

153 

201 

196 

200 

294 

— 

354 

24852 

3969 

156 

189 

184 

185 

280 

260 

353 

25186 

3930 

164 

168 

172 

169 


246 

364 

25436 

3862 

157 

— 

148 

152 

260 

227 

390 

26887 

3801 

162 

138 

125 

129 

239 

208 

448 

26301 

3734 

144 

86*7 

100 

106 

227 

184 


20767 

3684 

130 

— 

90*6 

88*5 

231 

2(X) 

708 

27142 

3640 

120 

71*2 

78*6 

709 

246 

213 

869 

27468 

3602 

111 

636 

71*7 

58*6 

292 

222 

910 

27754 

3527 

90*3 

59-1 

49*6 


328 

312 

— 

28341 

3478 

78*4 

37*7 

44*9 

42*5 

633 

418 

— 

28765 

3441 

70*0 

38-6 

40*5 

38*5 

739 

609 

—, 

29053 

3393 

54*3 

341 

44*2 

37*9 

1048 

677 

— 

29467 

3338 

4]1 

51*4 

38*6 

32*1 

1433 

897 

— 

29951 

3293 

300 

61*7 

36*2 

33*6 

1690 

— 

— 

30360 

3274 

24-5 

62-2 

.— 

336 

...... 

— 

— 

30535 

3248 

21*8 

85-7 

— 

32*8 


— 


80783 

3208 

18*6 

102 

52-7 

33*9 



— 

31161 

3175 

19*5 

113 

65*2 

376 


— 

— 

81486 

3147 

20* 1 

130 

78-6 

40*3 


— 

— 

31769 

3126 

16*(» 

146 

936 

46*2 

— 

— 

— 

31970 

3094 

19*6 

158 

115 

39-9 


— 

— 

32311 

3063 

23*0 

182 

143 

39*7 

.... 

..... 

— 

32684 

3036 

26*9 

206 

168 

430 

_ 


— 

33927 

2997 

33-3 

233 

201 

43*4 

— 

— 

— 

33353 

2061 

40-1 

277 

_ 

49*7 

_ 

—. 


33760 

2937 

441 

296 

—. 

54-9 

_ 

_ 


34040 

2914 

52*1 

322 

— 

54*7 

— 

_ , 

__ 

34312 

2883 

61*5 

363 

— 

61*6 


__ 

__ 

34676 

2863 

72*6 

457 


66*9 


_ 

— 

34014 

2824 

85* 1 

(418) 

— 

68*2 

_ 

_ 

_ 

36896 

2801 

94*4 

.— 

69*4 

.— 

_ 


35691 

2780 

106 

— 

— 

67*8 

— 

— 

— 

35963 
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Acton, Aickin and Bayliss ( 1936 ) below 30,000 Above this frequency, 

the absorption of gaseous bromine is shown diagrammatically, since it is too 
weak to be plotted accurately on pur chosen scale of e (Aickin and Bayliss 

Wavelength (A) 


5000 4500 4000 3500 3000 



Fig, 1 . Broken curve, gaseouis bromine; O bromine dissolved in cyclo¬ 
hexane; Q bromine dissolved in 2N sulphuric acid. 

Fig. 2. Broken curve, gaseous bromine; O bromine dissolved in carbon 
tetrachloride; Q bromine dissolved in chloroform. 

1938 ). In fig. 3 the upper broken curve is a relevant part of the absorption 
oiirve of liquid bromine, which ha^ been sketched in from the data of 
I'arret ( 1937 ). 

Previous work on the absorption spectrum of bromine in solution in- 
(^ludes that of Bovis ( 1924 , eto.)> who studied the solvents water, carbon 
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tetraohlotide, chloroform, ethanol and carbon biaalphide, and of Gj&nn and 
Morton ( 1929 ), who studied the absorption of halogens disaoihned in earbon 
tetrachloride. Gillam and Morton present their resnlts only in tibe focm of 


Wavelength (A) 

5000 4500 4000 3500 



Fio. 3. Upper broken curve, liquid bromine; lower broken curve, gaseous bromine; 

O bromine dissolved in benzene; O in chlorobenzene; • in toluene. 

curves ; but they appear to be in reasonably good agreement with ours. The 
results of Bovis are quoted in terms of optical densities, which on recalcula¬ 
tion give absorption coefficients that are mostly lower than ours. 

Discussion 

In general, the effect of environment on the absorption of a substance 
may appear as a bodily displacement of the absorption, or as a change in the 
absorption coefficient (i.e. of the transition probability), or as a combination 
of both. In the case of bromine, it is necessary to consider these possibilities 
with respect to each of the several components of the absorption. The two 
main components in the absorption of gaseous bromine, A (A.»„a»4I50 A) 
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and B (Ag^x* 49fi0 A), ate quite distinct in the broken cttrves of figs. 1-3. 
In addition to these, th«re is the absorption throughoat tJhe quaite nUxa- 
violet, e liaing from a minimum of 0*2 at 3036 A to about 3 at 2165 A. 
This absorption is probably complex, and may contain weak bands (Aickin 
and Bayliss 1938 ). 

The uUra-violet ahaorption. The most obvious feature of figs. 1-3 is the 
tremendous increase in the intensity of the ultra-violet absorption of 
bromine in solution, as compared with the gaseous state. The most marked 
effect occurs with the aromatic solvents, while liquid bromine occupies a 
place intermediate between these and the non-aromatic solvents. Another 
feature common to all the solutions in this region is the occurrence of 
deviations from Beer’s law, e increasing slightly with the concentration. 
These deviations are considerable in the case of carbon tetrachloride solu¬ 
tions, where the irregularity of the absorption curve above 30,000 cm.~^ 
indicates the possible presence of diffuse band absorption in this region. 
A similar effect was noticed by Aickin and Bayliss in gaseous bromine at 
rather higher frequencies. Such deviations from Beer’s law set a limit to 
the accuracy of absorption coefficients in this region, and probably explain 
the differing results of various authors. 

In several solvents, it was possible to find a maximum in the ultra-violet 
absorption, when by using thin films of solution (about 1 ram.) in the Baly 
tube we were able to reduce the absorption due to the solvent itself. In 
each case the maximum due to the dissolved bromine was quite distinct 
from the solvent cut-off, and the positions of the maxima are given in 
Table II. 


Table II. Ultra-violet maxima in bromine solutions 

Absorption maximum in A due to 


Solvent 

Bromine 

Solvent 

Cyclohexane 

2500 

2160 

Chloroform 

2725 

2230 

BouKeno 

2925 

2600 

Chlorobenzene 

2960 

2660 

Toluene 

2976 

2760 


Bovis ( 1927 ) observed a maximum in chloroform solutions at 2700 A, 
f>ut we were unable to find the maxima that he records at 2580 A in both 
water and carbon tetrachloride solutions. 

It does not seem possible that these maxima could be due to compounds 
formed by chemical reaction between bromine and the solvent. In the case 
ot the aromatic solvents, for instance, the absorption of the various bromo- 
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benzenes and bromotoluenes is recorded as beginning at about 2800 A and 
extending to shorter wave-lengths (Purvis 1915 ; Ley and Engelhardt 1910 ). 
There is no maximum in the ultra-violet absorption of liquid bromine as 
far as 2500 A, or probably even as far as 2200 A (Porret 1937 ). In gaseous 
bromine, the maximum may have been reached at 2200 A (Aiekin and 
Bayliss 1938 ), although the measurements do not extend quite far enough 
to be certain. However, both Porret and the latter authors agree in con¬ 
sidering the ultra-violet absorption of bromine to be complex, and in 
support of this, unpublished measurements by Bayliss and Rees show a 
definite maximum at about 2700 A when bromitie is mixed with carbon 
dioxide. This coincides with the maximum that is obtained in chloroform 
solution. The maxima in other solvents are as yet unexplained, unless they 
are the same maximum which has been displaced by the solvent effect. 
Such large displacements seem unlikely in view of the small displacements 
that are suffered by the A and B maxima in the same solvents. 

The ultra-violet absorption of iodine is known to be greatly affected by 
solvents, and here too, deviations from Beer’s law have been observed 
(Groh and Papp 1930 ). 

The visible absorption caniinuum = 4160 A). The effect of solvents 
on the visible continuous absorption of bromine is to produce a marked 
increase in the absorption intensity accompanied by a small or zero shift of 
the maximum towards shorter wave-lengths, except in the ca#e of water, 
where there is a large displacement of the maximum {Av = IJfiD but 

only a small increase in the intensity. - 

The total solvent effect is the sum of the effects that are exerted separately 
on the A and B components of the continuum. From our results, it is not 
possible to obtain the effect on the B continuum with any accuracy. In 
gaseous bromine, Acton, Aiekin and Bayliss ( 1936 ) obtained the absorption 
curve of the B continuum in the following way. They assumed that when 
plotted against wave numbers as abscissae, the absorption curve of the 
A continuum was symmetrical about its maximum, and that the contri¬ 
bution of the B component was practically zero at the maximum of A. The 
absorption coefficients on the high-frequency side of the A maximum were 
then used to determine the contribution of A to the absorption on the low- 
frequency side, and the remainder of the absorption was attributed to the 
B component. This procedure cannot be applied to the absorption in solu¬ 
tion, since in the important region of the high-frequency side of the A com¬ 
ponent, there is a considerable hut unknown contribution from the ultra¬ 
violet absorption, making it impossible to disentangle the B component 
with any accuracy. 
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It is evident, however, from figs. 1-3 that the displacement of the 
B maximum in the non-aqueous solvents is small, if not zero. The intensity 
also appears to have been affected less than in the case of the A component. 
In cyclohexane, the intensity of the B components is actually less than in 
the gaseous state. 

In the case of the A component, the increase in intensity is about 30 % 
in chloroform and carbon tetrachloride, and about 46% in cyclohexane. 
At first sight, the effect of the aromatic solvents seems to be much greater; 
but in these cases the absorption at the A maximum receives a large contri¬ 
bution from the enormously enhanced ultra-violet absorption. Taking this 
into account, the net effect in the aromatic solvents is of about the same 
magnitude as in the other non-aqueous solvents, and in no case is the main 
absorption enhanced to the same extent as in liquid bromine. 

In cyclohexane, the A maximum is not displaced relative to the gaseous 
state. In the other non-aqueous solvents, there are small displacements to 
liigher frequencies, the greatest shift being 550 cm.“^ in carbon tetra¬ 
chloride. Scheibe ( 1937 ) has interpreted such shifts in terms of displace¬ 
ments of the potential energy curves of the molecular states that are con¬ 
cerned in the absorption. If his explanation applies in the present case, any 
such displacements are small. 

However, we believe that another explanation must be considered, in 
view of the possible complexity of the A continuum (Mulliken 1936 ). If the 
A continuum consists of two components of about equal intensity, and 
which are not exactly superimposed, and if the effect of the solvent is to 
increase the intensity of the high-frequency component more than the 
other, then the absorption maximum will appear to shift to higher fre¬ 
quencies. Such an explanation is supported by the absorption curves in 
figs. 2 and 3 , particularly in the solvents carbon tetrachloride, chloroform 
and benzene. The displacement of the maximum has been accompanied by 
a definite sharpening, and in our detailed results in Table I there is definite 
evidence of the appearance of a shoulder Just on the low-frequency side of 
the maximum. 

The interpretation of the various phenomena suffers from the uncertainty 
that still exists in the theory of the bromine oontinua. Mulliken ( 1936 ) has 
discussed the following alternative assignments of various electronic tran- 
Hitious to the A and B components of the absorption : 

(1) A: mixture and . 

B: 

Coupling; Q-a. 



244 R. G. Aickin, N. S. Bayliss and A. L. G. Rees 

( 2 ) A : 

B: mixture of and 

Coupling; approaching A—B. 

He regards (!) as more probable on general grounds, the main evidence 
against it being that of the Franck-Condon principle. The transition to */7„ 
is thought to lie at slightly higher frequencies than that to Explana¬ 

tion ( 1 ) is in accord with our interpretation of the displacement of the 
A maximum in non-aqueous solvents. The effect of solvents on the in¬ 
tensities of A and B is interpreted as showing that the transition prob¬ 
abilities are affected in the decreasing order 

( 2 ) receives its greatest supi)ort from the Franck-Condon principle 
(Darbyshire 1937 ; Bayliss 1937 ). The A maximum is considered to be 
single, and the displacement of the maximum must be due to displacement 
of potential energy curves as discussed by Scheibe. Our results would then 
indicate that solvents have a greater influence on the transition 

than on the transitions. But (2) corresponds to :ii^uming a 

coupling that approaches A—X, where inter-system transitions are for¬ 
bidden, Under these circumstances, one would expect the “forbidden” 
transitions to be more affected by the perturbing influence of 

solvents than which is the reverse of the experimental observa¬ 

tion. The phenomena in solution thus seem to favour (1) the correct 
interpretation of the continua. Although the Franck-Condon evidence in 
favour of ( 2 ) is strong, it is however based on the assumption that the 
Morse curve of the ^Ho+u state of bromine is correct up to high vibrational 
quantum numbers. 

The large displacement of the absorption in aqueous solution must be 
interpreted according to Scheibe ( 1937 ). It will be noticed (fig. 1) that the 
absorption as a whole htis been broadened, and that the individuality of the 
B component has been lost. The A component has been increased little in 
intensity, and it is difficult to say whether the intensity of B has been 
decreased, or whether it has been merged in .4 by virtue of a greater dis¬ 
placement towards higher frequencies. Aqueous solutions of bromine recall 
the phenomena that have been observed in aqueous and alcoholic solutions 
of iodine, where a large displacement of the maximum towards the ultra¬ 
violet is accompanied by an actual decrease in the intensity (Getman 192 S; 
Groh and Papp 1930 ). 
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Summary 

The visible and ultra-violet absorption spectrum of bromine has been 
investigated in the following solvents: water (2N sulphuric acid), oyolo- 
liexane, chloroform, carbon tetrachloride, benzene, chlorobenzene, toluene. 

The weak ultra-violet absorption of gaseous bromine is enormously en¬ 
hanced in solution, particularly by the aromatic solvents. The smallest 
effect occurs in carbon tetrachloride, where considerable deviations from 
Beer’s law were found. Absorption maxima in the ultra-violet were found 
at 25(X) A in cyclohexane, at 2726 A in chloroform, and in the neighbour¬ 
hood of 2960 A in the aromatic solvents. 

In the region of the visible continuum, the non-aqueous solvents cause a 
marked increase in absorption intensity combined with a zero or small shift 
of the maximum towards the ultra-violet. Water causes a large displacement 
(1750 cm.“^) of the maximum to higher frequencies; but only a very small 
increase in intensity. If the A component of the visible continuum is com¬ 
plex, the displacement of the maximum in non-aqueous solvents can be 
interpreted as due to a greaters olvent effect on than on 

- The transition is less affected still. Difficulty is found in 

interpreting the observations if the B continuum is complex and A simple. 
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The development of the spark discharge. II 

By T. E. Allibone, D.Sc., Ph.D. and J. M. Meek, M.Eno. 

{Communimitd by S, JR, Milner, F,R.S,—Received 26 August 1938) 

[Plates 10-16] 

L Introduction 

All account has already been given of observations made with a rotating- 
film camera in the study of the electric spark in air at atmospheric 
pressure (Allibone and Meek 1938; Allibonc 1938). The object of the present 
paper is to extend the previous results, and in particular to describe the 
development of the spark in air at reduced pressures, viz. from 76 to 
0-3 cm. Hg. The high-speed cathode-ray oscillograph has been used in 
conjunction with the rotating camera to enable voltage and current 
oscillograms to be made. Various phenomena, previously o)[)served by 
oscillographic methods only, have now been shown to be associated with 
definite processes in the discharge mechanism. 


2. Apparatus and tbchniquhj 

The general features of the apparatus used in the present work are no 
different from those previously described (Allibone and Meek 1938;* 
referred to later as (I)). The same 2000 kV impulse generator has been used 
throughout the experiments, though for the low-pressure work only two 
of the twelve stages of condensers were used; these had a series capacitance 
of 0'06/iF and gave a maximum output voltage of 330 kV. One terminal of 
the generator was connected to the discharge gap through series resistances 
of different values; the other terminal, together with one electrode of the 
discharge gaj), were earthed. 

The high-voltage electrode used in the experiments at atmospheric 
pressure consisted of a brass rod 1 cm. in diameter with a point tai)ered 
to a cone of 3ff\ This electrode was suspended vertically over a plane 
earthed electrode at heights varying from 25 to 200 cm. The plane electrode 
(240 X 240 cm.) was of sufficient extent to prevent discharges terminating 
at its edge. 

* Erratum in Paj^er I: pagt^ 123. Table I, column 2. Time-lags for gap lengths 
of a alx)vo 26 cm. Hhould hi' x 10^* sec. 
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In the experiments at reduced pressures the discharge gap was mounted 
in a glass cylinder 37 cm. internal diameter and 100 cm. in length. One 
end was sealed by a bakelite board, 1 in. thick, the other end by a steel 
plate; the chamber was evacuated by a rotary oil pump and the pressure 
was recorded on a mercury manometer. The high-voltage electrode con¬ 
sisted of a brass rod, J in. in diameter, with a steel tip in the form of a 30"^ 
cone; this electrode, suspended from the bakelite board, projected 28 cm. 
into the cylinder coaxially, so that the development of the discharge from 
the electrode tip is unlikely to have been influenced by any discharge over 
the surface of the bakelite. With regard to the earthed electrode, it had 
been the authors’ intention to use a plane in order to obtain complete 
dissimilarity between the electrodes. It was found, however, that for the 
selected gap of 50 cm. the negative discharge frequently terminated on the 
edge of the plane and also took place over the inner surface of the glass 
cylinder in the vicinity of the plane even though the edge of the jdane was 
turned to a radius of 5 cm. A short pointed steel rod 1 cm. long placed in 
the centre of the earthed electrode had the effect of concentrating the 
negative discharges on to its tip and almost eliminated sparkover on the 
surface of the glass, whilst it had no appreciable effect on the behaviour 
of the positive discharge. One half of the inside surface of the glass 
cylinder was covered with black paper in order to prevent confusion of the 
photographs of the discharge due to reflexion from this surface. The air 
ill the chamber was frequently changed, so that the character of the 
discharge would not be affected by change in gas composition. 

The rotating-film camera described in the previous paper (I) was again 
used in the experiments; the only alteration was the introduction of a 
new quartz-rocksalt lens (//4-6: focal length 12 cm.) which considerably 
enhanced the quality of the photographs. The special value of the trans¬ 
mission of the far ultra-violet radiations by this lens was of course lost in 
the low-pressure experiments as a glass tank had to be used. 

Records of the voltage applied to the discharge gap, and also of the 
current in the discharge, were obtained by means of a high-speed cathode- 
ray oscillograph. In some cases a capacitance potential divider was con¬ 
nected in parallel with the discharge gap and coupled to the oscillograph. 
In other oases the voltage applied to the oscillograph was derived from 
antenna arranged close to the high-voltage electrode. This antenna was 
carefully shielded from the earthed electrode to reduce the influence of 
uf>ward-developing streamers on the recorded voltage. The latter method 
admittedly less accurate than the former method so far as the volt* 
ordinate is concerned, but the use of a condenser potential divider 
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ooDBiderably modifies the wave^front of the applied voltage when the series 
resistance is large and is therefore undesirable. The current in the discharge 
was measured by connecting the lower electrode to earth through a non- 
inductive resistance, the value of which was sufficient to enable the voltage 
developed across it to be applied directly to the oscillograph. 

3, GKNEHAn OESCBiraiON OF RBOOBDS 

The nomenclature described in the previous paper (I) has again been 
adopted to describe the different processes in the development of the 
discharge. The stepped leader process already observed has been found to 
be accentuated w hen the discharge takes place in air at less than atmo- 
8 j>heric pressure, with a resultant decrease in the speed at which the 
envelope of the tips of the individual leaders progresses. Neither the speed 
of the main stroke, nor that of the leader stroke traversing a pre-ionized 
path, has yet been measured but is known to be in excess of 3 x 10® cm./sec. 
(I). Thus in the analysis of the photographs the midn stroke is again used 
as the basis for the measurement of leader stroke velocity. 

In all the illustrations of the discharges the high-voltage electrode is at 
the top, and the earthed electrode at the bottom, the leader stroke appears 
on the left, the main stroke on the right. The oscillograms given in the text 
are printed with their time axes from left to right to correspond to the 
photographs of the sparks: a zero line is given for reference, apd the natural 
period of the timing wave is given on each record. The spacing d in cm. 
between the electrodes, the circuit resistance R in ohms, the pressme P 
in cm. Hg. and, where relevant, the height p of the earthed point above 
the earthed plane are given on each photograph. In all the records the 
minimum voltage required to cause sparkover was used (unless otherwise 
stated). 

As there is such a very marked difference between the discharges when 
the polarity of the high-voltage electrode is changed, detailed description 
of the results will be separated into two categories, positive and negative 
discharges, each being subdivided into sections, atmospheric and sub- 
atmospheric pressures. 


4. The positive discharge 
(a) Atmospheric pressure 

Considerable attention has already been given to the positive discharge 
(I) and relatively little can be added to the previous details. However, as the 
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technique of voltage measurement involved the use of a condenser voltage 
divider placed across the gap, the effect of the presence of this divider on 
the development of the discharge has been investigated. It will be realised 
that the capacitance C in parallel with the gap cannot be altered without 
at the same time altering the rate of rise of applied voltage unless the 
series resistance is also altered by a proportionate amount. Experiments 
were therefore made with varying values of C with the same value of R, 
and then with different values of R keeping CR approximately constant. 
The results can be expressed in the following manner: 

(a) Addition of capacitance increases the thickness of the photographic 
record of the main stroke, i.e. the current in the stroke is greater. 

(b) Addition of capacitance in so far as it is accompanied by a greater 
value of CR increases the number of stepped leader strokes—these steps 
begin to occur on the rising front of the voltage wave. 

(c) Addition of resistance in so far as it is accompanied by a greater 
value of CR increases the number of stepped leader strokes as in (6) 
above: note when C is very small and R is large the current in the leader 
stroke causes a drop in the terminal voltage and the voltage waveform 
takes on a ‘‘saw-tooth’’ appearance, 

(D) Addition of capacitance, keeping CR constant, increases the current 
flowing in the final stepped leader stroke, and the current is maintained 
at that higher value until the main stroke occurs. In the limit as R reaches 
low values the whole picture is too blurred by halation from the main 
stroke to enable deductions to be made. 

Records illustrating the above are given in fig. 1, Plate 10, for a gap of 
100 cm. (a) with a resistance of 100,000 ohms, and capacitances of 10, 200 
and 5000 and (6) with a capacitance of 10//./^F, and resistances of 10 , 000 , 
100,000 and 1,000,000 ohms. In fig. 1 (a) series, the wave-front of the 
af)plied voltage was approximately 2/«sec. for the first record (i), and it will 
be observed that a single leader stroke traverses the whole gap in 46 /i 8 ec., 
and is then followed by the main stroke: no partial discharges precede 
this leader stroke, which has a final velocity of 2»5 x 10* cm./sec. In the 
Hceond record (ii) the wave-front was approximately 50 /tsec., and during 
this time several stepped leader strokes develop before the final leader 
stroke traverses the gap. This leader stroke, which is initiated 13 /tsec. 
before the main stroke occurs, has a final velocity of 3*6 x 10® cm./sec. In 
tiio third record (iii) there are stepped leader strokes (not visible in the 
]>rinted record) for 140 /tsec. before the final leader stroke develops (this 
iH blurred by the main stroke). The main stroke is very heavy and is 
followed by multiple strokes which occur after a further 100 and 210 /iseo. 
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respectively. These multiple strokes are similar to those examined by 
Malan and C!ollens (1937) in the caae of the lightning flash. 

In the fig. 1 (6) series, the first record (i) shows a weak initial leader 
stroke followed by a strong leader the intensity of which is maintained 
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Fio. 2. Positive jwint olectode: earthed plane electrode. Drawing based on an 
original photograph of a discharge over a 100 cm. gap. /?= 100,000; C'=300. (A 
photograph of a similar discharge is given in fig. 1 (a) (ii).) 

until the main stroke occurs after 12 /isec. This latter leader stroke is 
strongly branched and the subsequent retracing of these branohes by the 
main stroke is most evident. The “final ’* velocity of the leader after it has 
traversed 76 % of the gap is 8-10« om./sec. The second record (ii) i* of 
course comparable with (i) of the first series: the leader traverses the whole 





































251. 


The development of the spark discharge 

gap in 46 /meo. with a final velocity of 2-6 x 10* cm./sec. In the third 
record (iii) four well-defined stepped leaders occur at intervals of 14, 22 
and 41 /tsec., the last develops nearly to the opposite electrode with a 
final velocity of 2-4 x 10* cm./sec. and meets a short negative leader 7 cm. 
above the earthed plane. The occurrence of this type of discharge was 
mentioned in (I) (p. 101 ), but no record was then available from which the 
sjjeed of the negative leader stroke could be measured: in this record the 
sj)eed is 2 X 10 * cm./sec. This upward developing leader is also branched. 

It will be seen from the above that the detailed formation of the leader 
stroke can be altered by changing the circuit constants; their effect on the 
speed of formation of the leader stroke has already been studied in (I). 

As mentioned above, the addition of capacitance increases the current 
and luminosity of the stepped leader stroke and details of the branching of 
the leader stroke are thereby enhanced. A number of records of discharges 
under these conditions exhibit the type of branching described by Schon- 
land, Malan and Collens ( 1935 , p. 598 ). These are illustrated in fig. 2 , a 
drawing of a discharge 100 cm. long, 100 , 000 , <7=200 /i/iF. The num¬ 
bers to the left of the leader stroke and its branches denote the times in 
microseconds subsequent to the initiation of the discharge. The branches 
A and B have ceased to develop, whereas the branch C is still developing 
when the main stroke occurs and follows the paths of each of the branches 
exactly as described for the lightning flash. 

( 6 ) Siibatmoapheric pressures 

Records of spark propagation have been taken with three different 
values of series resistance and at pressures from 76 cm. to 0*3 cm. Hg. 
The description of records will be made in order of increasing resistance. 
Fig. 3,Plate 11,gives representative records:a,jK = 700ohme;6,i2=10,000 
ohms; c, jK= 100,000 ohms: and in each group, (i) is at 40 cm. pressure, 
(ii) at 20 cm. pressure, (iii) at 10 cm. pressure, and (iv) at 6 cm. pressure. 

With low resistance, halation due to the main stroke obliterates the 
. loader stroke at atmospheric pressure: at 40 cm. pressure (fig. 3 (a) (i)) the 
leader stroke can just be distinguished; at 20 cm. pressure (fig. 3 (a) (ii)) 
stepped leader strokes become very pronounced on the principal channel 
and on the branches; at 10 cm. pressure (fig. 3 (a) (iii)) an ill-defined brush 
discharge from the anode is followed after very long time intervals (SO¬ 
TO (jme.) by isolated stepped leader strokes and finally, after about 
100 ^sec. the main discharge occurs; at 6 cm, pressure (fig. 3 (a) (iv)) the 
l>rush discharge from the anode becomes even more diffuse, and extends 
further towards the opposite electrode; its speed of development cannot be 
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measured on account of its lack of definition. It is accompanied by a small 
discharge at the cathode which may occur almost at the same instant as 
the start of the anode brush. A slow speed leader stroke then develops 
from the anode along the core of the diffuse brush discharge; the speed is 
estimated to be 2 x 10^ cm./sec. near the anode but increases as it meets 
the ascending brush discharge. The main stroke then follows. With series 
resistance of 10,000 ohms (fig. 3 (6)) the leader stroke and stepped leader 
strokes are well developed at 76 , 40 , 20, 10 and 5 cm. pressure. Record 
fig. 3 {b) (ii) very clearly shows the development of nine stepped leader 
strokes, each branched at their tips. The discharge paths at 5 cm. Hg 
(fig. 3 (6) (iv)) are not so diffuse as in fig. 3 (a) (iv), though each step be¬ 
comes ill-defined at its tip. With series resistance of 100,000 ohms (fig. 3 (c)) 
the step]:>ed leader strokes are very clearly defined at all pressures. 

At pressures lower than 5 cm. Hg records could only be taken for 
72 = 700 ohms, fig. 4 (a), Plate 12: and for 10,000, fig. 4 (6), Plate 12. 
For R— 100,0(K) ohms the discharge j^aths were too weak to be identified. 
Rotating camera records were taken at 2*6 and 1*0 cm. Hg and stationary 
camera lecords at 0 * 9 , 0*6 and 0*36 cm. Hg. The discharge paths are always 
diffuse at these pressures and the leader stroke travels a|)parently in a 
continuous and not a step-by-step method with a speed of about 2 x 10® 
cm./sec.: it is not branched. Rotating camera records of discharges at less 
than 1 cm. Hg were unintelligible on account of the diffuseness of the 
discharge. Three stationary camera records are given in fig. 6, for if *= 700 
ohms. At 0*36 cm. Hg a diffuse pink glow discharge spreads out from the 
anode to fill the chamber as shown in fig. 6 (u), Plate 12. A cathode dark 
space is evident, and also patches of light on the cathode due to positive- 
ion bombardment. With increase in pressure to 0*6 cm. Hg a certain 
concentration of the discharge into a central core is apparent as shown in 
fig. 6 (6), Plate 12, and this core is terminated at the anode by an intense 
streamer 6-10 cm. in length, whilst at the cathode the core appears to 
concentrate on several small tufts of discharge. The discharge at 0*9 cm. Hg 
as illustrated in fig. 6 (c), Plate 12, shows a streamer developing from the 
cathode in conjunction with the streamer from the anode; the whole chamber 
is filled with a pink glow, and a more concentrated column of glow discharge 
is seen to join the two streamers. For discharges at pressures lower than 
1 cm. Hg complete sparkover in the accepted sense did not occur with this 
polarity: an increase of applied voltage does not cause an increase in the 
length of the streamers beyond a certain value but only an increase in 
their intensity and in the intensity of the column of glow discharge joining 
their tips. 
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Fra. 6. Positive point electrode; earthed piano (p= 1 cm.) electrode. Curves relating 
the time interval between the initial positive loa<lor and main stroke with pressure 
for a 60 cm. discharge gap. 



Fig. 7, Positive point electrode; earthed plane (p=l cm.) electrode. Curves 
i^fating leader stroke velocity at 70 % gap length with pressure for a 60 cm. discharge 

gap. 
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It hae already been noted in (I) that the time interval between leader 
and main stroke increases with increasing value of circuit resistance: this 
feature persists down to very low pressures, and in addition the time 
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Fia. 9. Positive point electrode; earthed plane (p=: 1 om.) electrode. Drawing based 
on an original photograph of a discharge and the aynchronised voltage oacUlogrom. 
J*= 1(K),000: P= 10. 


intervals increase with diminishing pressure for any one value of series 
resistance. Curves for these time intervals are given in fig. 6 for two values 
of series resistance, 700 and 100,000 ohms. As the pressure is diminished 
the deviation of results from the mean values inoreases and may reach 




266- 


The development of the spark discharge 

50 % at pressures of a few om. Hg. Very many photographic iuid oscillo¬ 
graphic records were taken therefore to obtain representative values of the 
leader/main stroke time interval and there can be no doubt as to the 
reality of the maximum value of this interval as recorded in the lower curve; 
no explanation can be advanced for its occurrence. The variation of the 
velocity of the leader stroke with series resistance and gap length has also 
been discussed in (I). A further variation with pressure has been observed 



Fio. 10. Relation between minimunt sparkover voltage and pressure for a 50 om. 
discharge gap between a'high-voltage point and an earthed plane (p=l om.). 

and curves are given in fig. 7 which show a more or less linear increase of 
loader stroke velocity with increasing pressure. 

. The method of recording the voltage at the upper electrode by an 
antenna and an oscillograph is of course comparable with that used by 
Appleton and Chapman (1937) and by Schonland (1937). The sensitivity 
of the method has been increased since it was first used, (1), and with high 
Hcries resistance the variations of voltage at the terminal are seen to be 
quite large: they may amount to 20% for strong leader strokes. An ex¬ 
ample of such an oscillogram is shown in fig. 8, Plate 131 The time intervals 
I tetween successive stepped leader strokes are found to correspond with the 
times between voltage variations picked up on the antenna; a comparison 
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between one of these oscillograms and the synchronized photograph 
of the discharge is shown in fig. 9 for a series resistance of 100,000 ohms 
and a pressure of 10 cm. Under these conditions of resistance and 
pressure no continuous streamer can be observed to join the tips of the 
individual leader strokes. Calculations based on the observed voltage drop 
indicate that the current in the leader stroke is of the order of ^ amp.; the 
value increases with increasing pressure, and this is also confirmed by the 
increased intensity of the leader stroke at higher pressures. With series 
resistance of 10,000 and 1000 ohms the voltage variations are proportion¬ 
ately smaller. 

The voltage at which complete breakdown occurred was measured by a 
sphere gap connected in parallel with the discharge gap. The condenser 
potential divider was in circuit in these tests. It was found that the 
breakdown/pressure curve—given in fig. 10—did not agree with Paschen’s 
law at pressures below 40 cm. Hg. This divergence may be explained by the 
long time-lags of breakdown of the gap at low pressures, the lags (see 
fig. 6) being comparable with the time-to-half-value of the wavetail of the 
applied impulse (400 /isec.); the impulse voltages necessary to cause 
breakdown are therefore higher than the A.C. or D.C. voltages with which 
Paschen’s law has hitherto been investigated, the '‘impulse ratio” there¬ 
fore increases with diminishing pressut^e. 

6. The negative dischaeob 
(a) Atmospheric pressure 

In the previous paper (I) the discharge from a negative high-voltage 
point to an earthed plane has been studied for gaps no larger than 70 cm. 
It was however decided to study the point/plane discharge over os large 
an electrode spacing as possible to see whether the height of the junction 
point of the negative and positive leaders varied with gap length and 
series resistance. The resistance was varied down to a value at which the 
leader stroke w as rendered invisible by halation of the main stroke. 

It was found that the height of the junction point above the earthed 
plane expressed as a percentage of the electrode spacing decreased with 
increase of gap length for otherwise identical conditions. The height of the 
junction point varied from 56 % of the gap length for a 26 om. gap to 
32 % of the gap length for a 160 om. gap for J? =« 100,000. The height of the 
junction point was also found to decrease with a decrease in series resist¬ 
ance. For a 60 cm. gap it varied from 63 % of the gap length for B « 260,000 
to 44 % of the gap length for JB« 13 , 000 . The fact that the height of the 



The development of the spark discharge 257 

junction point of the positive and negative leader strokes expressed as a 
percentage of the gap length diminishes with increasing gap length and 
decreasing circuit resistance offers a possible explanation of the observed 
fact that photographs of the negative lightning flash to ground seldom show 
an upward directed positive leader stroke rising to meet the negative 
leader stroke. 



Kio. 11. Negativo point electrode: earthed plane electrode. Curves relating the time 
inferv'al betw<»en the initial negative leader and main stroke with gap length for 
different series resistances. 

Further study of the negative discharge over the point/plane gap has 
‘onfirmed the work previously reported and now curves for different 
resistances can be given showing the variation with gap length of the t.im.:. 
interval between the initiation of the first negative leader stroke and the 
eccurrenoe of the main stroke. Average values of these time-intervals 
'lerived from a number of photographs are given in fig. 11. The curves 
sliow an increase of the time interval with gap length and with resistance. 
I’he fact that the points do not lie on a uniform curve is due to the wide 
variation in time interval which may occur, even under identical con- 
'litions. The variation may be as great aa 60%, but it is offset to some 
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extent by plotting average values only. The increase of the time interval 
between the first negative discharge and the main stroke witl\ increasing 
series resistance can be ascribed—as in the foregoing section on the 
positive discharge—to the increased time to maximum value of the 
voltage wave, and to the variation of terminal voltage due to current in 
the discharge when the resistance is very high. 



Fk). 12. Negative {>oint electrode: <»rthed plane electrode. Curves relating the 
time interval between the initiation of the positive upward-developing leader and 
the main stroke with gap length for different series rosiatanoes. 

As previously stated the upward-growing positive leader is generally 
initiated at the same instant as the final negative leader. Variation of the 
time interval between the positive leader and the main stroke with gap 
length and series resistance is shown in fig. 12. 

A number of interesting new features of the negative discharge have 
been observed. In the vicinity of the cathode the discharge often takes 
the form of thin concentrated filaments some inches in length branched 
in either direction. Such streamers may be clearly seen on the left of the 
main spark shown in fig. 13 (o), Plate 13, where they sometimes inter¬ 
mingle with branches from the upward-developing positive leader stroke. 
They may be likened to the mid-gap streamers described by Dunningtoo 
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( 1931 ) and to the concentrated filaments which frequently appear in the 
negative Liohtenberg figures. In fig, 13 ( 6 ), Plate 13, a diffuse discharge 
at the cathode becomes concentrated into one of these filaments a few 
inches away from the cathode and 7 /tsec. later a second negative leader 
stroke follows over the track of the concentrated filament but its connexion 
to the cathode is over an irregular track. 

A photograph of a discharge in which corona and not a complete spark 
took place is shown in fig. 13 (c), Plate 13. The stepj^d leader process is 
present at the cathode, while two mid-gap streamers can be clearly seen 
with their axes collinear and branched in the direction of the cathode. 
A long branch also extends from the lower mid-gap streamer towards the 
anode for about 80 % of the gap length. 

Another interesting though infrequent j)henomenon associated with the 
negative leader stroke is the appearance of an upward-growing positive 
type leader in the downward-growing negative leader mechanism. A dis¬ 
charge in which such a leader stroke foimation is present is shown in 
fig. 14 (drawn from a photograph) whore a positive leader branching up¬ 
wards can be seen although the general branching of the discharge in this 
vicinity is downwards. The path traced out by the positive leader is 
followed in detail by a subsequent negative leader. Although the speed of 
the positive leader is too fast to be measured by the present camera for 
the first few cm. of its path, yet over the last 6 cm. it travels at a speed of 
3x 10 ® cm./sec. No explanation can yet be provided for the appearance 
of this positive type leader in the vicinity where it is found. 

Variation of series resistance causes an interesting change in the 
mechanism of the discharge for short point-plane gaps of the order of 
25 cm. For resistances up to about 500,000 ohms there is no change in 
the normal leader mechanism, i.e. negative and positive leaders meet in 
mid-gap. However, with higher values of resistance the normal positive 
leader does not develop directly from the plane. A small brush discharge 
from the cathode is accompanied by a long upward-growing brush discharge 
from the earthed plane, while from out of this latter discharge, at about 
s cm. above the plane, a leader stroke of the normal positive type develops 
to meet a negative leader stroke near the cathode, after which the main 
stroke occurs. Such a discharge is shown in fig. 16 (a), Plate 14, for a 

< irouit resistance of 600,000 ohms and the time-interval between the brush 
discharge and the main stroke is 2»6 /^seo. Further increase in the series 
resistance, to 2 megohms, causes an increase in the height at which the 
normal positive leader develops from the brush discharge, and in some 

< ases no such positive leader is evident, but the main stroke takes place 



in a line patalM to the axes of the original brush discharges, as seen in 
fig. 15 (5), Plate 14. This long brush discharge is a feature of the positive 
discharge from plane-type electrodes: it was referred to in the previous 
paper (I) for sphere/sphere electrodes but it was not then appreciated that 
the extent of the brush discharge was a function of the circuit resistance« 
Recently this same type of positive discharge was seen from the spherical 
terminal of a very low powered van de GraalF-type electrostatic generator* 
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Fio. 14. Negative point electrode: earthed plane electrode. Drawing bae^ on an 
ongmal photograph to illustrate an upward-developing positive leader in the down¬ 
ward-developing negative leader-stroke mechanism. (The jtmotion p<^t of the 
negative leader and the main positive leader from the earthed plane is at ,7b mn. 
from the high-voitago point. Total gap-length is 125 cm.) 
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(*) (ii) (iii) 

10. 1 . Positive point eleiJtrode: eitHlied plane eleetrode. (a) H= UH».(.KM»; (i) (’= 10 ; 
' ) C’ = 200: (iii) f'= .ijOOO, (},) c~ 10; (i) {{- lO.OOO; (ii) /<= 100,000; (iii) A*= 1,000.00. 
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Fio. 3. Positivo point altictrodo: oarthed plane (/)=! cm.) electrode, (o) i?—700; 
(b) i;= 10,000; (c) A*= 100,000. (i) P=40; (ii) A = 20; (iii) P= 10; (iv) P = b. 





Allihone and Meek 


Proc. Roy. Roc. A, vol. 169, PUite 12 




(o) (b) (C) 

Fio. 6. Positive point electrode: earthed plane (p= 1 cm.) olcotrodo. 
“Still” photographs. i?=700. (a) P = 0-36; (&)P = 0-6; (c)P = 0 0. 
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(a) (c) 

Fig. 13. Negative point electrode: earthed plane electrode, (o) d= 100; J? = 600,00(). 
(6) deSO; i{=: 600,000. (r:) d=100; !{=: 460,000 (corona discharge shown for 40% 
gap)- 
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(a) (6) 

Fi(i. 15, Negative point eloctrodo: oartiied plane ('lootrode. 
(«) d“25; (h) f/"- 25; 7?- 2,000,000. 



(«) (h) 

Fig. 17. Negative jioint electrode: earthc'd plane (/>=s I cm.) electrode, 
(e) 7^= 10,000; 7"~2 r>. (5) /i*=:700: 7^=:! J. 



(a) (6) (c) 

Fig, 18. Negative point electrode: earthed plane ( 7 ) 5=1 cm.) electrode. 
“Still ** photographs. P = 0*35. 
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Pro. 16. Negative point electrode: earthed plane (p= 1 cm.) electrode, (a) it = 700; 
(6) R= 10,000; (c) R= 100,000. (i) P=30; (ii) />=20; (iii) /'= 10; (iv) /’ = 5. 
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Ki(i. 20. \t'^iUi\r poin! el(*ofrocio: jiliino I c*n>.) f'loctroflo. Voltugt* 

OHeillograni. 7/— 100,0(K): iO. {Tiiniiig fiHcillation 1 eyclo j>rr 4 //hoc.) 



22. Nt'galivo jxani olootnnU': oartluHi j>lano mn.) oloctrotlo. Curront 

oHciilograni. /»*= 100,000: J9. {Timing uscillatioio I ovcU* pt^r K //nt'C.) 



^^ 10 . 23. Positive point olectrodo: earthed piano electrode. 100,000; P=5, 






(6) Svhaitmaphenc preMwres 

The negative discharge has been investigated at pressures frcm 76 to 
0*3 cm. Hg. Representative records for three different lesistanoes axe 
grouped in fig. 16, Plate 16: o, if«=700 ohms; 6, R* 10,000 ohms; c, 
iija= 100,000 ohms; while each group is divided into four pressures: 
(i) 30 cm. Hg; (ii) 20 cm. Hg; (iii) 10 cm. Hg; (iv) 6 cm. Hg. 

With low resistance, as in the case of the positive discharge, leader 
strokes cannot be distinguished at atmospheric pressure due to halation 
caused by the main stroke. However, they are clearly visible at pressures 
below 30 cm. Hg, when both positive and negative leaders can be seen to 
meet in the upper mid-gap region. The height of the junction point in¬ 
creases with decrease in pressure. With the two higher resistances the 
stepped development of leader strokes is well defined, but there appears 
to be no fundamental difference in the mechanism of the discharge for all 
tliree pressures. The method of development of the leader strokes is most 
clearly seen in fig. 16 (c) (ii), Plate 15. Four brush discharges at the cathode 
are accompanied by four upgrowing positive leader strokes from the fmode. 
No difference can be observed in the times of occurrence of these positive 
leader strokes and the corresponding negative discharges. A camera of 
higher resolving power might reveal such a difference, but at present it 
cannot be stated whether the positive leader is a consequence of the brush 
discharge appearing at the cathode, or whether the latter is produced as 
a result of the field distortion caused by the development of the positive 
leader. The last of the negative brush discharges takes the form of a leader 
stroke some 2 cm. in length: the lengths of the positive leaders are approxi¬ 
mately 11, 16, 32 and 40 cm.—no continuous streamer can be observed to 
join their tips. Each of the positive leader strokes fofiows the track ionized 
by the previous leader, after which it develops into virgin air; each leader 
is strongly branched at its tip. The discontinuous nature of the develop¬ 
ment—seen at 10 cm. pressure—^is not so apparent when the pressure is 
raised to 40 cm. Here the successive steps are so close that their tips appear 
to form a continuous streamer, but with a camera of higher resolving power 
it is probable that a discontinuous development would be observed. 

At 6 cm. pressure the stepped development of the positive leader stroke 
becomes less apparent for all three resistances; however, in all oases the 
first long brush discharge is seen to accompany a short brush disoharge 
at the cathode. An elongated column of dkoharge, apparently the junction- 
point of the positive and negative leadmv, can be seen near the cathode; 
fbis colunm becomes more pronounced at still lower pressures. At 2r6 <a». 
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Hg the discharge—shown in ftg. 17 (a), Plate 14—becomes much more 
diffuse and at 1 cm. Hg, fig. 17 (6), Plate 14, the upward developing leader 
is almost identical with the {xjsitive leader shown in fig. 4 (o) (ii): its speed 
is about 2 x 1()^ cm./sec., and it is continuous and not stepped. It merges 
into a very elongated column of discharge from the cathode. The stationary 
camera records given in fig. 18, Plate 14, for a pressure of 0*34 cm. Hg and 
for a range of applied voltages show that as the voltage is increased the 
central bright core to the diffuse glow discharge increases in length from 
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Fig. 19. Negative point electiwle: earthed plane (p=l cm.) eleoti^e. Curves 
relating the time interval between the initiation of the negative leader stroke and 
the main stroke with pressure for different series resistances. 

the anode upwards. There is intense luminosity around the cathode point, 
and there is a dark space adjacent to it. With further increase of voltage 
sparkover can take place, unlike the positive discharge at the corre¬ 
sponding pressure. Further study with the rotating camera will be neces¬ 
sary to elucidate the progress of the discharge at veiy low pressures. 

The variation with pressure and resistance of the time interval between 
the initiation of the negative leader and the main stroke is shown in 
fig. 19, the curves are generally similar to those in fig. 6 for the positive 
discharge. At all pressures up to atmospheric the time intervals for the 
negative discharge are smaller than those for the positive disohaa^; * 
probable reason for this is that the negative discharge never traverses the 
whole gap but is met by an ascending positive leader from the esa^thed 
electrode. 
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The development of the spark discharge 

A wide variation in voltage at the cathode occurs for high resistances 
when the pressure is low; a typical oscillogram of the voltage recorded on 
an antenna is shown in fig. 20, Plate 16. The variation in voltage is more 
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Flo. 21. Negative point electrode: earthed plane (p=l cm.) electrode. Drawing 
based on an original photograph of a dischiirge and the synchronized voltage oscillo¬ 
gram. 100,000; 10. 


[ironounoed than for the positive discharge, a fact which has previously 
been observed at atmospheric pressure (I). Calculations based on the 
measured voltage drop show that the current which flows on the occurrence 
of the second step in the oscillogram must be of the order of J amp. The 
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voltage fluctuations with series resistance of 10,000 and 1000 ohms are 
correspondingly smaller. An analysis of a photograph of a discharge 
together with the synchronized voltage oscillogram is given in fig. 21. 
The sudden drops in voltage are seen to correspond closely with the steps 
in the leader stroke development. 

In the earlier paper (1) oscillograms of the ciurent flowing to the earthed 
electrode were synchronized with photographs of the discharge in air at 
atmospheric pressure, and steps in the positive leader stroke were found 
to correspond to peak values of the current. The accentuation of the 
stepped nature of the positive leader development when the pressure is 
reduced causes the variation in the current to be more pronounced, and a 
current oscillogram at 18 cm. pressure is given in fig. 22, Plate 16. Subse¬ 
quent to a |>eriod of 11 /^sec. in which no current flows the leader stroke is 
initiated; the main stroke occurs after a further 36 /^sec. during which 
time there are a number of peak values of ourrent corresponding to the 
various steps in the leader stroke. 

As in the case of the positive discharge a curve has been obtained to 
show the variation in the breakdown voltage of the discharge gap with 
pressure. Due to the frequent sparkover along the glass surface, par¬ 
ticularly at higher pressures, the curve cannot be considered as accurate 
as that for the positive discharge. The curve—given in fig. lO—shows a 
similar deviation from Paschen’s law to that observed for the positive 
discharge ; this deviation may again l>e ascribed to the long time-lags to 
breakdown at the lower pressures. 

6. DiSOtrSSION OF EESXTIiTS 

The further work reported in this paper on the development of the spark 
at atmospheric pressures confirms the observations given in (I) aa regards 
the major differences between the positive and the negative spark dis¬ 
charge. Even for the longest gap (160 cm. breakdown voltage«= 1600 kV) 
for which records are available the negative discharge from a point elec¬ 
trode is always met by an ascending positive leader stroke from the earthed 
plane and the length of this leader is not less than 30 % of the gap. In the 
case of the positive discharge tlie positive leader stroke is only infrequently 
met by an ascending negative leader stroke: the leader stroke of the 
positive discharge often splits into two main branches as it approaches the 
earthed plane but this branching is not necessarily caused by an ascending 
negative leader. The root-branching” of the lightning flash referred to 
by Schonland and others (1935) and Sohonland (1938) does not appear 
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therefore to afford proof of the existence, before the main flash, of an 
upward-developing leader stroke. 

The Bubatmospherio discharges afford assistance in the interpretation 
of the discharges at atmospheric pressure. The leader-stroke/main-stroke 
mechanism persists at least down to 5 cm. Hg with the same general 
distinction between positive and negative tyj^es of discharge. The in¬ 
dividual stepped leader strokes liecome more sharply defined and more 
widely separated in time as the pressure is reduced (down to 10 cm. Hg). 
The positive leader strokes (whether downward or upward directed) at 
low' pressures are seen to consist of a number of individual stepped leader 
strokes disconnected from one another; each stroke travels rapidly over 
a pre-ionized track and then more slowly through virgin air. A good 
example of this is given in fig. 23 , Plate 16 , where each step terminates 
as a fine tuft. At higher pressures the close proximity in time of the stepped 
leader strokes gives the impression of the pilot streamer referred to in (I) 
but, as stated previously, a camera of higher resolving power might show 
that the development of the discharge at atmospheric pressure was also 
discontinuous. The negative leader strokes at low pressures are shorter 
than at atmospheric pressure: at 10 cm. Hg they are little more than tufts 
of discharge 1 or 2 cm. in length disconnected from each other as at atmo¬ 
spheric pressure. At low pressures therefore the positive leader pre¬ 
dominates to an oven greater extent than at atmospheric pressure. 

The mechanism of the spark has been investigated oscillographically by 
Rogowski, Flegler and Tamm (1927); Tamm (1928); Rogowski and Tamm 
(1928); Krug (1932) and Kohler (1936), using impulse voltages. Rogowski 
and others (1927) showed that the breakdown process between parallel 
plate electrodes took place in two stages, the voltage first collapsed from 
maximum value to about half that value, remained at about that value 
for a short time (some tenths of a microsecond) and then collapsed to zero. 
Tamm (1928) showed that this effect occurred at all pressures from 76 
to 18 cm. Hg between parallel plate electrodes 1-4 mm. spacing. At very 
low pressures ( 0*7 cm.) the second stage of the breakdown process did not 
occur and it was noted that only a glow discharge took place, not a sharply 
defined spark. In air the step in the voltage coUapse was not observed 
for breakdown in inhomogeneous fields. Rogowski and Tamm (1928) 
showed photographs of the glow discharge at various stages of development 
(at 4 cm. Hg between parallel plate electrodes) and they identified the 
Btart of the glow discharge with the first step in the Voltage collapse: they 
noted that the next stage in the spark development started at the anode 
with the formation of a concentrated spark and this finally resulted in the 
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complete voltage collapse. Krug (1932) observed the voltage step for 
breakdown in inhomogeneous fields, viz. between point/plane and sphere/ 
plane electrodes. These exi)eriments were made with electrode spaoings of 
up to 10 cm., 80 kV. Kohler (1936) showed how the duration of the voltage 
step in the breakdown process varied with pressure and took oscillograms 
of the current in the discharge as well as of the voltage between electrodes: 
he obtained steps only with homogeneous fieldif, not with inhomogeneous 
fields. 

No previous observations seem to have been made with the rotating 
camera in combination with the oscillograph, so that no definite correlation 
between the voltage steps and the development of the luminous discharge 
has been made. It appears from the present work that aU the sudden 
discontinuities in the oscillograms of the voltage across the gap may be 
ascribed to the development of stepped leader strokes, i.e. the momentary 
voltage drop at the onset of each leader is the product of the circuit resist¬ 
ance and the leader-stroke current. Whore the resistance in circuit is 
small the voltage steps may not be perceptible on the oscillograms: 
conversely they may be greatly accentuated by increasing the series 
resistance to high values as in fig. 8. The magnitude of the leader stroke 
currents appears to be of the order of one ampere in the present series of 
tests and also in the records of Rogowski and others where voltages of only 
1-6 kV were used; to obtain good oscillograms of the step in the voltage 
collapse therefore the optimum value of circuit resistance should be 
increased linearly with the applied voltage.* The early predisoharges carry 
smaller currents than the leader strokes which just precede the main stroke 
but they can be observed in the current oscillograms, and, with adequate 
series resistance, their occurrence can be identified in the voltage oscillo¬ 
grams. The duration of the voltage steps increases as the pressure is reduced 
to 5 cm. Hg, thereafter, for lower pressures, the duration diminishes as 
shown in figs. 6 and 19 . The curves down to 5 cm. Hg are similar to those 
of Kohler (1936) for very small gaps and homogeneous fields. Below 6 cm. 
pressure the sharply defined positive and negative leader strokes become 
more diffuse, and at 1 cm. pressure the discharge corresponds to the glow 
discharge described by Tamm (1928). It is important to note that for 
large gaps, the discharge at low pressures develops from the positive 

* In impulse voltage circuits it is customary to introduce sufficient resistance to 
make the circuits aperiodic, the value of this resistance is frequently of the order of 
some hundreds of ohms irrespective of the voltage of the circuit in which it is used. 
Whilst this value may be sidficient to accentuate the voltage steps on osoillogranw 
of breakdown of very small gaj^s (as employed by Rogowski and others) a much 
higher value is in general necessary for large gaps. 
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electrode exactly as Bogowski and Tamm (1928) had described for very 
small gaps. 

Flegler (1937) has studied the development of the discharge at low 
pressures by means of the cloud chamber, and determined three main 
stages in the breakdown process: (a) preliminary stage of very weak 
illumination, generally only detectable as a fog in the chamber and some¬ 
times by small irregularities of the voltage wave; (6) appearance of bright 
luminosity in.a few channels, accompanied by the Rogowski “step*’ in 
the voltage wave ; (c) complete sparkover and collapse of voltage. These 
three stages are confirmed in the present work, but the first stage is shown 
to be essentially similar to the second stage, and differs from it only as 
regards the magnitude of the current carried by the various predischarges. 

The deviation from Paschen’s law is not considered to be important. 
Kohler (1936) showed that Paschen’s law held for power-frequency voltages 
and impulse voltages of a variety of waveshapes for pressures down to 
10 cm. Hg, between spheres. The time to breakdown was small compared 
with the duration of the wave-tail of the impulse voltage. For point/plane 
electrodes the time to breakdown becomes so large at low pressures that 
impulse voltages higher than the static breakdown voltage have naturally 
to be applied. 

Although the cause of the steps in the oscillogram of the breakdown 
process are now fully explained there is as yet no explanation of the 
variation of the duration of these with pressure. Since the critical break¬ 
down field varies with pressure, and the mean free path varies inversely as 
pressure, the leader stroke velocity should not depend on pressure. A 
possible explanation for the slower velocity of the leader is that the density 
of photoelectrons ahead of the streamer diminishes with pressure, and, as 
Cravath and Loeb (1935) have shown, the velocity may depend on the 
density of primary electrons ahead of the streamer. 

At low pressures the discharge develops almost entirely from the anode, 
A suggested explanation of this is that as the pressure is reduced the 
. voltage gradient at the electrodes diminishes and, since the leader stroke 
ctirrent does not vary greatly with pressure, the cloud of positive ions 
formed at the cathode when a leader develops has a proportionately 
greater influence on the gradient ahead of this leader: this restricts the 
development of the negative leader as discussed in (I) (p. 125 ), and the 
completion of the breakdown process is left to the positive leader stroke. 

The further study of the effect of resistance on the velocity of propaga¬ 
tion of leader strokes reported here indicates the importance of this as a 
factor in discharge development. It is difficult to see how to make full use 
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of this in studying the lightning flash but inasmuch as clouds have not 
the properties of metallic conductors it is reasonable to ascribe different 
leader-stroke velocities to differently charged clouds as previously suggested 
(Allibone 1938). 

The authors with to express their thanks to Mr G. J. Scoles, M.Eng,, 
for checking some of the oscillographic observations, and to Dr A. P. M. 
Fleming, Director and Manager of Research and Education 

Departments, Metropolitan-Vickers Electrical Co., Ltd., for permission to 
publish this paper. 
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The excitation of 7 -radiation in processes of proton 
capture by light elements 

By S. C. Curran, St John's College, P. I. Dee, Sidney Smsex College, 

AND V. PETEifLKA 

{Communicated by J. Z>. Cockcroft, F,jR,S,—Received 10 September 1938 ) 

1. Introduction 

In this paper the results of an investigation of the y-radiations emitted 
in the process of proton capture by the four light elements, beryllium, 
boron, carbon and fluorine, are presented. 

The intensities of the capture radiation for different energies of the incident 
protons have been determined from the numbers of coincidences produced 
in a pair of Geiger-Mueller counters. The high sensitivity and low natural 
effect of this arrangement render it very suitable for the detection of 
resonance effects of low intensity. Moreover, such weak* resonances could 
be separated from more pronounced ones by the use of very thin targets 
from which the 3rield of y-radiation was relatively low. By this method the 
excitation curves of the y*ray emission have been determined up to an 
energy of the incident protons of 10® eV, and new resonances have been 
found for each of the above elements. 

Measurements of the quantum energy of the emitted y-radiation have 
been made for each of the four elements. 

It has been possible, by analysis of the experimental data, to distinguish 
between the effects of proton capture by the constituent isotopes in the 
case of boron and of carbon. 

In the case of carbon the yield of y-quanta per incident proton has been 
found for both i8oto|:>e8. 


2. The BXPEEIMKNTAX. AREANaBMBNT AND DETECTING APPARATUS 

The experiments here described were carried out in the Cavendish High 
Voltage Laboratory, using the Philips generator and the associated dis* 
charge tube installation from which beams of ions with energies up to 
1-2 X 10® eV are available. Magnetic analysis of the accelerated ion beam 
was made, and the experiments are concerned only with the effects of proton 
bombardment. 


[ 269 ] 
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The brass target tube T (fig. 1) contained a rotatable, water-cooled 
copper block J8 having two flat faces, either of which could be used to 
support targets in a plane perpendicular to the path of the beam. Usually, 
however, one of these two faces was used as a blank target for control 
experiments. The proton current incident upon the target ranged between 
30 and 100//A, being in most cases about 70 jih. The variation of the current 
in the course of an experiment was less than 2 %. 

For the detection of the emitted y-rays two thin-walled copper or brass 
Geiger-Mueller counters (0^ and C2) were employed in coincidence. The 
diameter of the tubes was 2 cm, and the distance of separation of their axes 
was 4 cm. The <50unters were placed inside a lead box with walls several cm. 
thick. An aperture A in this box permitted the passage of the capture 
y-rays to the counters. 



A type of internally extinguished counter with thin walls was developed 
for use in these experiments. The thin-walled part of the tubes was about 
fi cm. long and 0 * 1 mm. tliick. The metal tubes were of copper or brass. The 
gas consisted of argon (partial pressure 9 cm.) and alcohol (partial 
pressure 1 cm.) (Trost 1935a, 6, 1936, 1937). More details concerning these 
counters will be published elsewhere. These counters had a flat portion on 
their characteristic? curves (counts x volts) of some 200 V. 

A resistance of 1 M£^ was connected in series with each of the counters, 
and the voltage pulse developed across this resistance was applied to the 
grid of the first valve of a two-stage resistance-capacity coupled amplifier. 
The amplified pulses from the two counters were mixed in a Rossi (1932) 
circuit (fig. 2 inset), and coincidences were counted by a three-stage “soale- 
of-two*' counting meter (Wynn Williams 1932; Lewis 1937). 

Various factors influence the behaviour of the tubes in such a circuit. 
If iVj counts/min. are produced in one counter and oounts/xnin. are 
produced in the other counter, a number NJmm, of chance coincidences will 
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be recorded, JVj and are connected by the equation T *= eONJ 2 NiN 2 
seo., where T is known as the “resolving time” of the counting system. 
It was desirable to reduce the number of chance coincidences Nq to a 
minimum. With our experimental arrangements there were two means of 
achieving this result, When the two counters were separated and screened 
from one another and two independent sources of y^-radiation were used to 


To meter 



irradiate them so that their indivitlual rates of counting were and 
NJmin., a number ^^o/min, of chance coincidences was recorded when they 
were working in coincidence. For a fixed value of it was found that 
increased rapidly with the voltage applied to the tubes as shown by 
curve 2 of fig. 2. If, however, the counters were placed close together and 
a source of ytf-radiation was placed so that the /?-rays could pass through 
both tubes, producing real coincidences, the number of such real coin¬ 
cidences which was recorded for different voltages on the pair of tubes was 
found to be as shown in curve 1 of fig. 2. With a fixed strength of /?*ray 
Houroe the number of real coincidences per minute was constant over a large 
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range of voltage* In our experiments, therefore, the counters were operated 
at voltages which corresponded to the lower end of the flat portion of curve 1, 
fig. 2. It was also found that the resistance in series with each of the counters 
exerted a marked influence on the number of chance ooinoidenoeB (iVJj/min.) 
which was recorded for a fixed value of With our arrangement the 
optimum value of this resistance was found to be 1 Mi?. In addition to these 
two considerations a slight reduction in T could be obtained by suitable 
adjustment of discriminator bias. A resolving time of 10”® sec. was finally 
obtainable with this simple and reliable arrangement. 

We have used this counting system for the detection of the y-radiation 
and for the measurements of its quantum energy. The capture radiation pro¬ 
duced at the target B (fig. 1) and falling upon the aluminium plate P which 
closed the aperture A, ejected Compton electrons, photK)electrons and elec¬ 
tron pairs from this plate. Some of these passed through both counters causing 
real coincidences. The range distribution of these electrons was deter¬ 
mined by placing absorbing screens of different thicknesses between the 
counters and observing the number of coincidences as a function of the 
thickness of absorber. Information concerning the quantum energies of 
incident y-radiations may be derived from such absorption curves in the 
following manner. The ond-point of the absorption curve indicates the 
maximum range of the electrons and hence gives a measure of their limiting 
energy (Rasetti 1935). In the absence of precise data relating range and 
energy for electrons with energies of the order of 10’ eV, it is necessary to 
obtain empirically a calibration curve connecting the observed end-point 
with the maximum quantum energy of the incident radiation. The curve 
which we have used for this purpose is shown in fig. *10, and an account of 
the method by which this curve has been obtained is given in § 6. Informa¬ 
tion concerning the quantum energy of the incident y-radiation may also 
be derived from the value of absorber thickness at wliich the rate of coin¬ 
cidence counting falls to one-half of its value for no absorber between the 
counters (Fleischmann 1936). Mitchell and Langer {1937) and Kikuohi 
(1936a, 6, c, 1937) have published data relating this half-value thickness 
with the quantum energy of the y-radiation. It appears, however, that 
considerable divergence exists between the results of those who employ 
this method. A knowledge of this half-value thickness may often, however, 
be combined with a knowledge of the end-point to provide some inforpaation 
concerning the homogeneity or inhomogeneity of the incident radiation. 
For the study of radioactive effects produced by the capture of protons the 
target tube was provided with a window (W, fig. 1) of aluminium foil 0* i mm* 
in thickness. 
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3. Pkbpajration op the taroets 

Carbon targets were obtained either by deposition of soot from a candle 
flame or by evaporation of aquadag. Both methods yielded targets of 
a uniform thickness which could be adjusted at will. The metallic beryllium 
used in the preparation of Be targets was an H.8. brand pure substance 
(obtained from Messrs Hilger, Ltd., Lab. No. 7778 ), spectroscopic examina¬ 
tion of which had shown it to be free from lithium and fluorine. The beryllium 
targets were obtained as thin bright metallic layers upon copper plates by 
evaporation of this metal in vactu>. Very different thicknesses of target 
substance could be deposited in this manner. In the case of boron the same 
method was employed. Because the impurity content of the amorphous 
boron was not known, analytically pure B2O3 (Schering and Kahlbaum) 
was also tised. No differences between the results for these two targets 
could be found. For the experiments with fluorine, BaFa (Schering and 
Kahlbaum) was evaporated on to the target block in air. Layers which were 
hardly visible were found to give sufficient intensity of y-radiation for the 
purposes of the investigation and to remain unaltered during the course of 
an experiment. 

4. Experimental results 
(tt) Beryllium 

The excitation curve of the y-radiation from beryllium under bombard¬ 
ment with protons has been examined by two groups of workers. Hafstad 
and Tuve (1935) first detected the capture of y-radiation from this element 
using a thick target. Their results extended from about 600 kV (below which 
they could not detect radiation in sufficient intensity for accurate measure¬ 
ment) to 1000 kV, and they suggested that the process was not a resonance 
one. In later work, Herb, Kerst and McKibbon (1937) extended the results 
beyond 1000 kV, and showed that a broad resonance was present at about 
I mV. 

With our more sensitive detecting apparatus we have extended the study 
of the y-radiation emitted in this process down to a voltage of 200 kV. 
We have examined, using pure Be targets of varying thicknesses, the course 
of the excitation curve from 200 to 1000 kV. The relationship between 
y ray intensity and bombarding voltage for a target of Be metal is shown in 
flg. 3 , curve 1. The thickness of the target in this case is estimated as equal to 
the range of a proton of 20,000 eV energy. Our results are in rough agree¬ 
ment with those of Hafstad and Tuve for the region above 600 kV. Curve 2 
of fig. 3 shows the results of a more detailed investigation of the region from 
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200 to 600 kV. It may be seen that a resonance peak is present at a bom¬ 
barding voltage of 350 kV. The small peak at 480 kV and the rise of intensity 
at about 650 k V may be attributed to contamination of the target by carbon 
deposited during the bombardment (see § 4 (d)), A similar investigation of 
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the region from 560 to 850 kV revealed a second new resonance with a peak 
intensity at 670 kV. This region is shown in more detail as curve 3 of fig. 3 . 

The ion sourcse used in these experiments was of the discharge tube type 
and an inhomogeneity of about 20,000 eV may exist in the energy of the 
protons from such a source. This inhomogeneity of the ion beam makes it 
impossible to draw any precise conclusions concerning the widths of the 
resonances which have been observed. It appears, however, from these 
results that the widths of the two new resonances at 360 and 670 kV, due 
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to the bombardment of beryllium with protons, are considerably greater 
than the widths of the resonances associated with the bombardment of 
fluorine (see § 4 (e)). 

The quantum energy of the capture radiation emitted in the process 

( 1 ) 

was investigated by Crane, Delsasso, Fowler and Lauritsen (1935 a). Expan¬ 
sion chamber photographs of the tracks of electrons projected by the capture 
radiation gave evidence of the presence of quanta with energies 2 * 2 , 3 * 7 , 
4*8 and 6*0 x 10® eV. For zero bombarding energy of the incident proton 
the maximum quantum energy available in process (1) is, by calculation 
from accepted mass values, 0*39 x 10® eV. The absorption curves which 
we have obtained for this element for different energies of the incident 
protons are shown in fig. 4 . It may be seen from the lesults that the end 
points, according to our calibration curve, give values for the maximum 
quantum energy in good agreement with the values calculated from 
equation (1), when allowance is made for the different energies of the incident 
protons. These results prove that the radiation is, at least to a very great 
ext/cnt, due to the process of proton capture. In the case of beryllium 
bombarded with protons only one other process might lead to the emission 
of y-radiation of appreciable energy: 

»Be4^iH->«Li + ®He. (2) 

A maximum quantum energy of about 2 x 10® e V would be possible from this 
reaction, but no excited states of ®Li or of ®He are known at such low energies. 
Moreover, the form of the absorption curves clearly shows that the bulk of 
the radiation is very much harder than 2x10® eV. Thus the half-value 
absorption thickness indicates, using the relationship due to Mitchell and 
Langer (1937), a y-ray energy of 5*0 x 10® eV at 400 kV, and an energy of 
5*7 X 10® eV at 860 kV. These results, while in accordance with the known 
in homogeneity of the radiation, prove that most of the radiation arises 
from the process (1). 

With the help of these facts concerning the observed energy release it is 
interesting to consider further the form of the excitation curve of the 
y-radiation. It may be seen from the curve that the two resonances at 360 
and 670 kV are weak effects superimposed upon a general background of 
radiation. The form of the curve is roughly exponential, the intensity of 
background increasing smoothly with bombarding voltage, and it 
jqjpears from the absorption measurements that this background radiation 
nm t be associated with the capture process (equation (1)). The excitation 
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curve may then be regarded as due to the existence of a broad excited state 
in the resultant nucleus, extending between energy values of about 
6‘4 and > 7-4 x 10® eV above the ground state, the weak resonance effects 
at 350 and 670 k V being due to excited states of considerably smaller widths 
at energies 6*75 and 7-07 x 10® eV above the ground state. 
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Fig. 4. Voltage symbols: O, 860 kV; □, 700 kV; A, 600 kV; 400 kV 
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End'point Maw valuea 
Voltage End-point oV eV 

400 kV IM mm. 6'80 x 10» 8-76x 10» 

660 kV 114 mm. 7-00 x 10* 6 »8xl0* 

860 kV 11-7 mm. 7'16xl0* 7*16xl0* 
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In connexion with this possibility of the existence of a broad state of 
excitation of the nucleus it is interesting to notice that Gentner (1937) 
has found that the emission of y-radiation from lithium under proton 
bombardment is not entirely confined to the regions of sharp resonance, 
a small but definite y-ray emission being observed for all energies of the 
incident protons. It should be noted, however, that in the latter case the 
quantum energy is of the same magnitude as the energy release in the 
process of disintegration into a-particles, and the possibility of the broad 
resonance being due to the formation of a-particles in excited states has 
not therefore been excluded. W© have given reasons for believing that the 
broad resonance observed in the case of beryllium camiot be attributed to 
excitation of the products of the reaction. 

Alternatively, it is possible that the exponential form of the excitation 
curve is due to a lack of resolving power in the present experiments. It is 
{)ossible, for example, that a large number of resonances exist in the region 
from 0 to 1 mV, the intensities of these resonances increasing with voltage 
and combining to produce an apparently exponential curve. On either view, 
the small changes of the maximum quantum energy which have been 
observed to be produced by changes of the bombarding voltage are to be 
expected. 

(6) Boron 

The excitation curve for the y-rays emitted in the process 

+ ( 3 ) 

has been studied by Herb, Kerst and McKibben (1937), using a thick boron 
target of unknown purity. They obtained a smooth increase in intensity 
of y-radiation with voltage, except for a weak resonance at about 820 kV. 
Bothe and Gentner (1937^^) investigated the excitation at lower voltages 
from 100 to 600 kV. They found a resonance effect at 180 kV and a second 
rise at 300 kV, which they attributed to the effect of the molecular beam. 
They showed that the excitation curve of the y-radiation ran parallel to 
the excitation curve of the a-particles produced in the process 

UB + iH-^»Be + *He, ( 4 ) 

which was studied by Williams and Wells (1936) and by Williams, Wells, 
Tate and Hill (1937). 

Since it seemed desirable to obtain more accurate data on the excitation 
function between SOO kV and 1 mV we have investigated this region of 
voltage with great care. The results are shown in fig, 6. Curves 1 and 2 
are the results obtained with thin targets of boron and boron trioxide, 
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The relative yields from these two targets may not be taken from the 
figure, since conditions of measurement were not the same in both cases. 
Curve 3 gives the measurements between 300 and 600 kV, using a B,Os 
target, in greater detail. No evidence of any resonance effects may be 
derived from this curve. Tliis confirms that the effect which Bothe and 



Gentner (1937a) found at 380 kV was due to the molecular beam as they 
suggested. It should be noted, however, that the y-ray intensity as shown 
by this curve exhibits a fourfold increase between 300 and 600 kV, whereas 
Bothe and Gentner found an increase of only 70 % in this region. Fro® 
300 to about 800 kV the y-ray intensity increases smoothly with voltage* 
but at 860 kV reaches a first resonance peak followed by a second one at 
960 k V. There is also slight evidence of a change of gradient at about 660 kV, 
and this might indicate a third resonance. 
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Several energy measurements for the y-rays emitted in process ( 3 ) have 
been carried out. The preliminary work of Crane, Delsasso, Fowler and 
Lauritaen (1935ft) indicated a maximum quantum energy of 14*5 x 10* eV. 
BotbeandGentner(i937a)foundamaximum quantum energy of 14 x lO®eV 
which was later re-determined by Gentner (1937) as 13 x 10* eV. 

The maximum quantum energy to be expected by substitution of the 
mass values in process ( 3 ) is 16 - 67 x 10* eV at a-bombarding energy of 
850 kV, and it was generally supposed that the resultant nucleus was 
left in an excited state of about 3 x 10 * eV. 

A detailed measurement of the y-ray energy 8j)ectrum by Fowler, 
Gaerttner and Lauritsen (1938) has revealed the presence of three lines of 
energies 4 - 3 , 11*8 and 16*6 x 10* eV. It seems certain from these results 
that y-rays with quantum energies corresponding to the maximum energy 
release indicated by equation ( 3 ) are emitted. 

Measurements of the end-point of the absorption curve have given the 
value 28*0 mm. of aluminium at a bombarding voltage of 850 kV, and 
we have taken this value as corresponding to a quantum energy of 16*67 
X 10* eV in the construction of the curve relating absorption tliickness with 
quantum energy (see § 5 ). 

(c) Radioactive effects from boron 

We have discussed above the capture process for boron without reference 
to capture by the isotope 

The formation of a radioactive positron emitter with half-life 20*5 min. 
has been reported by Crane and Lauritsen {1934a, 1935) to result from the 
bombardment of boron with protons having an energy of 900,000 eV. The 
formation of this radioactive body was attributed to the process 

+ (6) 
The quantum energy of the y-radiation to be expected from this process 
is 9 * 4 x 10 * eV, but no evidence of this energy value was found in the measui*e- 
nients of the y-ray spectrum which were made by Fowler, Gaerttner and 
Lauritsen (1938). These latter workers considered therefore that the absence 
of any y-rays of this energy might be explained by assuming that the pro¬ 
duction of radioactive ^^C was a resonance process occurring at a voltage 
of about 900 kV, a somewhat higher value than that used in their own experi¬ 
ments. Some support for this view appeared to be given by the fact that 
Allison (1936) found no evidence of the formation of a radioactive body 
vnth this period for proton energies as high as 500,000 dV. 

In a series of experiments with proton energies varying from 360,000 
lo 760,000 eV we have been unable to find any definite evidence of the 
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formation of a radioactive body with a half-life of 20‘6imn. Since it afipeaxed 
that in these experiments radioactive effects were being produced by the 
action of the y-rays upon the target tube, etc., further experiments were 
made to eliminate such effects. A thick target of boron was bombarded 
with 60 fik of protons of energy 960,000 eV for 30 min., the target was 
withdrawn from the tube and the boron scraped away from the target 
holder. Analysis of the decay curve of the radioactivity of this boron showed 
the presence of two periods of values 10-7 min. and ~40 days. The most 
natural interpretation of this result is to associate the 10'7 min. period with 
radioactive formed by bombardment of present as* contamination 
of the target, while the 40-day period may be attributed to radioactive ’Be 
(half-period 43 days) formed as a result of the process *®B -f- ’H ->• ’Be -f *He 
(Roberts, Heydenburg and Locher 1938). Similar experiments carried out 
at different bombarding voltages jdelded the same results. According to 
our measurements the yield of positron emission, having a half-life 20*6 min., 
is certainly less than 10”’® jjer proton, whereas the yield according to Oane 
and Lauritsen (1935) was stated to be about 10~“ to 10*’^ per proton. 

It is possible that the results of Crane and Lauritsen were due to photo¬ 
disintegration effects, produced by the y-rays from ^*B, since we found 
evidence of periods 10*6 and 38 min. in the earlier experimenlMih which the 
targets were not removed from the target tube. These periods could be 
attributed to the action of the y-radiation upon the copper and xinc present 
in the brass of the target tube (Bothe and Gentner 19376). 

As a final test of the correctness of the above conclusions a boron target 
was bombarded with 60 /^A of deuterons at 750 kV for 10 min. Analysis of 
the decay curve of the intense radioactivity which was produced in this 
case gave clear evidence of a period 21 min. which may be attributed to 
“C formed according to the process ’®B-l-*H-►’^C-l-J». Prom the yield 
of the radioactive effect which was produced in this case it was clear that 
the amount of heavy hydrogen present in natural hydrogen would be 
sufficient to produce this activity in measurable amount. This observation 
may also be advanced as a possible explanation of the effect observed by 
Crane and Lauritsen who did not use magnetic separation of the bombwding 
beam. 

(d) Carbon 

The capture of protons by carbon aorwrding to the process 

«C-l-iH->«N-t*Av (fi) 

was investigated by Hafstad and Tuve (1935) who measured the amount of 
radioactive “N which was formed at different bombarding voliages. These 
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workers detected the emission of y-radiation bnt were unable to determine 
its excitation curve owing to the low sensitivity of their detecting apparatus. 
We have used counters in coincidence for the study of this capture radiation 
with the result shownin fig. 6, curve 1. Our earlier measurements (Dee, Curran 
and Petiiilka 1938) have been extended to 960 kV. Two resonance effects 
at 480 and 670 kV are evident. We have also extended our earlier measure¬ 
ments of the positron emission from This was done by bombarding the 
target formin. at different voltages and measuring the subsequent acti¬ 
vities. The fact that was formed was checked by evaluation of the period 
which was found to be 9-9 min. This agrees satisfactorily with the accepted 
value of the period making allow^ance for the escape of from the target, 
which was in vacuum during measurement. The results are shown in curve 2 
of fig. 6 . It is clear that only the lower resonance of curve 1 should be 
associated with the process (6). It is natural to associate the resonance at 
670 kV with the process 

( 7 ) 


in which capture of protons leads to the formation of stable 

Consideration of the energy balance in thesC^iwo reactions indicates that 
[irooess (6) results in the release of y-rays of quantum energy 2*37 x 10® eV 
at a proton bombarding voltage of 470 kV, while for the process ( 7 ) the 
energy of the emitted y-ray quantum is 8*23 x 10® eV at 570 kV. Measure¬ 
ments of the y-ray energies at 470 and 660 kV yielded the results shown in 
fig. 7. Our earlier work had indicated ay-ray energy of 7-4 x 10®eV at 560 kV, 
but further measurements with an improved counting system, at a bombard- 
ingvoltageof 600 kV,indicateday-rayenergyof 8 * 6 x 10 ®eV (curve 1). This 
value of the quantum energy was obtained from the measured end-point 
value of curve 1 . Consideration of the “half-value” absorber thickness indi¬ 
cates a quantum energy of about 6 x 10® eV. This fact may be explained by 
the assumption that the excited nucleus often reverts to the ground state 
by the successive emission of two quanta each of energy 4 x 10® eV (Rose 
•1938). This is in good agreement with the quantum energy 8-2 x 10® eV 
expected from process ( 7 ), The energy of the y-rays was also measured with 
a bombarding voltage of 480 kV (curve 2, fig. 7 ), the value of the quantum 
energy obtained in this case was 2*6 x 10® eV. This is again in agreement 
with the quantum energy 2-37 x 10® eV expected from process (6). 

It has been shown therefore that between 400 and 900 kV there is one 
lesonance (peak intensity at 480 kV) for the process (6), and between 
3 (K) and 960 kV one resonance (peak intensity at 670 kV) for process ( 7 ), 
A further confirmation of the above interpretation has been mode in the 



7 -rajr intensity 


282 


S. C. Curran, P. I. Dee and V. Petriflka 



Kilovolts 
Pia. 6 



mm. of Al. 
Fia. 7 


TM excitation of y-radiation in, processes of proton capture 288 

followiixg manner. The excitation function of the emitted y-radiation was 
measured with 6-2 mm. of aluminium between the counters (curve 3 ) fig. 6. 
The resonance at 480 kV was thus reduced by a factor 30 , whereas the 
resonance at 570 kV was only reduced by a factor 4 . 

From the measured intensity of radioactive the yield of y-ray quanta 
per incident proton in reaction (6) may be deduced. The total number of 
positrons emitted from a carbon target after bombardment with a known 
proton current for a known time interval was measured, correction being 
made for the absorption of electrons by the counter walls, decay of the 
radioactivity during bombardment, etc. The yield of positrons j)er incident 
proton was thus found to be 2*5 x A recent measurement of this 

yield by Roberts and Heydenburg (1938) gave the value 3*6x10”'^®- 
Assuming that for each proton captured a single quantum of energy 
2 ' 4 x 10® eV is emitted, the yield of quanta per incident proton is also, 
according to our measurements, 2*5 x 10*"^®. Some support for this assump¬ 
tion may be derived from the half-value absorption thickness (curve 2, 
fig. 7 ) which indicates a quantum energy of 2*2 x 10® eV. 

The yield of quanta per incident proton at 570 kV, in view of tfie fact that 
is about 1 % abundant in natural carbon, appears from the excitation 
curve 1 , fig. 6, to be about 100 times greater than the value 2*5 x 
which relates to capture by '*(1 Correction must be made, however, both 
for the fact that the proton capture by results in the formation of excited 

which often returns to the ground state by the emission of two quanta 
of energy 4 x 10® eV (Rose 1938), and for the different efficiencies of the 
counting system for the different energies of the y-rays associated with the 
two resonances. With these corrections the y-ray yield from process ( 7 ) 
is 6-2 X 10 *^® quanta per incident proton. The ratio of the cross-sections for 
proton capture by and by is therefore approximately 26 / 1 . 


(e) Flvorine 

McMillan (1934) and Crane and Lauritsen (19346) first observed the 
y-rays emitted in the process of proton capture by fluorine. The excitation 
function of the capture radiation has been measured by Hafstad and Tuve 
(1935). Hafstad, Heydenberg and Tuve (1936) and Herb, Kerst and 
McKibben (1937) have confirmed some of the earlier observations. The 
existence of sharp resonances at 330 , 890 and 94 Q kV was established. 
Between 400 and 700 kV the form of the excitation curve suggested the 
presence of several weak resonances, but no conclusive results were obtained 
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owing to the difficulty of preparing a suitable target. We hare studied the 
excitation function for the capture process 

i9p^.xH->«>Ne + A»; (8) 

for bombarding voltages between 300 and 1000 kV. The results obtained 
with very thin fluoride targets are shown in fig. 8. Curve 1 shows the 



results obtained in a run over the whole range of voltage, readings being 
taken in steps of 30 kV. It may be seen that confirmation of the earlier 
results has been obtained in the observation of resonance peaks at 340, 
860 and 920 kV. The presence of two further peaks between 600 and 700 kV 
was also suggested. In view of the possible existence of other resonattoes 
in this region of voltage we have made a more detailed measurement of the 
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excitation function between 400 and 750 kV, Tlie results of these measure- 
ments are shown in curve 2 , fig. 8 . It may be seen that in this region there 
are three resonances with peaks at 470 , 590 and 670 kV. The same three 
resonances have been found in several independent sets of observations 
with both thick and thin targets. In view of the possibility that the 
resonance at 470 kV may have been due to the resonance at 480 kV, 
this part of the excitation curve was remeasured with 4 mm. of aluminium 
placed between the counters. This thickness of absorber would have elimi¬ 
nated any effect due to the 2-4 x 10 ® eV y-radiation emitted in the ^*0 
resonance process. The result of this measurement is shown by curve 3 * 
and it may be seen that no significant change in the excitation curve was 
produced. It may therefore be concluded that these three resonance peaks 
are to be associated with excitation levels of produced according to 
equation ( 8 ). 

The absorption curve obtained (at 600 kV) in the measurement of 
the quantum energy of the radiation is given in fig. 9 , curve 1 . A more 
I)reci 8 e determination of the end-[)oint is shown in curve 2 . The statistical 
fluctuations for the points of curve 2 are too small to be entered in the 
flgure. The end-point at 10*2 mm. of aluminium gives a quantum energy of 
(i ‘3 X 10 ® eV. Quanta of the full energy available according to equation ( 8 ) 
( 13*5 X 10 ® eV) are not emitted in this process. The half-value absorption 
thickness indicates a quantum energy of 5-6 x 10 ® eV in agreement with the 
known inhomogeneity of the radiation,* 


5. The calibration curve 

We have found in this work that with the counters described and for 
Buitable intensities and types of y-radiation the end-point of the electron 
absorption curve may be accurately determined and affords a satisfactory 
method of determining the upper limit of the y-ray energy with an error of 
less than 5 %. With a pair of counters whose walls were 2 cm, apart it is 
possible to work accurately at counting rates of 1000 coinoidences/min., 
and rates as high as 6000 coinoidences/min. have been used. The component 
of the coincidence intensity remaining after the /fif-rays are absorbed lies 
between 1/20 and 1/60 of that with zero thickness of absorption. In the 
case of fluorine for example (fig. 9 , curve 1 ) the initial intensity for zero 
thickness of absorber was 6000 coinoidences/min. For tmrve 2 the rate of 

* Unpublished results of Mr Bower indioat© a value of 6*3 x 10® eV for the maximum 
quantum energy liberated in this process. 






obtmtiiiig in tiie baokgroimd itself was 

mtondty in this case could not be measured on any df the ooxo;^da^>nMrteiv 
aTBilabie. The end-points obtained from these two measimdeiente 
almost identical. It is clear that there is do need to em^doy low rates of 
oconmdenoe counting when sufficient intensity is available. It may be 
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remarked that the time required in such cases to determine the y-ray 
energy limit is about 1 hr. With softer radiations, however, having quantum 
energies of about 10* to 2 x 10* eV the end-point determination is rendered 
niore difficult by the fact that many of the /?-ray8 which are produced pass 
less readily through both counters. 

For the conversion of the measured end-point absorption values into 
quantum energies a calibration curve (hg. 10) was constructed in the 
following manner. The results of Bemardini and Franohetti {1937) 



y-fiwte pr&mm 



pidtted (opeii oiroites Tbe end-]x>int for the V'rays from nuitowKidiam, of 
qu&ntom enmgy 3-OS x 10* eV was meBsored and foiuid to lie npoa tiut 
straight line passing through these points. The measured end-point value 
(28 0 mm.) for the capture radiation from boron under bombardment witli 
protons of energy 850,000 eV was taken to correspond with the value 
18'7 X 10 * eV, which was found by Fowler, Gaerttner and Lauiitsen ( 1938 ) 
for the quantum energy of the y-radiation. It may bo seen that this point 
lies upon the linear extrapolation of the points relating to the lower energies. 



Fio. 10. 0> Bernardini and Franohetti. •, Curran, Dun and Petriilka. 

We have also plotted upon this diagram other points determined by our 
measurement of end-points and values of quantum energies calculated from 
known mass values. This calibration curve seems therefore to be essentially 
. correct for quantum energies up to 17 x 10 *eV. The line does not pass through 
the origin, since the absorption of the counter walls was equivalent to about 
0-6 mm. of aluminium. 


Summary 

Using a pair of Qeiger-Mueller counters in coincidence the excitation 
functions for the y-radiations emitted in the process "of proton capture by 
each of the elements, beryllium, boron, carbon and fluorine have been 
determined for energies of the incident protons from 0 to 10* eV. 
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Besonance peaks have been found in the excitation curves for incident 
protons of the energies given below: 

Beryllium 350, 670 x 10^ eV 
Boron 180, 650, 860, 950 x 10» eV 

Carbon: ^®C 480 x 10* eV 

570xlO*eV 

Fluorine 330, 470, 590, 670, 860* 920 x 10» eV. 

Several of these resonance peaks had not hitherto been discovered. 

In the cases of beryllium and boron a continuous excitation of y-radiation 
over the whole of the region of voltage employed was observed, and evidence 
is presented in support of the view that this radiation must be associated 
with the capture process. 

The yield of y-radiation was measured in the case of carbon, the 
values obtained being 2*6 x 10"^® quanta/proton for and 6-2 x 10"“** 
quanta/proton for 

A calibration curve is given relating the end-points of the coincidence 
absorption curves (obtained by placing aluminium between the counters) 
with the maximum quantum energies of the incident y-radiations. 

A search for the production of radioactive as a result of the capture 
of protons by boron has shown that the cross-section for this effect is at 
least 100 times smaller than the value which has been reported by other 
workers. 
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Relaxation methods applied to engineering problems 
IV. Problems relating to elastic stability and vibrations 

By K. N. E. Bradfikld, D.Phil., D. G. Chbistophkrson, B.A., 

AND B. V. SOUTHWIXD, F.R.S. 

tk 

(lieaivtd 3 August Jft38) 

Introduction 

1. Preoeding papers in this series have been concerned with problems of 
a kind in which the solution (e.g. the configuration assumed by an elastic 
system in static equilibrium) is unique. Here we extend the Relaxation 
Met^l^ t!0,|>rDblems such that a complete solution would define an infinite 
duisIm^ of oimflgurationSj all satisfying the governing equations «md the 
termkfiid conditions, but each associated with some particular value of a 
crititsal fading or frequency (the “ ebaraoteriatio number” or Eigenw&rt). 

In Part II the convergence of the method as applied to problems of 
elastic equilibrium was established by the argumoat that every permitted 
“operation” reduces the total potential energy, which quantity has its 
minimum value in the configuration sought. By a corresponding argument 
its ocniVergenoe can be established in relatioA to other problems baring 
oniqtm acliitk^; but lu^^^blmns of the kind oonsideied hi this paper, 
S'hhoi^the "chisraoteristic numlm are stationary values of aparticiiidsr 
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(integral) function of the co-ordinates, only the lowest of them is a minimum 
value, and this circumstance necessitates a fundamental revision of the 
relaxation technique. 

2 . Two problems are treated in detail—^namely, the calculation ( 1 ) of 
critical (“Euler”) values of end-thrust and ( 2 ) of natural frequencies of 
transverse vibration for a straight rod of non-uniform mass and flexural 
rigidity. Some attention was given to the first problem in a paper, published 
elsewhere (Atkinson, Bradfield and Southwell 1937 ), which extended the 
two alternative methods of Part I to cover the case of flexure due to trans¬ 
verse loads and end-thrust acting in combination: it was shown that the 
first method gives (when extended) a means of determining the critical loads 
of a strut. In this paper the second method (more properly styled a relaxa¬ 
tion process) is shown to lead more quickly to the same result. Constraints 
are imposed at selected cross-sections, and transverse displacements are 
permitted; account is then kept of the forces imposed on constraints by 
reason (i) of flexural rigidity and (ii) of end-thrust, the objective being to 
balance these forces at every section by modifying (o) the mode and ( 6 ) 
the magnitude of the thrust. The modification is effected “by inspection”: 
that is to say, at every stage the distribution of the “residual forces” is 
examined and from it the next (tentative) operation is decided. In §§ 8-11 
a form of strut is treated for which the exact solution has been obtained 
(by Cowley and Levy 1918 ): the first four critical loads are determined with 
fieroentage errors 0-09, 0-5, 1-5 and 2'9 respectively, by a relaxation process 
using 10 [joints of subdivision; when 20 divisions are taken, the error in the 
fourth critical load is reduced to 0*2 %. Compared with Rayleigh’s method 
(Teinple and Bickley 1933 , § 3- 1 ) the relaxation method has the important 
merit of determining with precision not only the critical loads but the mode 
appropriate to each. 

3. For the strut a relaxation “by inspection” leads quickly to the re¬ 
quired solution, since there is never «ny doubt as to what should be the next 
step. In comparison the problem of whirling or of transverse vibrations— 
in which both the mass and flexural rigidity influence the frequencies, and 
either may have any specified distribution—was foimd to proceed much 
more slowly when attacked in this manner: it was sometimes very difficult 
to decide what should be the next operation. Accordingly we propose for 
such problems (§§26-28) a systematic procedure based on Rayleigh’s 
theorem regarding the stationary property of the natural frequenciw. 
Approximate formulae (strictly defensible only when the mode is nearly 
oorreot, but improving in accuracy at every operation) are applied in the 
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normal manner to determine, suooesBively, the first, second, third, etc., 
mode and natural frequency. In §§ 13-21 similar methods are propounded 
for use in connexion with struts if required. As stated above they will only 
exceptionally be needed, but they form a convenient introduction to the 
harder vibration problem. 


PART I. CRITICAL LOADS, AND THE CORRESPONDING MODES OF 
DISTORTION, FOR A STRUT OF NON-UNIFORM SECTION 


The governing equation 


4. The governing equation of a strut, initially straight, which is held 
deflected by end-thrust unaccompanied by transverse loading is* 




0 , 


( 1 ) 


wliere B stands for the flexural rigidity at a section defined by x, 

P stands for the end-thrust, and 
y stands for the deflexion away from the line of thrust. 

Depending on the natuie of the terminal conditions y can assume a 
series of forms y*, y^, ..., etc. each of which is a solution of (1) when P is 
given an appropriate value. Thus if the ends are “simply supported”, 
and if B ia uniform, a solution is obtained by giving any integral value to 
n in the expressions 

y„ = sin nnxjl, P =‘ Pn = nhi^BjP, (2) 

where I denotes the length of the strut. 

In equation (1) y stands for the deflexion away from the line of thrust. 
This may or may not pass through the supports, according to the nature 
of the terminal conditions; but in either event we may alter the definition 
of y to make that symbol stand for deflexion away from the line through 
the two ends, if in (1) we replace y by {y + a-\-fix) where a and /? are con¬ 
stants. Therefore the equation 



will hold under the new definition of y as well as under the old: in other words, 
(3) is the general form of the governing equation for the strut problem. 

• Cf. (e,g.) Southwell 1936 , SS 1B7-202 and Chap. xm. 
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Alternatively, with the altered definition of y we may replace (1) by 
the equation 

= A + (4) 

which can be obtained from (3) by integration. The constants A and C will 
vanish wlien both ends are simply supported, because in that event both 
terms on the left-hand side must vanish for two different values of x. Then 
equation (1) will hold with the altered definition of y ,—^as was to be expected, 
since in these circumstances it is evident that the line of thrust must pass 
through both supports. 

Non-dimensional eqxtations, and the basic assumption 

OF THE EELAXATION METHOD 

5. With a view to numerical computation we now express (3) and (4) 
in non-dimensional” form by writing 

- xjl, B BJ{z), A =. PI^IB,, y ^ Y(z), (6) 

where Bq stands for the value of B at some representative section (e»g. at 
the middle or at one end). Then (4) takes the form 

, fi{z)Y^^AY ^ct^yz, (6) 

and (3) becomes similarly 

= (7) 

dashes denoting differentiations with respect to z, and Y being a function 
of z whose absolute magnitude (in the nature of the problem) is indeter¬ 
minate. Our problem is to determine forms for Y which, associated with 
particular values of A, constitute solutions of ( 6 ) or (7) which satisfy the 
imposed terminal conditions. A is the “characteristic number” (§ 1 ). 

The assumption underlying our aUack on this problem is that T can be 
represented mth sufficient accuracy for practical purposes by a finite series of 
independent functions T,, ..., y„ each of which satisfies severally all of 
the terminal conditions imposed on T. Either end may be either (i) “simply 
supported”, (ii) “clamped”, (iii) “free”, or (iv) free to move but con¬ 
strained to preserve its initial direction. The mathematical statement of 
these four conditions is 

(i) r - r* = 0 , (ii) y * y' = o. 

(iii) Y" - y'" = 0 , (iv) Y' - ^(fiY”) « 0 . 



( 8 ) 
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The conditions (i) are of most importance in practice, and they reduce in 
effect to one if (of. § 4) we make a and y zero in (6), thus obtaining 

fi(z)Y''^AY ^0 (9) 

as the governing equation. But in every case we shall assume that Y is 
representable by the series 

Y — a^Yi-^rCi^Y ^-^-... -f a„y„, (!0) 

in which Yi, Y^y satisfy the terminal conditions severally and are 

independent in the sense that no one can be obtained from the remainder 
by synthesis. 


I (A). The method of “rfxaxation by iNsracTtON” 

9. In describing this method we shall postulate conditions of simple 
support’', so that (9) is to be solved by an expression for T which vanishes 
(with Y") at both ends. Since the same conditions are imposed on F^, .. 
F„, appropriate forms are 


Fi = 8in7r2:, Fj~sin2n^2, Y^^^&innnz, (11) 


these being clearly ^independent’’ in the sense of § 5. 

We may say that (9) expresses the equality of a disturbing moment due 
to thrust, given by 

/^^(say) = AF ~ A2^,Ja„sinnw'2;], 1 

and of a restoring moment | (12) 

/^ic(«ay) =« -fiiz) Y'' == /?(s)2;[n^7r%„ sin nTr^;] I 


due to the stresses entailed by flexure.* Simplified by the basic assumption 
nf § 5, our problem is to determine values of the ratios ajai^ aja^, ..ajoi 
such that (to a suffioientdegreeof approximation)//;^, and /Zjg. balance through¬ 
out the length of the strut. We assume that they will do so everywhere if they 
do so at the n seetioM which divide the length into (%+ 1) equal parts^ and in 
this way we obtain n relations between the (w — 1) unknown ratios and the 
characteristic number A whose value is required,—namely, 

7r^fi{z)£Jin^a^einn7rz] = ATsin tittz] 
v^dien 3 = (l,2,...,n)/(w+l). (13) 

* The double differentiation of (10) is permissible in this instance because F" as 
well as F vanishes at either end, and will always be permissible provided that the 
twninal conditions are satisfied by each of Y,,severally. 
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Only the ratioe a^ja ^,.... etc., are involved, because (§ 6) the absolute magni¬ 
tude of r is indeterminate. Accordingly any one of a,, may be 

given the value unity. 


7 . Giving n the value 9 (so that the numbered sections divide the length 
into 10 equal parts, and at them 2 has the values 0*1, 0-2, 0-9), let m 

suppose that we want to determine the first (or lowest) critical value of A. 

assuming that 7 = 7, simply (since on general grounds we know 
that the first mode wiU be a curve of one bay), and we calculate and plot Y 
an fi(z) F for each of the numbered sections. Then by inspection we 
c oose a starting value for A such that /ij, and /ig are approximately equal 

(i.e. so that (13) is approximately satisfied). 





Flo. 1 


diaa^ir T. « best explained with the aid of 

diagrams. At each stage we either modify the mode by superposing (in 
suitable proportion) one of the “group displacements” T, ^ or 

ItL s^r^ !lT.- ® displacement, the 

value of Al whteh it t°”i^ (as given by (12) for the assumed 

“raridulf ® mode ( 7 ) and column 4 the 

group dispkoement has been added. Thus in Une 1 the chosen group dis- 

ofTrr!rtteir"? ^ (third column) = 7 , simply; values of -trV(*)| awl 
of 7 ^ are plotted above and below the line in the second column, and the 
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residual moment which results when A has been chosen (and recorded) is 
shown in column 4. From the form of the last diagram it is clear that 
predominates in the required modification, and the second line relates to 
this particular group displacement: oolrunn 1 shows its nature, column 2 
the corresponding distributions of —^(z) FJ and of Fg, column 3 and column 
4 the mode and residual moment as modified by attaching a chosen value 
to Ug. 

After several operations performed in this manner the residual moment 
will have a distribution of the kind shown in the third line, fourth column. 
Now it is evident (since —/i?. is everywhere positive) that further reduc¬ 
tion will be achieved most simply by increasing AF,—i.e. by increasing A 
without altering the mode. Line 4 shows the result: there is no entry in 
column 1, and no change in column 3, but in column 2 an addition is made 
to A F, and the effect on the residuals is shown in column 4. Further progress 
will require the addition of some fairly “high harmonic” (the diagram 
suggests F 7 ). 

An example tractable by exact analysis 

8 . Fig. 1 is merely diagrammatic, for the reason that in fact residuals 
decrease too rapidly to permit the employment of a uniform scale. It is 
based on calculations made by one of us (K.N. E.B.) on a form of strut 
which had been investigated by Cowley and I^evy ( 1918 ). 

In that form the distribution of flexural rigidity is given by 


/?(«) = {l-4A;*a*)», (14) 

when the origin is taken at the middle point of the strut. relating to the 
central section, an exact solution of the governing equation (9) for simply 
supported ends gives for the characteristic numbers 


A 


4jfc* 


1 + 






kJi] 


(16) 


where n is integral. In particular, when (1 — P)* = 0*2 the first four values 
of A (corresponding with «— 1 , 2 ,3,4) are 8’163,25*98,55*68,97*3. This case 
was selected for numerical attack. 

9. Appropriate forms for Fj, F„ ..., F„ are given in ( 11 ). Nine such func¬ 
tions were tabulated (for *=0,0*1, ...,0*9,1), together with values of 
0(z) F^ for values of n from 1 to 9, as given in Tables I and 11 respectively. 
The form of each function was plotted (roughly) for use as described in § 7. 
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Starting from the assumption 7 = (§ 7), and with a value of A estimated 

from the equation 

r[/?(2)y'j+Ai:[r] = o (i6) 

(in which both summations extend to all of the numbered points), the first 
three lines of the Relaxation Table III were written in. (On account of sym¬ 
metry only one-half of the length had to be considered.) A summation 
showed (line 4) that the mode should l>e modified by tlie addition of a term 
OsTj, and an examination on the lines of § 7 suggested a value — 0-02: this 
gave lines 5 and 6, and a new summation (line 7) suggested further modi¬ 
fication by means of 1 j. Five further repetitions of the procedure led to the 
summation in line 22, indicating the desirability of modifying A (cf. fig. 1, 
line 3). An addition ^A = 0-1 was decided on, and the coiresponding correc¬ 
tions to the residual moment (namely, — AX. Y) wore inserted in line 23. 
(With a view to this modification account had been kept of Y on the right- 
hand side of Table III.) 

Alter two more operations affecting Y, A was again increased; and then 
two more operations brought the residual momenta to values which were 
deemed negligible. The criterion employed for this purpose was the sum of 
the residual moments for the five points considered, taken without regard 
to signs (this is the quantity denoted by | Z"] in one of the central columns). 
The other summation column provides an arithmetical check on the work 
at every stage. 

10 . The final value of A iti Table III is 8-16—differing by less than 
0 -1 % from the correct value 8 * 163 (§ 8 ). Similar treatment led to estimated 
values 26’1, 66 ' 6 , lOO-l for the second, third and fourth critical values— 
that is, to values overestimated by 0-6, 1-5, 2*9 %; and by subdividing the 
length into 20 instead of 10 parts the last figure was reduced to 97-6—an 
overestimate of 0-2 %. The starting assumption was 7 = 7*, 7*, 7*, respec¬ 
tively, in these three oases, and (as was to be expected) 7* and 74 called for 
modification only by an addition of even, 7* (like 7i) only by an addition of 
odd liarmonics. Fig. 2 shows the modes which resulted after modification. 

An attempt was made to increase the accuracy of our solution for the 
first critical load by applying Rayleigh’s theorem (§ 14) to the curve of 
deflexion obtained by the relaxation process. Integrations were performed 
by Simpson’s rule and by a graphical method, but no increase in accuracy 
resulted. 

Oiiher types of end-condition 

11. It seems safe to conclude from this example that “relaxation by 
inspection” will lead in all practical cases to sufficiently exact forms of 7 
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and values of A; and it is an easy process to apply, sinoe the next step is 
never in doubt. When other terminal conditions are imposed, appropriate 
changes must be made in the type solutions Ti, r„ ..., Thus if the strut is 



Fia. 2 


“simply supported” at the end (z=*0) and “clamped” at the end 
appropriate forms for y„ are given by 

y„ oc sina„z—Z8in«„, (17) 

where a.^ is the nth root of the equation 

8ina = aoosa; (18) 
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when the stmt is “clamped” at both ends («= ± ^), appropriate forms for 
y„ are given by 

y„ oc cos nn — cos 2nm (n being int^al) (19) 


and by oc 2z sin —sina^z,' 

where a„ is the »th root of the equation 

2 sin = a cos \a. 


( 20 ) 


A solution of (20) comes between every solution of (19). All of these results 
are exact solutions for a uniform strut. 

12. Contrary to expectation, less satisfactory results were obtained when 
the method of “relaxation by inspection” was applied (by K.N. E.B.) to 
the problem of transverse vibrations in a non-uniform rod. The natural 
frequencies depend both on mass and flexural rigidity, neither of which (in 
general) is independent of z: on this account “liquidation” proceeded more 
slowly, and it was often difficult to decide the nature of the next step. 
Accordingly a systematic procedure was developed, based on Rayleigh’s 
theorem regarding the stationary property of the normal modes. Although 
hardly needed in relation to struts, the procedure is most simply explained 
in that connexion, and will be so presented here. 


I (B). The STRtrr problem treated by “systematic relaxation” 

13. When both terms of (3), multipled by ^y, are integrated over the 
range 0 < a; < 1, the resulting equation is 

= -\p^\y''dx = \P^[y'^dx, ( 21 ) 

provided that at each end the terminal conditions are one or other of those 
given in (8) of § 5—^i.e. do not permit either an input or output of energy.* 
Equation (21) states that the strain-energy of flexure equals the work done 
by end-thrust on account of the curvature (whereby the two ends of the 
strut approach one another) :t it could thus have been deduced from energy 

* At a “free" end (Case (iii) of § 6) y as defined in § 4 will vanish beoause this end 
ia on the line of thrust. For stability the other end muaf be okunped, so that there 
y' is zero. 

t Cf. Bouthweli 1936 , H 480-1. 
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principles, and it will be satisfied not only when y and P constitute an 
exact solution of (3) but also when the mode is imjiosed by constraints, 
provided that on the whole these do no work. On that understanding the 
thrust is given by 

P == By"^dx I j^y'^dx, (22) 

dashes now denoting differentiations with respect to x. 

When y is identified with as defined in § 4, equation (22) reduces to 

P = P 

as was to be expected. Rayleigh's theorem asserts further that when y is 
identified with P as given by (22) is stationary for all variations of y. 

To prove the theorem we write 

N - D - f y'^dx (23) 

Jo Jo 

in (22). Then we have 

SP = S{N/D) = i ^* i (SN - PSD), (24) 

showing that SP will vanish if for all permitted variations 

2 C By'' Sy" dx^SN^PdD^2P C ?/' Sy' dx. 

Jo ' Jo 

Integratkig by parts and taking account of the terminal conditions, we 
deduce that P will be stationary if 

Jo ~ (25) 

for all permitted variations 8y\ and evidently this will be the fact if y and 
P are identified with i/„ and P„, since in that event (3) is satisfied. 

14. The argument can be taken further. For the ratio on the right of 
(22) is necessarily positive, and accordingly its least stationary value—^i.e. 
Pj, the lowest “critical load’*—^must be a minimum. Thus according to 
Rayleigh’s theorem, if y is a close approximation to y,, then (22) will pve 
a very close approximation to Pj, and the error will be <me ofexcees . 

Rayleigh’s theorem is the basis of the approximate methods now to be 
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described. We want to determine the form of and the value of Py, and we 
assume for this purpose (cf. § 6) that can be represented with sufficient 
accuracy by a synthesis of type-solutions Yy, Y„ .... etc., finite in number. 
In the notation of § 5 we may replace (22) and (23) by 

A == N/Il N - f V(^) Z> - f^ (26) 

Jo Jo 

dashes now denoting differentiations with respect to z ; and our problem is 
to find values of the ratios %/®i> -- j ^n/®i ^ given 

by (26) will have the lowest value which is possible when Y is re¬ 
placed by the aeries 


Y = mbis 


DeUirminaiion of the first critical load 

16. Without loss of generality we may give to the value unity, since 
we know (§6) that the absolute magnitude of Y is indeterminate. Then 
(consistently with our asaumption) we have (n — 1) relations to be satisfied, 
namely, 

^ = 0 (r = 2,3,....7i), (27) 


when A is given by (2«) and Y by (10) with ay=\. 
Evidently 

dN BY" r* 

= 2 Y'-~dz = 2 rY'Y;dz = -'I^Y^dz, 
OOr Jo 3af Jo Jo 

in virtue of the terminal conditions; and in the same way 

^nr.* . jj;n-^, ^ 


( 28 ) 
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So (1^1, Tj, being definite) the first derivatives of N and Z> are linear 

in Oji 03 .On> second derivatives have constant values which 

can be determined once for all. Moreover, if 


then 


and similarly 


_dN .aZ) 

ao, ^ao,’ 


Stty 0a® 


0®i) 8A0Z) 
0a® 0a^0a^ 


0a* 0a* ^ D da/ 


^dA, ^ _0*jV, 

0a^ ~ da^da^ 


‘^0a,0a, D0a;' 


(29) 


We want to find values of a^, ..., a„ which will make all of -42, -4^ 
zero. Therefore in the terminology of the relaxation method we may regard 
the a’s as “displacements*’, the -4*8 as “residual forces”, and derivatives 
like dA/da^.^ dA/da^ as “influence coefficients”. Compared with problems 
treated hitherto the problem treated here is novel in that the influence 
coefficients have values which are not constant, since their expressions involve 
the -4’s and also A.* 


16. On the other hand we know from Rayleigh’s thepi^m (§14) that 
starting with a reasonably close approximation to the correct mode we shall 
start with a very close approximation to A, and thereafter (since we are 
working in the neighbourhood of its minimum value) A will alter very slowly. 
The A'h will be small for the same reason, also the a’s and quantities of 
the type A/D^dDIda^ in (29). Accordingly the “influence coefficients” 
will not alter widely as the work proceeds, and on this account their 
values will require correction only at occasional stages in the relaxation 
process. Now it is a feature of the relaxation method that in effect it starts 
afresh at every operation, treating previous results as a “trial solution” 
which calls for modification: therefore we shall lose no accuracy in the final 
stages because in the early stages we have used influence coefficients which 
are not quite exact. 


♦ Cf. Black and Southwell 1938 , § 4. If JA were taken as the analogue of ‘‘total 
potential energy(17 4 * V), the residual forces would be given by 

“ 2Ar = BAjda ,., 

etc., and Maxwell's reciprocal relations would hold in relation to the influence 
coefficients (of type 0*A/^a,.^aJ. By inserting the multiplier i> in (29) we simplify the 
resulting formulae with a loss of the reciprocal relations, which are now satisfied 
only approximately, because D is only approximately constant. 
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At the close of any stage, when the ‘'forces*' have been brought 

practically to zero, they will make no appreciable contribution to the ex¬ 
pressions (29) for dAJda^, dAJda^. If then we neglect them throughout the 
stage, our results will provide good starting assumptions for the next stage, 
and we shall be using constant influence coefficients such that 


da^ * dUg da^ ‘ 


(30) 


The “ framework analogy " will be exact, and arguing on the lines of Part II 
(Black and Southwell 1938 ) it is easy to show that our results will converge. 

17. We have still to define the forms of the type-solutions Fj, F„. 
In the strut problem we may postulate that they are the 1 st, 2 nd, nth 
modes which satisfy both the governing equation (7) and the imposed 
terminal conditions of our problem when the flexural rigidity is uniform. 
These are easily calculable,* and under any terminal conditions which do 
not permit a transfer of energy (§ 13) it is easy to show (Southwell 1936 , 
§485) that they satisfy “conjugate relations” expressed by 

rY;Y;dz^ rr'^Y'gdz^O {r^s). (31) 

Jo Jo 


This means, according to (28), that all derivatives of the type dWjda^dUg 
will vanish and (provided that /}{z), as will usually be the fact, does not vary 
widely) that derivatives of the type d^Njda^da^ will be small in comparison 
with 9W/0a®, etc. Miyreover (/or any practical form of $trui) Fj will be a fairly 
close approximation to the required first mode y^ \ therefore in the resulting 
“solution”, and so at every stage in a systematic process of relaxation, 
will have values which are small in relation to unity. 

18. On this understanding in regard to Fj, Fg, ..F„ we may proceed to 
calculate, once for all, the quantities 

i„ « f' y;hz, j„ - fV(*) riYidz, j„ = rV(*) y:hz, (32) 

Jo Jo Jo 


of which the 7*8 are standard for all struts. Then by ( 10 ) and (26) we have 


D = ai/ii-hai722+ ... +an-4n» ) 

in which (§ 15) is to be given the value unity. 

* Thus when both ends are simply supported the K’s will be circular functions of 
^ (cf« S 4), Their forms under other terminal oonditiona have been given in (17)“{20) 
of§lL 
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In seeking the first critical load we began by assuming that Y 
simply, so that all tlie other a’s vanish. Then we have initially 


and 

Also we have 


D^In. 

da, ~ da, ~ • 


d^N 
~daf “ 

SO that initially 


2J„, 


d'^N 

da,da„ 


2J., 


d'M) 


dW 


dA, 

da. 




dal ^a,da, ~ 

JJr_ j 
dal ~ 


(34) 


(35) 


A having its value according to (34). 

We insert these initial values in an Operations Table, and we start a 
Relaxation Table by inserting, in the first line, values of the quantities 
typified by 


The relaxation process then proceeds as before, and when the residual 
forces” are deemed sufficiently small we have interim values of 
which can be used to calculate revised values of A, of the residual forces, and 
of the ** influence coefficients” wherewith we can start the second stage. The 
formulae (33) give the new approximation to A ( ^NjD); the residual forces 
(of type Aj,) come from (29) with 


1 BN 

2 9a,. 

^dJJ 

2da^ 




(37) 


by (28), (10) and (32) ; and the new values of the influence coefficients are 
given by the equations 


d_A, 

da, 

d_A, 

da, 


j -XI \ I 

D da, \ 


J— 


■ D da,^^^ D 


(38) 


according to (29), (36) and (37). Relaxation is effected as before, and still 
closer approximation can he sought, if desired, by again revising the values 
of A, etc. and proceeding to a further stage. 
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Determination of the higher critical loads 

19. Provided that is a oloee approximation to the correct rth mode, 
the same procedure (with a, instead of Oj (§ 16) kept unity) will yield a close 
estiS^ate of JJ,. But in general the effect of non-uniform flexural rigidity will 
be to make the approximation of Fj, F,. ... , etc*, successively worse, so that 
the o’s which have to be varied in the relaxation process are no longer small; 
and when two of the a’s are comparable it is clearly possible that our sug¬ 
gested procedure may not lead to the mode and characteristic number that 
are sought. We have shown (§13) that every critical loading P„ has the 
stationary property; but only is a minimum of the ratio ( 22 ), and the 
advantage resulting from this circumstance will be lost when our methods 
(as presented above) are applied to the determination of “higher modes”. 

But now let as in §4, stand for exact solutions of (3) which are 

associated with different values of P. Then it is easy to establish the con¬ 
jugate relations 

f ByrVldx = (* y'ry'^dx = 0 (39) 

jo jo 

(Southwell 1936 , §486); and it follows that a given mode y, regarded as 
composed of exact solutions y^, yg,..., etc., combined in suitable proportions, 
will have no component y^ if 

J^yVida: = 0. (40) 

Suppose that y is restricted by this condition. Then it can be shown as in 
§ 13 that P according to ( 22 ) will have a stationary value when y is identified 
with any exact solution of (3); but now, since y cannot have the form y^, 
the lowest stationary value of P will be found when y is identified with y^. 
Accordingly (by the argument of § 14) the minimum value of P is Pg, and 
if y is a reasonably close approximation to y, then ( 22 ) will give a very close 
approximation to Pg and the error will be one of excess. Using this result, 
we can still take advantage (when necessary) of Rayleigh’s minimal theorem. 

20, In our “ non-dimensional ” notation the relation (40) is equivalent to 

J^‘Fr;d* = o, (41) 

in virtue of the terminal conditions, F, denoting the non-dimensional form 

of yi’. if (41) is satisfied, then F will have no component F,. Thus when the 
form of Fj is known it is a simple matter to arrange that an assumed form F 
have this feature: we have only to replace (10) by the expression 

F ■= Oj(F, —a,Fi)-bOj(F,—a,Fi)+...+a„(3^—a„Fi), (42) 


V0I.CLXIX. A. 


20 
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which is equivalent to (10) if ^ arrange 

that every expression of the type shall satisfy (41) severally* 

This will be the case if 

a, Ti Tl dz « f^ Y, Fj dz. (48) 

Jo Jo 

When the a’s have been thus determined, we have in (42) an expression 
automatically satisfying the imposed oonditioir at the cost of one arbitrary 
coefficient; for since (§ 5) the magnitude of Y is indeterminate, no generality 
is lost if Ug is given the value I. 

21. Proceeding on these lines we shall take advantage of the circumstance 
that by relaxation as described in §§ 15-18 we determine with close accuracy 
not only but also the associated mode F^. Applied to (42) relaxation 
methods will determine Fg with an accuracy depending almost entirely on 
the number of the arbitrary coefficients then by the same pro¬ 

cedure, knowing Y^ and Fg we can proceed to determine Fg, and so on. It is 
easy to add new type-solutions to our series if specially high accuracy 
is desired; but in practice we can usually be content with less accuracy 
in respect of higher modes. 

For struts which are symmetrical the modes will f^' into two distinct 

classes, involving respectively forms . etc. which are symmetrical, 

and forms Fj, Y^, etc. which are skew-symmetrical with respect to the 
centre of the strut, Then knowing Aj and F, we are in a position to determine 
Ag and Fji knowing A, and Fj we are in a position to determine and Fg; 
and so on. . 


An example tractable by exact analysis 

22. In illustration of these methods we shall consider Cowley and Levy’s 
strut (§ 8) in which 

/f(2) « (14) W# 

where (1 — k*)* = 0-2, 

and the ends are simply supported. Appropriate modes are (of. § 17 and 
footnote) 

Fj = sinTra, F, s<sin2ff2, ..., F„ » sinn^z, (ll)htE« 

and for these forms the J’s and J’b according to (32) are recorded (for “ odd ” 
modes) in Table IV. On aocoimt of the form of fi(z) the integratioiu pte- 
sented no difficulty: the J’s are standard values applicable to all stouts, 
having the expression Jr* TT*. 
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TABT^H) rv* I AND J INTKORALS FOR “COWLEY AND LeVY’’ STRUT 


rss 

1 

3 


5 7 

9 

11 

13 


4*9348 

44-413 123-37 241-81 

399-72 

597*11 

838H98 

X. 




ftnU 





1 

3 

5 

7 

9 

11 

13 

1 

42*281 

-63*876 

^21-540 

-13*1388 

-9*6777 

-7*5836 

-6*297 

3 

-^63*876 

2780*04 

-1861*08 

-660*36 

-327-36 

- 236*39 

-188*46 

5 

-21*640 - 

1851*08 

21209-4 

-10299*7 

-2729-56 

- 154;i-62 

-1092-1 

7 

-13-1388 

- 650-36 

-10209-7 

81238 

-33614 

-8230-8 

-4457*4 

9 

“9*6777 

- 327*36 

-2729-56 

-33614 

221728 

-83280*5 

-19280-3 

11 

-7*6836 

- 236-39 

-1643*62 

- 8230*8 

-83280*5 

494492 

-174067 

13 

-6*2972 

-188*46 

-1092*1 

-4467*4 

-19280*3 

-174067 

964302 


TJiis being a symmetrical example as discussed in § 21 , it will suffice to 
describe the investigation (by D. (1. C.) of “ odd modes leading to estimates 
of Aj, Ag, etc. For the determination of A^, starting from the assumption 
y = (§ 18), we had initial forces ^9 given by Jjg, Jjg, Ji^ of 

Table IV, and an initial value 8*5679 for A. Having calculated 

influence coefficients from the approximate expressions (35), we “relaxed"’ 
until ^ 3 , Aj^ had been reduced from initial magnitudes of 63*875 and 21*540 
to magnitudes less than 0 * 01 . It was not worth while, in this preliminary 
stage, to I'elax and or to permit displacements a^, a^: the other “dis¬ 
placements"’ were 

= 0*02953b, = 0*00378, 

and for these values (with and taken as zero) new values for A, for the 
residual forces, and for the influence coefficients were calculated from (33), 
(37) and (38) with the terms involving IjD suppressed (cf. § 16). The results 
were 

A = 8*1720, 

-48 «-0*521, .45 =--0*186, .47 = 68*348, J, = 29*570, 
with influence coefficients as given in Table V. 


Table V. Values of BA^/da^ (approximate) 



3 


5 


7 


9 


8 

6 

7 

9 


-2417*10 

1851*08 

550*86 

827*86 


1861*08 

- 20201*2 

10299*7 

2729*55 


560*86 

10299*7 

-79262 

83614 


327*86 

2729*55 

38614 

-218461 





308 K.. N. E. Bradfield, D. G. Christophesraon and R. V. Southwell 

Relaxation was then oontinued for a second “stage”. At its termination 
the final “forces” were 

Aj = - 0-003, As = 0-000, At = - 0-002, A, = 0-002, 

and the final “displacements” were 

Oj = 0-03008, Og = 0-00441, o, = O-OOlOTOj, a, = 0-000310. 

Then using (33) again we deduced the value 8-1553 for A, and found as 
residual forces (to be used in starting a third “stage”) 

As = - 0-008, Aj = - 0-004, A, = - 0-019, A, = 0-016. 

Since it was evident that further relaxation would not affect any digit 
in the figures for a^, Og, a,, a^, closer approximation was not attempted. The 
estimate 8-1653 for A, compared with the correct value 8-163 (§8), is less 
than 0-03 % in error, and the estimate of the associated mode, as shown in 
the first section of Table VI, agrees very closely with the exact solution. 


Table VI. Modes detebmined by systematic relaxation 
First mode Third mode Fifth mode 



By 

rolaxation By exact 

By 

relaxation 

By exact 

By 

relaxation 

By exact 

zxlB 

method 

analysis 

method 

analysis 

method 

analysis 

0 

0 

0 

0 

0 

0 

0 

1 

0*1986 

0*1992 

0*5313 

0*5415 

0*6688 

0*7311 

2 

0*3832 

0*3832 

0*8155 

0*8155 

0*6702 

0*5338 

3 

0*5460 

0*5462 

0*7794 

0*7660 

-0-1737 

-0*2212 

4 

0*6844 

0*6846 

0*5246 

0*6062 

-0*8263 

-0*8165 

5 

0*7982 

0*7982 

0*1154 

0*1108 

'-0*9097 

-0*8936 

6 

0*8866 

0*8866 

-0*3061 

-0*3103 

-0*4866 

-0-4676 

7 

0*9495 

0*9496 

-0*6741 

-0*6727 

0*1664 

0*1999 

8 

0*9873 

0*9874 

-0*9170 

-0*9151 

0*7670 

0*7766 

9 

1 

1 

-1 

-1 

1 

1 


To examine the importance of including several terms in the series (10), 
relaxation was also effected with neglect of A, and a,. The resulting estimate 
of A was 8-164,—^i.e. the error was increased to above 1 %: this result suggests 
that very high accuracy could be obtained, if desired, by increasing the 
number of the variable parameters. 

23. It is not neoessaiy to describe in detail the exactly similar work which 
led to estimates of A,, Ag, Aj, A,. Proceeding on the lines of §§ 19-20 (with a 
loss of one arbitrary parameter at every advance to a “higher mode ”), and 
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ending every series of type (42) with the term involving 1^, we obtained for 
A the values shown in column 3 of Table VII: neglecting A, and as 
described above we obtained the values given in column 5. 


TA.BLB VII. CeITICAL LOADS DBTEBMINBD BY SYSTEMATIC BBLAXATION 


1 

2 

3 

4 

6 

6 

7 

With lower 

8 

Order of 

Exact 

By relaxation 

Error 

By relaxation 

Error 

modes olimin- 

Error 

critical 

toad 

solution 

method with 

5 parameters 

0 / 

/o 

method with 

4 parameters 

% 

atf^d (§ 20 ) and 

6 parameters 

% 

Ai 

8 * 168 

8*166 

0*026 

8*164 

0*14 

8*163 

0*026 

A. 

66*68 

66*89 

0*4 

56*36 

1*2 

66*85 

0*3 

A. 

160*8 

155*8 

3 

160*6 

6*6 

154*0 

2*1 

A 7 

298*4 

316*8 

8 

360*4 

20 

— 

— 

A. 

484 

596 

24 

— 






FlO. 3 FlO. 4 

First, Third and Fifth Normal Modes for Strut (Fig. 3) and Vibrating Bod (Fig. 4). 
The ourvea are exact solutions; points show values obtained by the Relaxation Prooeee. 


The loss of accuracy entailed by a decrease in the number of the arbitrary 
parameten affords further support for the suggestion made above (§22). 
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It led us to recalculate Ag and Ag with series extending to Yu aind 7^3 reapeo* 
lively (i.e. with the number of arbitrary parameters kept constant), and as 
expected the accuracy was considerably improved. Columns 7 and 8 of 
Table VII relate to the resulting estimates. 

Dispensing with our device for eliminating (approximately) lower modes 
from the forms investigated, we found that in this instance the accuracy 
was thereby improved: with the original five a’s available, and Ag were 
estimated with errors of 0-35 and 2-06 % respectively.* 

The conclusion seems legitimate that Relaxation Methods provide a means 
of determining critical loads, together with (he associated modes of distortion, 
to any degree of accuracy which is likely to be needed in practical work. 
The figures in Table VI give an impression of sensible error in the deter¬ 
mination of the third and fifth modes; but fig. 3 shows that the discro|>ancies 
are in fact small, 

PART 11. “WHIRLING SPEEDS”. OR NATURAL FREQUENCIES OF 
TRANSVERSE VIBRATION, FOR A ROD OF NON-UNIFORM SECTION 

The governing equation 

24. When free transverse vibrations are executed by an initially straight 
rod, the governing equation can be shown to bet 

where B and x have the same significance as in § 4, m stands for the mass per 
unit length, and y cospt is the instantaneous deflexion, away from the 
position of equilibrium, of a section defined by ac. (T = 2nlp is the period of 
a complete vibration.) 

Depending on the nature of the terminal conditions y can assume a series 
of forms yi, etc. each of which is a solution of (44) when p® is given 

an appropriate value. Thus if the ends are **simply supported”, and if B 
and m are uniform, solutions are obtained by giving integral values to n 
in the expressions 

y^^ sinnnzll, p® « p® « (46) 

I denoting the length of the rod between supports. 

• It was implied in § 19 that this device will not always be needed. The question 
evidently turns on the accuracy with which Fj, Fg, ... etc. represent the higher 
normal modes. 

t Of. (e,g.) Southwell 1936 , Chap. xiv. Replacing p by w, we have the governing 
equation for a shaft which “whirls” with an angular velocity u>» 
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RAYIiKIGH’S THEOEBM EBOARDIKQ THE NATURAL FEEQtJENOIES 

26. If both sides of (44), multiplied by are integrated “by parts 
over the range 0 ^ a? < Z, then whatever be the nature of the terminal con¬ 
ditions, provided only that they do not permit an input or o\itput of energy, 
the equation 

<«) 

results. This may be interpreted as stating that the maximum values of the 
total strain and kinetic energies are equal in a free vibration: it could have 
been deduced from energy principles, and will be satisfied not only when y 
and p* constitute an exact solution of (44), but also when the mode is im- 
posed by constraints, provided that on the whole these do no work. On that 
understanding the frequency will be given by (46) in the form 

pa w J jBy "2 dxI j my^ dx, (47) 

dashes denoting differentiations with respect to x. 

When y is identified with 14 as defined in (45) of §24, equation (47) 
reduces to 

/>*= 

as was to be expected. Rayleigh’s theorem asserts further that when y is 
identified loith, p* as given by (47) is stationary for all variations of y. 

To prove the theorem we may write 

N ^ { By**^dXy /> = f my^dx (48) 

Jo Jo 

in (47). Then an argument on the lines of § 13 shows that p* will be stationary 

if j^iyl^^(By'')-mj^y^dx = 0 , 

for all permitted variations dy\ and this condition will be satisfied when y 
and p* are identified with y^ and p^, since in that event (44) is satisfied. 

26. We can take the argument further in the manner of § 14, showing 
that if y is a close approximation to y,, then (47) gives a very oloee approxi¬ 
mation to pf cmd ihe error i« one of escees$\ and on this result we can base an 
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approximate treatment on the lines of §§15-21. The ‘‘non-dimensionar' 
relation corresponding w^h (47) is 

A « N/D, N - Cfiiz) D - W(z) T^dz, (49) 

Jo Jo 

where 

z = xjl, y = r(z), B - Bo/?(z), m = mo/t(z), A == (50) 

Bf^f standing for the values of B and m at some representative section. 
If as before we assume that Y can be closely represented by the series (10)^ 
then the problem of approximating to yi reduces to the finding of values 
for Ui, Uj, ..., such that A has its minimum value. We have to satisfy the 
relations 

^^-0 (r=2,3,....»), (27)6 m 

A being given by (49) and Y by (10) with 1. 

27. The subsequent treatment follows, mutatis mutandis, that of §§ 15-21. 
We have according to (49) 

dN 9D ^ 

3*2) 3*2) 


and we may inaert these expressions in the formulae (29) for “residual 
forces” and for “influence coefficients”. As before our problem is to find 
values of a„ a,, a„ which make all of A,, zero. The type- 

solutions Fi, Y, . Yn (which we have not yet defined in relation to the 

vibration problem) may conveniently be given the same forms as before 
(§ 17), and having chosen them we may proceed to calculate, once for all, 


the quantities 


I„ - /i(z) YfY^ dz (including 4,), 

J„ = jy{z)Y;Y:dz (including J„). 


(Since its integrand contains /i{z) as a factor, it is no longer possible to 
arrat^ that » 0 when r 4° «•) 
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We have acoordixig to (10) and (49) 

^ ••• + J^,^-l-2(aia2</3L2+ **■ •••))! 

r {®^) 

D = + 6 ^ 1 / 22 + *** •'*)* j 


In fieeking an estimate of we may start as before by assuming that 
r»Fi simply, so that all of aj, ag, ..., a„ vanish. Then we have initially 


and 

whence - = Ji,. - A/^^, by (29) 

Also we have alvxiys 


^- 2 / 

3a, 3a,~ 


W _ 3W 

3a* “ 3a, 3a, 

3i4, 


2J = / 

3o* 3o,ao, 


80 that initially - -j- - = J„~ M 


3^, 

da. 




(64) 


( 66 ) 


A having its value according to (64). 

The formulae (64) and (66) give initial values of the “forces” and “in¬ 
fluence coefficients”. As in §18, having approximately “liquidated” the 
residual forces in a first stage, we have interim values of o,,..., o„ which can 
be used to calculate revised values of A, of the residual forces, and of the 
influence coefficients wherewith we can start the second stage. The new value 
of A (=i‘N/D) comes from (63); the new values of the residual forces come 
from 

„3A 3iyr -32) ) 

-2A, = £>5- = 5-Aj-; 

do, 3o, 3o, 


and the new values of the i nfluenoe coefficients come from 

8o, “3a* day D da/ 

3A, 3*2) 3*2) A,dD 

3o, dafdOg 3o,3o,^ 2) 3a,’, 


(29)2>m 


with 


2 3a, 
132) 


2§5; 


•^Ir + ®**^»r+ ••• +®n*4r»' 

••• 


( 66 ) 
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according to (51) and (53). As before the terms involving in the ex¬ 

pressions for the influence coefficients may be suppressed in any one stage^ 
on the ground that A^ will be negligible at the close of that stage. 

28. Relaxation may be continued to any extent which is deemed neces¬ 
sary, and we sliall have, finally, a close estimate both to Aj and to the asso¬ 
ciated mode Fj. Then, as in §§ 19-21, we can utilize our knowledge of to 
restrict the mode ¥ so that it has no component Fj, and in this way reduce 
the finding of Ag (or of A 3 in a symmetrical problem; cf. § 21 ) to a further 
minimal problem. 

The condition corresponding with (41) is 

JV(2) Y'f{dz = 7[}dz = 0 , (67) 

and we can arrange to satisfy it automatically by the series expression 

F = a2(F2 —agFj)-hU3{l8--a33^)-h...+u^(F^i— a^Fj), i.,(42)6i« 
provided that is determined from ^ 

Y’^dx = n)dz. ( 68 ) 

which corresponds with (43). Having determined F, and F, we can proceed 
to determine F„ and so on. 


An example tkaotablb by exact analysis 


29. It is not easy to devise examples, completely soluble by exact 
analysis; in which both /}(z) and /i{z) are functions of z. The example which 
follows (suggested by the strut problem of § 8 ) is artificial in that flexural 
rigidity increasing from the ends to the centre is eussooiated with a mass 
which decreases; but it will serve to test the accuracy of our approximate 
methods. 

Let both ends be simply supported, and let 


/?(z) - {1 - 4*»z*}*, /i(z) - {1 - 4iS:*zV. (®») 


z being measured from the central section. The natural frequencies of 
vibration are given exactly by 




1 + 




( 60 ) 
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when A haa the significance given in (60) and n has any integral value. The 
mode oorres})onding with each frequency is given by 


Y cc (I ^ cos |/ilogg when n is odd, 

7 oc {1 — 4^2*^)* sin |/^log^ ( i "^ 2 ^ 2 )) ^ even J 

fi being a constant defined by 


4//2 =r ^ ^ 1 

4*2 


( 61 ) 


(62) 


When A; — 0*8 the first four values of A as calculated from (60) are 

= 60*74, Aa = 552*0, A^ = 2466, A 4 - 7447. (63) 

30. Applied to this example (by K. N. E. B.) a slight modification of the 
method of ** relaxation by inspection(§§ 6-10) gave an estimate 60* 32 for A^: 
the fractional error of this figure is ~ 0*7 % (i.e. the first natural frequency 
was underestimated by 0*35 %), and the associated mode was determined 
with an error everywhere less than 1 %. A 3 was underestimated by 1*8 % 
(an error of only 0*9 % in the frequency), but the mode was not so satis¬ 
factorily determined, the errors amounting to 8 %. Moreover, the method 
was not satisfactory as applied to “higher” modes: it seemed as though the 
rod were tr 3 ing to assume one of the configurations associated with lower 
frequencies. 


Table VIII. Modes and nattjbal frequencies of vibration 

FOR NON-UNIFORM SHAFT 



First mode 

Third mode 

Fifth mode 


By 


By 


By 



relaxation By exact 

relaxation 

By exact 

relaxation 

By exact 

«x20 

method 

analysis 

method 

analysis 

method 

analysis 

0 

1 

1 

1 

1 

1 

1 

1 

0*9803 

0*9902 

0*9346 

0*9385 

0*8078 

0*8393 

2 

0*9680 

0*9613 

0*7423 

0*7629 

0*8235 

0*4072 

3 

0*9069 

0*0026 

0*4446 

0*4780 

-0*2668 

-0*1711 

4 

0*8828 

0*8429 

0*0863 

0*1399 

-0*7370 

-0*6797 

5 

0*7392 

0*7632 

--0*2765 

-0*2236 

-0*9186 

-0*9106 

6 

0*6266 

0*6432 

-0*5806 

-0*6463 

-0*6463 

-0*7264 

7 

0*4939 

0*6118 

-0*7798 

-0*7641 

-0*0077 

-0*1650 

B 

0-8420 

0*3694 

-0*7268 

-0*7687 

^ 0*6645 

0*4996 

9 

0*1766 

0*1871 

-0*4498 

-0*6069 

0*6613 

0*6807 

10 

0 

0 

0 

0 

0 

0 

A 

60-96 

60*74 

2589 

2466 

19840 

17795 
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31. Consequently the same problem was attacked (by D.G. C.) on tihe 
lines which have been indicated in §§ 27-28. It is not necessary to describe 
the calculations in detail, since they were exactly similar to those of §§ 2ia-23. 
On account of symmetry the modes fall into two classes (of. § 21 ): attention 
was confined to “odd” modes (i.e. to Ax, A 3 , A,), and in each instance the 
series taken as representing the mode was 

Y + + (84) 

having the form smnnz. The device of §28 was not required. 

The integrals of types /„, J„ are not tabulated, since aU (cf. §27) are 
special to this particular example. Table VIII summarizes the results, and 
fig. 4 serves to indicate the approximation to which the modes have been 
determined. 


CONOLtrSIOlT 

32. In this paper we have chosen for detailed treatment the simplest 
examples, respectively, of elastic stability and vibrations. But an equation 
of type ( 22 ) can be formulated for any stability problem whether in one or 
more dimensions (P defining the magnitude of the action making for in¬ 
stability), and equation (47), similarly, has its counterpart in every problem 
concerning free vibrations. The principles as distinct from the details of our 
“relaxation” treatment are quite general, and they provide a new method 
of attack on problems which are at once difficult and important. 

The advantages in these problems of “systematic relaxation” as con¬ 
trasted with “relaxation by inspection” would probably b&maintained in 
relation to configurations of static equilibrium for continuous systems (the 
proble'to treated in Part I of this series), although the latter was found to be 
a satisfactory method of attack. 


Sttmmarv 

Preceding papers in this series have been concerned with unique solu¬ 
tions; this paper deals with problems such that a complete solution would 
define an infinite number of configurations, all satisfying the governing 
equations and the terminal conditions, but each associated with some 
particular value of a critical loading or frequency (the “ characteristio 
number ’ ’ or Eigenwert) . The strut and vibrating rod (of non-uniform section) 
have been chosen for detailed treatment as the simplest examples, rei^o- 
tively, of elastic stability and vibrations; but the principles as distinct from 
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the detaUfi of the relaxation treatment are quite general, and they provide 
a new method of attack on problems which are at once difficult and im¬ 
portant. 

In both problems Relaxation Methods appear capable of determining, 
with more than sufficient accuracy for practical purposes (when dimensions, 
etc. are not known exactly), not only characteristic numbers but also the 
mode associated with each. (The modes are not determined by the well- 
known method of Lord Rayleigh.) 
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Critical and co-operative phenomena 

III. A theory of melting and the structure 
of liquids 

By J. E. Lbnnard-Jones, F.E.S., and A. F. DBvoNsmBE, Ph.D. 

The Univeraity Chemical Laboratory, Cambridge 

(Received 29 August 1938) 

1. iNTBODtrOTION 

There have been many theories of the melting of solids but none has as 
yet given a satisfactory explanation of the change of phase from solid to 
liquid in terms of interatomic forces. They have usually been based on simple 
models and have attempted only to correlate the temperature of melting 
with other properties of the solid. Of the earlier theories the best known is 
that of Lin demann ( 1910 ), who made the assumption that melting takes 
place when the amplitude of the vibrations of the atoms in a crystal is a 
certain fraction of the distance between nearest neighbours. This fraction 
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was determined from the data for one crystal and then applied to others of 
the same type. This effected a surprisingly good correlation between the 
melting-points of many solids and their characteristic frequencies. 

Baschevsky (1927) and later Herzfeld and Goeppert Mayer {1934) 
introduced another criterion for melting. The latter showed that if a lattice 
is expanded uniformly at constant temperature it reaches a state for which 
the pressure is a minimum with respect to changes of volume. This they 
associated with melting. Though the theory does not give the heat of fusion, 
it gives the temperature of melting as a function of pressure. On the other 
hand, Baschevsky’s tlieory gives the heat of fusion but not the temperature 
of melting. 

An attempt on difiFerent linos was made by Braimbek (1926), who con¬ 
sidered binary crystals and supposed that the two lattices move rigidly with 
respect to each other. He assumed their mutual potential energy to be a 
periodic function of position and showed that there were two possible values 
for the potential energy for each value of the mean kinetic energy. One of 
these he attributes to the solid state and the other to the liquid state. By 
adjusting the amplitude of the potential function he was able to obtain a 
relation between the heat of fusion and the temperature of melting in fair 
agreement with experiment. 

Frenkel has discussed the theory of fusion in a qualitative way (1937) 
and has given arguments for supposing that the transition from the solid 
crystalline state to the liquid one can be carried out in a continuous manner 
by gradually increasing the volume at constant temperature. He suggests 
that with incr^e of volume the regularity will decrease until the assembly 
becomes amorphous, and discusses the possibility of obtaining an isotherm 
similar to that of van der Woars theory of condensing vapours though for 
quite different reasons and in entirely different temperature regions, the 
loss of regularity somehow playing an important role. No attempt was made, 
however, to develop a quantitative theory. 

2. Order and disorder in liquid and solid 

The first difficulty to be resolved in constructing a theory of melting of a 
normal substance is to find the essential difference between the solid and 
liquid states. The X-ray examination of liquids has shown that they have 
regions of order which are almost crystalline, at any rate just above the 
melting-point, while recent work on the structure of alloys has shown that 
certain types of disorder can occur in the solid state (Bragg and WilUams 
1934; Bethe 1935). The difference between a crystalline soUd and a liquid 
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can {xrobably be attributed to the disappearance of long-distance order on 
melting, though some degree of short-distanoe order may still persist in the 
liquid and be lost gradually as the temperature rises or the volume increases* 

No theory of the gradual decrease of regularity has yet been given, though 
an interesting suggestion has been made by Eyring and his oo-workers 
(Hirschfelder, Stevenson and Eyring 1937). They suggest that, whereas the 
atoms in a solid are localized most of the time, those in a liquid can con¬ 
tinuously interchange places and can in consequence share the whole of the 
available volume. This latter property introduces an important change into 
the statistical treatment, for it changes a factor (F/iV)^, which occurs in 
the partition function of the solid, to V^/N ! and this leads to a new term in 
the entropy of amount Z? (Boltzmann's constant), corresponding to the 
increased disorder of the liquid. There is nothing in the theory, as at present 
formulated, to indicate what are the conditions for this sudden change from 
perfect order to complete disorder, nor is there an explanation of the 
sudden change of volume which is known to occur at the melting-point. 
A satisfactory theory of melting should lead us to understand more clearly 
why for a given pressure melting occurs at a definite and precise temperature 
(and not gradually over a range of temperature) and why it is accompanied 
by an increase of volume. Ey ring’s suggestion does, however, focus attention 
on the essential difference between a solid and a liquid, namely, that a 
solid at most temperatures can be regarded as ordered, while a liquid for 
the most part is disordered. 

In this paper we attempt to construct a theory of melting by introducing 
a theory of disorder. We confine our attention to assemblies of atoms (or 
molecules), whose fields of force are spherically symmetrical, so that there 
are no specific points of attachment such as are believed to exist in abnormal 
liquids like water. Atoms with fields of this type probably form what are 
called normal liquids, though no strict definition exists as to what a normal 
liquid is. Usually a liquid is regarded as normal when it obeys certain 
empirical rules such as Trouton’s rule. This latter rule was derived in terms 
of interatomic forces of the spherical type in a recent paper (Lennard-Jones 
and Devonshire, Paper II, 1937) and probably implies non-directed fields 
of force. 

We take over the theory and methods of the two preceding papers (Len- 
nard-Jones and Devonshire 1937 , under the title of “ Critical Phenomena in 
Cases I and II ”), according to which each atom of a dense assembly, whether 
sohd, hquid or gas, is regarded as moving in the field of force of its neighbours 
and confined by them to a small region of space equal to the average avail¬ 
able volume per atom. This method proved surprisingly successful in pro- 
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viding direct caloolations of critical temperaturee and also of boiling'points 
in terms of interatomic forces. But the model as thus described does not 
differentiate a solid from a liquid. In the solid the oeU in which an atom 
moves is localized whereas in a liquid it is not. There is a migration of 
the cell from one position to another. In a liquid'therefore we most tepre* 
sent the motion of an atom eis a vibration about a point which itself suffms 
displacement. This feature we introduce into thp theory in this paper by 
considering the order and disorder of the sites (or centres of vibration) and 
discuss the relation between solid and liquid in terms of the disorder 
present. 

We picture a solid of one kind of atom (such as that of an inert gas) as an 
alloy of atoms and "holes”, the atoms occup3ring at low temperatures all 
the available sites on a perfect lattice and the holes all the available sites on 
a similar lattice interpenetrating the first. A close analogy in two dimensions 
would be a draught or chess board, of which the white squares constitute 
the normal sites for the atoms and the black squares abnormal sites. We call 
the former a-sites and the latter y?-sites. Each site is surrounded by z sites 
of the other type. When an atom is situated at an a-site and another at a 
contiguous /^-site, we shall call them close neighbours, the term immeduUe 
neighbours being reserved, if need be, for the nearest sites of the same type. 

A measure of the disorder in such an assembly will be the number of 
atoms in abnormal sites. Fig. 1 a shows a two-dimensional arrangement of 
a- and y^-sites. Most of the atoms are ordered, but one or two are in ^-sites. 
This arrangement corresponds to a state of long-distance order but local 
regions of disorder. A state of complete disorder is shown in fig. Ih, where 
the atoms have been placed at random on a- and /^-sites in such a way that 
there’are equal numbers on each. In such an arrangement all evidence of a 
regular lattice structure has disappeared. We do not suggest that the actual 
configuration, shown in fig. 16, is a likely one. The clusters will not remain 
congested while surrounded by empty sites, but will expand until they 
occupy as much as possible of the available volume. This aspect of the pro¬ 
blem we shall consider later. What we want to do first is to get a mathe¬ 
matical theory of disorder to give the relative positions of the atoms sur¬ 
rounding any one, and then we shall be able to deal later with the problnn 
as to what will be their actual positions. 

The theory of disorder in alloys consisting of two kinds of atoms has been 
considered by several authors and has been successful in accounting for 
anomalous properties of these alloys at a certain temperature, calfed 
critical temperature (Bragg and Williams 1934-5; Bethe 1935; Wfiliama 
1935). This temperature is now interpreted as the one at which long-diriiance 



321 


Critical and co-operative phenomena 

ordet disappears. In this paper we shall consider a solid of one kind of atom 
as an alloy of atoms and holes, and the migration of an atom to an abnormal 
site as the interchange of an atom and a hole. We adopt with suitable modi¬ 
fications the method used by Bethe for alloys, but we take the energy 
necessary for an interchange of atom and hole to be a function of the volume 
of the whole assembly. This makes the phenomenon a co-operative one in a 
twofold sense and, as we shall see, the combination of these two concepts 
leads to a theory of melting. 



Fkj. la. Local displaoementB but long-diatance order, (a-sitcs are represented 
by crosses, yfif-sites by dots and atoms by circles.) 

Kic. 16. Break up of long-distanct? order, equal numbers on a- and /^-sites. 


3. The free energy and pressure due to disorder 

We suppose that the crystal is in equilibrium with its vapour, the pressure 
of which is supposed known, and we use the partition function of an atom 
in the vapour phase as a standard of reference. We denote by / the ratio in 
^^ hlich the partition function of the whole system (crystal and vapour) is 
altered when an atom is transferred from the vapour to an a-site with no 
close neighbours. The function / is to be determined by the condition that 
half of the total number of ci&: /?-fliteB is occupied. A somewhat similar 

! >rocedure is used in the theory of adsorption on a surface, when there is oo- 
oi)eration among the adsorbed atoms, and the vapour pressure is known but 
^ he number of occupied sites on the surface is unknown (Peierls 1936 ); in this 
< ase the function / is determined so as to give a known vapour pressure. 

at 


VolCLXIX. A. 
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When an atom is transferred from the vapour to an ^^site and has m close 
neighbours, we shall suppose the partition function changed by a factor 
/exp {—mWIkT), where Wis a measure of the change of energy required to 
transfer an atom from a position as an immediate neighbour on the same 
lattice to one in which it is a close neighbour. The effect of disorder in the 
crystal on the partition function is introduced, as in Bethels method, by 
supposing that the partition function of an atom in one of the /J-sites, which 
is nearest to a central a-site, is altered by a factor ^ owing to the distribution 
in the rest of the crystal. Similarly, the partition function of an atom in one 
of the a-sites, which immediately surround a central /?-site, is altered by 
some other unknown factor There are then four unknowns, viz. /, 
and the probability (Q) of occupation of an a*site. We now proceed to 
determine each of these quantities, using the fact that the probability of 
occupation of each a*site must be the same (Q) and the probability of 
occupation of each y?-site must be (1 — Q). 

The partition function for an atom on an a-site and m close neighbours 
is then 

where we have written 7 == (8’02) 

and A ia the partition function in the vapour phase. The probability of this 
configuration relative to the configuration in which the a-site and the sur¬ 
rounding sites are all vacant and the m H-1 atoms are in the gas phase is 
( 3 ' 01 ) divided by A^+’j which we may denote by r^. Summing for all possible 
m, we then get 

r„, - ( 8 - 03 ) 


m—jr 

fn*0 


( 3 - 04 ) 


Similarly, the partition function for the group when the central a-site is 
not occupied is 

ro^{l+m (8'OS) 

The probability that an a-site is occupied then is 


il+f^r+f{l+vf^r 

/(14-ye)* 

(1-1-e)*+/(!-!-ye)*’ 


(S'OO) 
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on writing (3-07) 

Now the probability that any one of the /tf-gites is occupied when the 
a-site is occupied is equal to 


m 


w«0 2 




4(1^/^ 

2(14-l-fi/e* 


(3-08) 


and similarly the probability that it is occupied when the centre is un¬ 
occupied is 6/(1 -he). But the average probability that a y(y-site is occupied 
is 1 — Qt and so we have 


(*-«)-(iiy«+(i^,)(‘-0). (»■<«) 


giving the relation 
and 


Q ^ (l+ye) 

l-Q ^eH+e)' 



(3-10) 

(3-11) 


where and are the numbers on a- and yff-sites resijeotively. Similarly, 
by considering a /S-site as central we get another set of equations, which 
may be \vritten 


n ^+yey 

li+ey+f(l+yey’ 


(3-12) 


and 


g(l+ 7 e')-(l-Q)ve'(l+e'). (3-13) 


Equations (3'06), (3’10), (3'12) and (3*13) give four relations between the 
tour unknowns c, e', Q and /, which may be rewritten in the form 

Q J{i+yeY _ (i+eT 
l-Q (l+eY f{l+vey 

^e(l+e) 1+ye ' 

These equations determine Q, f, ^ and g' in terms of y, that is in terms 


<)f fV/HT. 

Eliminating Q and / we obtain 

(l + 7e)*-i(l+e)-<*-"e= (1+i/e')*-» (1(3-15) 
(l + 7e)(l+?^') =■ +«)(!+®'). . 

<'hat is (1- 7 ee'){l+i;(6+e' + ee')} « 0, (3-17) 

so that ifee' “ 1, (3' 1S) 


ai-a 





since % € 9kn^ ef are always posittm Substituting for e' in equation (^*15), 
we find* on writing 

X * 7*6, (3'19) 

an equation to determine x and so e, viz. 


(1 -f 7*3?) = 7*+X. (3*20) 

This equation always has a root given by x=“ 1 , and if the left-hand side and 
the right-hand side be plotted separately as functions of x the two curves 
intersect in two other points, provided that 

Z7* < (« — 2). 

The root x «1 corresponds to Q = J and no long-distance order, 
the other roots, we note that if x^ is a root of equation {3'20), then 
also a root, and further we have from equation (3*14) for a root 

Q 

so that the two roots, which are not equal to unity, are equivalent 
another, the value of Q corresponding to one root being equal to the value of 
(1 — (?) for the other. Both correspond to a state of long-distance order and 
it may be shown that where they exist they imply a minimum value of the 
free energy, that is a state of stability. Since they are equivalent, it will be 
sufS.cient to take the lowest root only, which corresponds to a value of Q 
between ^ and 1 , or a preponderance of atoms on a-sites. 

The relation exp (— WI2kTc) « 7 * =* (z — 2 )/z, (3’23) 

defines a critical temperature 7^ at which order disappeaxs. In this paper we 
shall consider If to be a function of volume, as it certainly must be, and so, 
if the crystal be heated at constant volume, the temperature at which order 
disappears is a function of the volume. This step is new and the crucial one, 
as we shall see, in the theory of melting. 

The additional energy of the system due to disorder is given by* 

NzWQ^e NzWQ^ix 

* We denote by V the additional internal energy of the assembly as a result 
of disorder, reserving U' to denote the internal energy of the assembly when ordered. 
Similarly we denote the additional entropy, free energy and pressure by 
and p'". 


( 8 - 21 ) 

As for 
l/x, is 

( 3 - 22 ) 
to one 
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since each atom in an a-site has on the average 276/(1 + 76 ) neighbours on 
close /ff-sites, and there are NQ such atoms. Substituting from (3-14), 
we have 

NzWri^x 

(l + 27i*x+x»y 


U" 


as long as there is any long-distance order in the crystal. For zrf^ > (2 — 2 ) we 
have long distance disorder and a? = 1 , so that 


^NzWy^ 12(1 ^7/^). 


(3*26) 


For complete disorder we have rf—l and V^INzW. 

The corresponding contribution to the Helmholtz free energy can be 
obtained from the relation 


r.-Tj 


cr 

j>2 


dT = -kT 


f 


ijr 

7lf' 


dTj 


■NkTz 


’ 7~*a:d7 


i-. 


+ 27 !* + a:*' 


as long as 27 * < (z — 2 ), or 

r<(lF/2fc) [log 2 /( 2 - 2 )]-i. 

For temperatures above the critical temperature, we have 

T. IJ” 


(3-27) 

(3-28) 


rr, iJ” CT fj’ 

‘■--a 


-NkTz 


7“*a:d7 


Jo 1 


where 


+ 27 * 2 : -f a:® 

7 o = ( 2 - 2 )® 2 -*. 


-NkTz 


/’ 

J Vc 


7~*d7 

2(1+^)’ 


(3-29) 

(3-30) 


Now, if we substitute for 7 * in the first integral from equation (3-20), 
. we have 

1) _ 3 . 


» *( - 1 + arV(»-«)+a;W-«( 1 - x*)/(z - 1 ) 
0 (l-a:*)(l-x***-«)' ~ 


and 


-iu 


if-^xdii 


•f 27 ** -f ** 


'•/i 


(3-31) 


22 


j. 


l-x* 1 -**•«•' 


«r*+Joints 
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Hence for temperatures below the caritioal temperature 

- = z log (1 - a:*) - (z -1) log (1 - 

+ log(l+»^“)—log(l—(3*32) 

When the upper limit is i/,, or x = 1, this becomes 

zlog{(z—l}/z} + 21og2. (8-33) 

The second integral in (3-29) gives 

zlog{(l +57*)/2}-zlog{{z- l)/z}, (3-34) 

and BO for temperatures above we get 

— A’lNkT — 21og2 + zlog{(l+i/*)/2}. (3'35) 

The limiting value of -4'’ as Wtends to zero (infinite specific volume) or the 
temperature tends to infinity is 

- A" INkT ^2lofu2, (3-36) 


as it should be, for then it is due to the extra entropy corresponding to the 
shuffling of N atoms among 2iV^-8ite8. 

The variation of U", A“ and the entropy S* with volume for a constant 
temperature is shown for a typical case in Fig. 3. 

The additional pressure due to the change of order is given by 



and, as {A’jNkT) is a function of t} only, we have 

- -^(f) ’’’■ <*■”> 

on using (3*02) and (3*27). We thus have the following explicit formulae for 
p", using {3'24) and (3’25), viz. 

dW ij^x 


f = -iJz 


dv 1 + 27 *x+x* 


for 7 ‘<(z- 2 )/z, and 




dW V* 


dv 2(1 +^*) 


(3-38) 

(3-39) 


for 2)/z. We note that these formulae can also be written in the form 

.dW 
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where n' is the average number of pairs of close neighbours at any given 
temperature and volume. 

Further, if W depends on volume according to an inverse power law, so 
that it can be written in the form 


W « W,{vjvy, (3-41) 

we have the simple formula forp*", 

= lU^v. (3-42) 


This shows thatp"" has a maximum. For at a given temperature U" vanishes 
at small volumes (and more quickly than v) and tends to \NzW at large 
volumes, so that it again vanishes in virtue of the diminishing W. A typical 
curve for p" is shown in fig. 2. 

The formula (3-40) shows that for a given temperature p" will reach a 
sharj) maximum at a volume approximately equal to that at which w' 
reaches its maximum constant value, that is at the volume for which long- 
range order disappears. This is determined by 


W,^kT\og{zl(z-2)l (3*43) 

which gives a critical energy for the given temperature and hence a 
critical volume. Moreover, for this volume and temperature, we find from 
(3*26) that 

in^\NzW(z-2)l{z^\y 

so that, using (3*42), 

pI = l{NzWJ4){(z-2)l(z- 1) }/r, 
lz(z — 2) log {%!(% — 2)} NkT 


(3-44) 


(3-46) 


pI is, in fact, nearly equal to the maximum value of p", as is evident in ftg. 2. 
From (3-43) we have 


r 


Hi 


1 


HI 


\kTlog{zl(z-fl))i 


(3-46) 


and hence we see that p" at this critical volume is proportional to r^-KW); 
in fact, we have 


Pc *= 


NkT lkT\yi 


(3-47) 


where ^(s) is a function of * only and the interatomic forces enter through 
v, and 1. 
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4* The equation of state of soiad and uqutd 

Having found the pressure and free energy due to disorder, it is now neces¬ 
sary to consider tlie corresponding values of these quantities due to ordinary 
heat motion in an ordered assembly. Now this is precisely what we have 
calculated in earlier papers (Lennard-Jones 1937 ; Lennard-Jones and 
Devonshire, Paper I, 1937 ). We there supposed each atom to move in a 
cell, determined by its neighbours, and calculafed the potential energy for 
all positions within the cell, supposing all the other atoms located at the 
centres of their cells. This field was then averaged so as to give it spherical 
symmetry and we defined a free or available volume per atom aja 

v') — Jexp{ — d^(riV)/iT}47rr®dr, (4*01) 

an integral over the cell, A^lr being the potential energy difference between 
any point of the cell and that at the centre due to the atoms in the 
immediate neighbourhood. In constructing the partition function of the 
whole assembly, we supposed that as a first approximation the atoms might 
be regarded as moving independently of each other, as in Einstein’s theory 
of the specific heat of solids. In that case the partition function could be 
written 

T) = [/(«;, T)]^ (4-02) 

where /{v, T)^(2nmkTlh^)^v^eix\i{-0^(v)jNkT), (4*02A) 

and 00 is the mutual potential energy of the assembly when each is at 
the centre of its cell (Lennard-Jones 1937 , equation (16)). This partition 
function is just of the type we require, for it is valid for a set of atoms which 
are localized about the points of a regular lattice, the a-sites, in fact, of the 
preceding work. It is not to be multiplied by any factor such as N^jN I, as 
was done in Paper II in the theory of a liquid. The factor by which the 
partition function is to be multiplied to take account of disorder is implicit 
in the discussion of the preceding section. 

The free energy appropriate to (4-02) is then given by 

A* ^^NkT\ogf(v,T) 

- -NkT\o^v*,-\-0^(v), (4*03) 

rj \ dv jj, dv 


and the pressure by 


( 4 - 04 ) 
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Actual calculations were made of the available volume as a function of 
the volume of the assembly and of the temperature, assuming the potential 
of the interatomic field of two atoms to be expressed as a sum of two inverse 
power laws. This type of field can be written as 




and then | | is the energy required to separate two atoms from their 

position of minimum energy to infinity, is their distance apart in the 
minimum configuration, and n, m are suitable indices of the repulsive and 
attractive fields. Values of n and m were chosen which have been found 
successful in the theory of the virial coefficient (Lennard-Jones 1937 ), viz. 
n— 12, m = 6. 

The atoms were assumed to be arranged on a face centred lattice, the 
average distance between nearest neighbours being a, and the specific 
volume then being t?* = a^l^2. Inserting the above values of n and m and 
putting the potential energy function (4-05) can be rewritten as 


I ^^0 1 {(^0 ~ 2 (v*/r*) 2 }. (4*06) 

In this notation the expression for 7 )' given in Paper I, equation (50) becomes 


P 




(4-07) 


where c = 12 and is the number of nearest neighbours. The g’s are functions 
of V and T given explicitly in Paper I, equations (49), (61) and (52), and the 
symbol A, there used, is equal to c | |. In terms of the gf’s the free energy 

is given by equation (4-03) above, using the relation 


vflv* = 2n(^2)g. (4-08) 

Now the previous treatment of disorder implicitly associated a state of 
equivalence between a- and yff-sites except that the simultaneous occupation 
of contiguous sites meant a state of higher energy. The question now' arises 
as to whether the total pressure is given by 

p^p'+p", (4'09) 

for this woxild imply that each atom has the same available volume vf 
whether it is situated on an a- or a /J-site irrespective of its neighbours. At 
hrst sight this would not appear to be likely. An examination of fig. 16 is. 
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however, instructive in this connexion. Whenever the disorder leads to a 
close clustering of groups, it is to be observed that each is surrounded by a 
series of unoccupied sites. Each cluster would then in actual fact expand 
under the influence of the atomic forces until the energy is as small as 
possible, that is until the cluster touches other surrounding clusters. This 
implies local expansions of the lattice to which the atoms are referred. 
Each atom will then occupy on the average the same available volume as 
before, if the total volume of the assembly is kept constant. We consider 
therefore that it will be sufficiently accurate for the model to take the free 
energy of the assembly to be given by 

A^^A' + A", (4-10) 

and the pressure by (4"09). 

The object of a theory of melting must be to calculate the temperature of 
melting, the change of volume at melting and the latent heat directly from 
the interatomic forces. To complete the present theory it is necessary 
therefore to try to find W, the extra energy of a pair of atoms on neighbouring 
a- and /J-sites, in terms of interatomic forces. We have made an estimate 
of this quantity in the following way. According to our model, perfect order 
corresponds to a perfect face centred lattice, while complete disorder corre¬ 
sponds to an equal probability of finding an atom on any of the sites of 
simple cubic lattice. (Actually the face centred lattice is the cubic lattice 
of lowest potential energy for a field of force of the type given above in 
(4*06) (Lennard-Jones and Ingham 1925 ).) We may describe disorder, 
according to this theory, as a tendency for the atoms to set in clusters with a 
symmetry of the simple cubic lattice. Now, as explained above, the clusters 
will also tend to expand until each atom has the same atomic volume as 
befote. There may be many plausible ways of expressing the net effect of 
both these tendencies. One is to suppose tentatively that each cluster will 
tend to set according to a simple cubic lattice with every site occupied (that 
is, with a probability unity instead of having a probability of only half), but 
with a spacing such that the potential energy of each cluster is a minimum 
for this configuration. The latter condition will imply local expansion. 

The potential energy of the central atom will then be 

for the field already discussed above, d being the distance between atoms. 
The summation is over the atoms of the duster (say s in number) and 
represents the effect of all the atoms Outside it. We could calculate by 
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replacing all the atoms outside the cluster by a continuum, but it will be 
sufficiently accurate to regard these atoms also as part of the same lattice. 
We then get 

whei^ ^0 ia the spacing of the lattice, while and A12 are summations over 
an infinite simple cubic lattice and have been given by Lennard-Jones and 
Ingham ( 1925 ). The atomic volume is equal to where is the value which 
makes a minimum. This is given by 

d,^r,(A,2lA,)^ (4d3) 

and = - 1 9^01 w)- (•*•1*) 

The potential energy of one atom of a face centred cubic due to all the 
rest is similarly 

For the minimum configuration we have 


and (4-17) 

The mutual energy of N atoms in the two configurations is and 
^Ni/r,, and as the total energy increment in the disordered state was given 
by U" = JJVisW (of. eqn. (3'26)), we have, putting 2 = 6, 

= 2|9i„l, (4-18) 

very nearly. The percentage change of volume, defluced from {4-16) and 
(4-13), is 33%. 

This treatment is, of course, only approximate, for it presupposes a 
complete change of crystal structure and this at the absolute zero of tem¬ 
perature. It is intended only to give an order of magnitude of W, or rather of 
the value of Wwhen complete disorder has set in with its consequent change 
of volume. It is equivalent to replacing the change from solid to liquid by 
a change of crystal structure, and is a cruder picture than the mathematical 
theory of disorder represents. The actual value of W will be a function of 
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volume and will presumably be less than that given above as each cluster 
will accommodate itself to its environment in the best possible way* For 
example, a change to a body centred cubic would require less energy than 
that given above, being apparently only (0-27) | {io I- We may thus, as a 
result of this discussion, anticipate that W will be of the same order 
as I ^o|. 

In order to make numerical calculations we have supposed that W will be 
determined mainly by the repulsive part of the atomic forces and we have 
accordingly put 

(4*19) 

and have regarded as an adjustable parameter, to be determined by one 
observable, which may be either the temperature of melting, or the change 
of volume on melting or the latent heat or entropy of fusion* The theory 
should then give the others. We have actually chosen to give the observed 
melting-point. This has to be done by a process of trial and error. In the 
case of argon, for which the temperature of melting at atmospheric pressure 
is 83-8°abs., we have ( (j>^\lkT^ *= 1-44 ((( being known for argon from 
interatomic forces (Lennard-Jones 1937 , Table III)). The value of chosen 
was such that W^jkT^^ = 1'506. Actually we find that a pressure of one 
atmosphere makes so little difference to the temperature of melting that we 
have taken the pressure to be zero. Thus we find which is of 

the same order as that found above. 

A typical set of results is given in Table I. The terms arising from the 
partition function without disorder are indicated by a single dash, those 
from disorder by a double dash, and the resultant terms without a dash. 
The volume at which the long-range order vanishes is indicated by the 
figures in italics, cf. eqn. {3‘46). 


Table I. The pressttrk and free energy of solid-liquid ajrqon as 
A FUNCTION OF VOLUME (T = 83‘8 ABS.) 


t) 

Vo 



P% 





iSr 

s 



kT 

kT 

kT 

NkT 

NkT 

NkT 

Nk 

Nk 


1 0269 

0-96 

018 

0-71 

0-89 

12-678 

0-039 

12-617 

3-613 

0-221 

3-734 

1-0640 

0-90 

-0-89 

1-03 

0-14 

12-667 

0-065 

12-682 

3-712 

0-336 

4-047 

1-0691 

0-876 

-1-31 

1-22 

-0-09 

12-650 

0-082 

12-632 

3-818 

0*409 

4-227 

1-0846 

0*86 

-1-67 

1-47 

-0-20 

12-626 

0-102 

12*628 

3-922 

0-60i 

4-423 

1-1180 

0-80 

-2-29 

2-08 

-0-21 

12-460 

0-161 

12-621 

4*138 

0*741 

4-879 

M648 

0-76 

-2-73 

2-98 

0-25 

12-367 

0*256 

12*622 

4-373 

1*116 

6-488 

1^1676 

0*7 m 


3-33 

0*49 

12*331 

0*294 

12*623 

4*461 

h$66 

6-777 

1-1961 

0-70 

-2-98 

3-03 

0-06 

12*251 

0-381 

12-632 

4-607 

1*286 

6-893 
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These results are also shown hgs. 2, 3 and 4, the volume at which 
long distance order disappears being indicated by the dotted line. 

The relation between the total pressure and volume for a fixed tem¬ 
perature has a shape similar to that shown in fig. 4, but the minimum and 
maximum points on this isotherm do not correspond to states of minimum 
free energy. The same arguments, which are used for the liquid-vapour 



Fio. 2. The pressure and free energy of argon due to disorder in the crystal-liquid 
change of phase. (The dotted vertioad line gives the volume at which long-distance 
order disappears.) 


change of phase, can be applied here with the result that part of the curve 
must be replaced by a straight line. (In fig. 4 this part coincides with the 
axis of zero pressure.) At the left-hand point on this straight portion the 
value of p" is small, and though the order is not perfect there is some long- 
. range order, but as the volume changes along this straight jmrtion the order- 
disorder phenomenon sets in and by the time the pure liquid phawe is reached 
all long-distance order has disappeared. There is, however, some degree of 
short-distance order left and this only disappears at higher volumes (or at 
higher temperatures than the melting one). This result is in accord with 
] )revalent ideas as to the oharaoteristic structures of solid and liquid. 

For the isotherm given in Table I the volume of the solid just before 
melting is the smallest volume at which the pressure vanishes, namely 
I'OfiSSVg, and the volume of the liquid the largest volume at which the 
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pressure vanishes, namely M99t;0. Since the free energies at these two 
volumes are both equal {AjNkT being equal to —12*632), the two phases 
can co-exist and therefore the temperature is the melting temperature at 
zero pressure; the melting temperature at atmospheric pressure will not 
differ appreciably from this. 



Fig, 3. The entropy S'"jNh (curve I), the energy U'^INkT (curve II) and the free 
energy A’^jNkT (curve III) of argon as a function of volume. (The volume at which 
long-distance order disappears is shown.) 


Table II. The change of volume and entropy 

OF ARGON AND NITROGEN AT MELTING 


Argon 83'8 

Nitrogen 63*2 


Change in 

volume Entropy of a (thermal ex- 



Calc. 

Obs. 

fusion (cal./deg.) 

pansion of liquid) 


% 

o/ 

/o 

Calc. 

Obs. 

Calc. 

Obs. 

1*048 

13 

12 

3*46 

3*36 

0*0049 

0 0045 

0*876 

8 

9 

2*58 

2*73 

0*0048 

’0 0060* 


♦ For the range 68-89'^. 


From the table we find the entropies corresponding to the volumes of 
the solid and liquid, and their difference gives the entropy of fusion. The 
results are given in Table II for argon, together with the ratio of to 
the mutual potential energy of two molecules at their equiUbrium distance. 
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The reBults of similar calculations for nitrogen are also included* We note 
that hero also is equal approximately to which is in accord with the 
preceding discussion. 

The sharp rise in the pressure due to disorder is shown in fig. 2, where the 
free energy is also given as a function of volume. These curves refer to argon 
for the temperature at which it melts (at zero pressure). The corresponding 
values of the entropy (S'^INk) and energy (VINkT) given in fig. 3. In 
fig. 4 the total pressure is plotted as a function of volume for the melting 
temperature of argon. The zero axis of pressure replaces the dip and rise in 
the isotherm. The isotherm without disorder is shown by the dotted curve. 



Fig. 4. The total pressure (including that due to disorder) 
as a function of volume. 

Having found Wq we can now construct an isotherm for higher tem¬ 
peratures, and determine the corresponding pressure of melting. In Table III 
give an isotherm for argon corresponding to j \/kT » 4/3 (90‘3°K). 
It is found by a trial and error process that the pressure of melting then is 
given by pvJNkT^ 0*96. For at this pressure the volume of the solid is 
given by and of the liquid by l*1666tJo, and the corre- 

"sponding free energies by --lh9H9NkT and ^4/ =* — l2*094NkT. These 
quantities satisfy the relation 

-4,-^, = !>(»,-V,), 

'vhioh is the condition for the equilibrium of the two phoaes. In o.g.s. 
•inits the values found for the pressures of melting are for argon 291 x 10* 
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dynes/cm.* at 90’3°, and for nitrogen 171 x 10 * at 67*4®, aa compared with 
experimental values of 290 x 10 * and 194 x 10 * reapeotively (Simon, 
Buhemann and Edwards 1930 ). 


Table III. An isotherm for aroon (calohlated) 
FOR A TEMPBRATTTRB OF 90-3° AB8. 


V 



V% 

S 

% 

V* 

NkT 

NkT 

k 

1*0269 

0*95 

11*961 

1*62 

4*007 

1*0640 

0*90 

11*986 

1*02 

4*339 

1*0846 

0*85 

12-012 

0*79 

4*764 

1*1180 

0*80 

12*039 

0*94 

6*619 

11463 

0^7614 

12072 

1-38 

5^767 

1*1648 

0*76 

12*083 

1*20 

5*826 

M961 

0*70 

12-117 

0*49 

6*087 

1*2404 

0*06 

12*127 

^0*03 

6*367 


From the table we can also deduce the volume of the liquid at zero pres¬ 
sure, which is l'237vg and hence its average coefficient of thermal expansion 
(a) over the range 83'8-90'3°. This is given in Table II. 

It will thus be seen that when the one empirical constant 11^ has been 
adjusted to give the right tem})erature of melting, the other properties 
associated with the change are in good agreement with experiment. The 
value of Wg thus found is less than that given by equation (4'18), but it is 
of the same order of magnitude and suggests that the treatment of the 
theory of melting given in this paper is at any rate on the right lines. 

The theory could be used to find the pressure at which a solid "melts” 
at temperatures higher than the critical temperature, though such a change 
of phase would really be equivalent to sublimation. The theory we have 
developed for liquids could be applied to the dense gas in equilibrium with 
the solid at high temperatures. Whether or not there is a critical temperature 
above which a gas could not be compressed to the solid phase is a matter 
for further investigation. We hope to carry out numerical calculations to 
see what the present theory implies at high temperatures. It is at any rate 
dear that, if such a critical temperature does not exist, the theory will give 
an asymptotic formula for the temperature of melting at high pressures and 
may find useful applications in geophysics and other branches of physios.* 

• The pressure at which melting occurs for a given temperature always lies between 
p,' and p', where these pressures refer to the volume v, defined in (3’4fi). Hence 
we could write + ep' where e lies between 0 and 1 and from this infer an 

asymptotic formula for the relation between melting temperature and preeaure at 
high pressures. 
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The oaJoulations of this paper together with those of Papera 1 and II 
give the free energy of an assembly as a function of volume and temperature 
through the whole of the solid, liquid and gaseous phases. If the free energy 
is plotted as a surface in terms of these variables, it is found that in the 
solid-liquid range it consists of two valleys separated by a ridge. Points on 
this ridge correspond to unstable states of the assembly, for a state of lower 
free energy can be attained by following the common tangent to the two 
valleys. Points on any such tangent correspond to a mixture of the two 
phases, solid and liquid. These common tangents develop a surface which is 
like a road, banked first in one direction (corresponding to melting at a 
negative pressure) and then in the other (melting at positive pressure). 
By means of such a surface it is possible to follow the changes consequent 
on an increase of temperature at constant pressure. At zero pressure, for 
example, the path of the representative point on the free energy surface 
follows at first the bottom of the valley which corresponds to the solid state, 
the volume increasing with increase of temperature. At the temperature of 
melting the point crosses the flat portion at the place where it is horizontal. 
This corresponds to melting and a discontinuous increase of volume. There¬ 
after it follows the bottom of the second valley. Thus we get successively 
thermal expansion of the solid, dilation on melting and finally thermal 
expansion of the liquid. 

We are indebted to the Department of Scientific and Industrial Research 
for a grant to enable this research to be carried out. 


Appendix 

The boiling-points and heats of vaporization of gases 

In Paper II we calculated the boiling-points of the inert gases from the 
atomic forces, assuming that the whole of the available volume was shared 
equaUy by aU the atoms just as it would be in a perfect gas. According to the 
preceding paper this assumption is too drastic, for the extra term in the 
energy A" due to disorder does not reach a value as great as —NkT owing 
to the increase of energy as well as entropy due to disorder (cf. fig. 3 
above). We have therefore repeated the calculations of Paper II, replacing 
the free energy of the liquid Aj on the left-hand sides of equations (15) tmd 
(16) by A' -f A*. The results are shown in Table IV where it will be seen that 
there is marked improvement in the agreement with experiment. 


Vetctxix. A. 
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Table IV. Calottlatbd boimng-poikts of oases 

Entropy of vaporisation 



Boiling temperature 


(oal./deg.) 



Calc. Calc, (new 


Calc. 

Calc, new 



Paper 11 method) 

Obs. 

Paper 21 

method) 

Oba. 

Argon 

94*1 87-3 

87*4 

20-7 

17-6 

17*2 

Nitrogen 

79*0 76*0 

77-2 

J9*8 

10*7 

17-8 
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Collective electron ferromagnetism 
II. Energy and specific heat 
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1. IlfTBODtrCTrON 

A treatment of collective electron ferromagnetism on the basis of Fermi- 
Dirac statistics was developed in a previous paper (Stoner 1938 a, referred to 
as I). The problem considered was that of the magnetic characteristics 
associated with electrons in an energy band of standard form (in which the 
energy density of states is proportional to the square root of the energy), 
and subject to interchange interaction effects which involve dependence of 
the energy on the magnetization. The distribution of states is specified by 
a parameter Co, giving the maximum electron energy at absolute zero in the 
absence of the magnetization dependent part of the interchange interaction 
energy. The relative magnetization, the ratio of the number of paraUel 
spins to the total number of potentially effective spins, varies with the tem¬ 
perature in a manner dejiending on the ratio kd'jeQ, where kd' is a measure 
of the maximum quasi-magnetic interaction energy per electron. In the 
limit e^jkd' -»■ 0 , the expressions pass over into those obtained using classical 
statistics, and the Curie temperature, 6, at which the sjtontaneous magnet¬ 
ization becomes zero, is then equal to O', In general 6 is less than O'. Tables 
were given showing the dependence on f of kTle^ (and also of Tjd) for a 
wide range of values of kd'jeg. 

In the discussion of the treatment of the magnetic characteristics, the 
desirability of a corresponding treatment of the energetic characteristics 
was pointed out. Such a treatment is given in the present paper. In a 
theoretical treatment of ferromagnetism consideration of the energy rela¬ 
tions is particularly important, since the intrinsic magnetization, with 
which the basic theory is concerned, cannot usually be deduced, with any 
precision, from experimental determinations on the apparent magnetization 
alone. Complementary investigations are necessary on magneto-thermal 
affects, such as the enhanced specific heat of ferromagnetics both below and 
above the Curie point, and the magneto-caloric effect. A satisfactory theo- 
retioal treatment of ferromagnetism should lead to consistent conclusions 

[ m ] 
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when applied to the interconnected magnetic and enei^tio effects. The 
usual treatment, based on the use of classical statistics, is here unsatis¬ 
factory. The values deduced for the molecular field coefficient, for example, 
from the paramagnetism above the Curie point, from the excess spedfic 
heat below, and from the Curie temperature and the low-temperature 
saturation magnetization, differ widely from each other even when allow¬ 
ance is made for various possible secondary effects which make the apparent 
discrepancies still greater (Stoner 1936 a). It is for reasons such as these 
that it seems desirable to explore in some detail the modifications introduced 
by the treatment of the problem on the basis of Fermi-Dirao statistics. 

The treatment here given is necessarily idealized by the choice of a 
particular band form, but the choice has the advantage of making precise 
computations possible over the whole range of variation of relevant para¬ 
meters, and of bringing out clearly the character of the modifications resulting 
from the changed statistical treatment, independently of any effects which 
might arise owing to 8 j)ecial peculiarities in the band form. 

From the general expressions, using tables of Fermi-Dirac functions 
(McDougall and Stoner 1938 ), numerical computations of the energy may 
be made, for a given value of kO'leg, at particular values of kT/e^ (or T/d), 
provided that the corresponding values of $ are known. For computations 
of the specific heat, which are desirable for purposes of comparison with 
experiment, the obvious procedure is to determine the energies at a series 
of equally spaced temperatures, from which the specific heat may be found 
by numerical differentiation. To obtain sets of values of the specific heat as 
a function of the temperature for each value of kd'/eQ as complete as those 
for the magnetization would, however, involve an almost prohibitive amount 
of labour in computation. This is due to the fact that the previous results 
give values of Tjd at equal intervals of and these intervals are not small 
enough for the values of ^ at equal intervals of Tfd to be obtained with 
sufficient accuracy by the usual methods of inverse interpolation. In effect 
a number of extended calculations for trial interpolates have to be made for 
each value of Tjd. For the general purpose in view, however, it is doubtful 
whether the labour entailed in obtaining a complete set of qiecifio heat 
values (that is at small intervals over the Tfd range) for each value of 
would be justified, partly because the number of ferromagnetics for 
which accurate specific heat data are available is very limited. Detailed 
computations of the specific heat at small intervals over the Tfd range have 
therefore been made only for one value of kB'je^t In addition to those fo/t 
the classical limit, eJk0'~*-O. (For the limit kdje^-f-O the results can be 
expressed in simple analytical form and no detailed oomputations are 
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required.) lUa complete set of results is supplemented by computations, 
for the whole range of values of )W 7 ®o* main energy and specific heat 
characteristics—the energy changes between absolute zero and the Curie 
point, and the specific heat at low temperatures and just below and just 
above the Curie point. The detailed computations are made for the value 
kO'je^ = 2 “^ this value corresponding to an interchange interaction effect 
just suflScient to produce complete saturation at absolute zero. For smaller 
values of kO'je^ the dependence of on T/d approaches more and more 
closely the relatively simple form which holds in the limit (corre¬ 

sponding to kdjcQ-^O), and the process of interpolation would become 
progressively less troublesome. For greater values of kO'le^^ the classical 
form (which holds for eo/fc<9'“>0) is approached. The detailed computations 
are probably more troublesome for kd'je^ = 2 ^* than for any other value, 
but the results, in conjunction with those for the limiting values kdje^-^O 
and eJkd-^0, would be particularly useful in enabling api)roximate esti¬ 
mates to be made for any value of kd^je^ (or kdle^) over the whole range. 
Moreover, some preliminary considerations of the experimental results for 
iron, nickel, and cobalt (Stoner 19386 ) indicate that for all these metals 
the effective interaction is in the neighbourhood of that required just to 
produce complete saturation at absolute zero, so that the choice is appro¬ 
priate from the point of view of applications to actual metals. 

After developing the theory as far as is necessary for the derivation of 
general expressions for the energy, a number of special theoretical expres¬ 
sions are obtained, in particular for the specific heat in the neighbourhood of 
the Curie point and at very low temperatures. The detailed computational 
results for ejkd' 0 , and kO'/cQ =* 2 “* are then presented, followed by results 
for the main energy and specific heat characteristics over the range of 
kO'le^ values. Finally, a general discussion is given. This is very brief, as it 
is hoped later to supplement these two papers by a discussion of the treat¬ 
ment as a whole, that is of magnetic as well as of energetic characteristics, 
in relation to experimental results, and to other theoretical treatments. 

2. GBNBRAn THEORY AND METHOD OF OOMPXTTATION 

The system under consideration is a set of N electrons in a partially filled 
energy band, and subject to interchange interaction effects which give rise 
to a term in the energy expression proportional to the square of the magnet¬ 
ization. The energy density of states is taken as proportional to the square 
root of the energy, apart from the magnetization dependent interaction 
energy. A method of dealing with the statistical problem has been developed 





in I, wl(ik paartioolor x^erenoe to the draivation of genond 
the megnothsation. It will be suffioient here to indicate eaBenl^ eti^ in ^ 
treatment, without detailed discussion. An appropriate staztog point for 
the deriration of the energy expresdons is the expression for tiie energy 
distribution of electrons, which may be put in the following form: 


dN v{e) 

de ^ exj){ie+e')/kT—ij} + l' 


( 2 - 1 ) 


Here v(e) is the energy density of states; with the distribution considered, 


v(€) *= i(JV/eJ)e*, 


( 2 - 2 ) 


where is the maximum electron energy at absolute zero in the absence of 
the magnetization dependent part of the interchange interaction. The 
energy e is taken to include the whole of the energy except that depending 
on the magnetization and on the external field. The corresponding terms 
make up e'; with the previous symbolism. 


c' = +(M'£+/tH), (2-3) 

where C is the relative magnetization, that is 

where Jf is the resultant magnetic moment of the N electrons. Subi^Briiig 
(2*2) and (2‘3) in (2<1), and using the abbreviations 

x^elkT-, - (d'/Tlf; fi'^/iHIkT, {2-6) 

the distribution expression is obtained in the form 

dN {kT\^ r ** ** T 

_ « j_exp{*-(^+yff+/J')}+l‘‘‘exp{a:-(iy-/?-/r)}+lJ' 

Writing 4 ( 7 ) (2-7) 

integration of (2-6) gives 

N - (2-8) 

The two terms in (2-8) give the numbers of electrons with spins parallel and 
antiparallel to the resultant field, and the expression for the magnetizati<m 
follows immediately; 

M - (2.9) 



used, but ttwy M® here derived in a i»D*e^^#^ 
magnetization is obtained by divudon: 


N/i’^ Fiiv+^+fi’HF^iv-fi-n' 


(210) 


The total energy is not obtained simply by multiplying the first and seoond 
terms in ( 2 * 6 ) by kT(x—fi—fi') and kT(x+fi+fi') respectively, and inte¬ 
grating, for the energy corresponding to y? is mutual energy of the electrons 
arising from interaction, and in this process it would be included twice. 
It is necessary, therefore, to subtract from the integral so obtained the 
interaction energy, — \Nk6'^^, or, equivalently, to use in place of in 
the multiplying factors. Making use of ( 2 - 8 ) and ( 2 - 10 ) the expression for 
the total energy, E, may be obtained in the form 


Nh \ej\F^{ri + ^Tn + F~{r,-fi-n 


( 211 ) 


In the absence of an external field (/?' = 0 ), ( 2 * 11 ) reduces to 


E 

Ne, 


m n(n+fiHFt(v-^) i(ke'\ 

\®o/ F^{rl+fi)+F^(7j — fi) 2\ej/ 


( 2 - 12 ) 


this being the basic expression for the calculation of the energy below the 
Curie point. Above the Curie point, this reduces further to 


E ^(kT\Ft{v) 
Ne^ Uo/^lW 


(2-13) 


the usual expression, which has already been applied in the computation of 
electronic energy and specific heat (see Stoner 1938 c). 

Although expressions for entropy and free eneigy are not required for the 
immediate purpose of this paper, it may be well to give them for oomplete- 
ness. They may be readily obtained by adapting the treatment of Nordheim 
( 1934 ) to the present more complex problem. It is unnecessary to give 
deta&. The expression for the entropy, S, may be put in the form 


The free energy, F, is then obtainable from the relation 

F-E-T8. 
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After some transformations, the expression for F may be obtained in 
form 


F 

Neo 




In the expression given in I (2*^2 and 2*8) the last term was inoorreotly 
omitted. This, however, did not affect the application being made, in which 
the magnetization was derived from the relation 


M^^^dFjdH. 

It may be noted that, by using the complete expression, the magnetization 
in zero field (/?' = 0) may be derived directly by appl 3 dng the relation 

dF/d^ « 0 . 

General method of computation. The computations of energy and specific 
heat will be limited to the case in which the external field is zero. It is con¬ 
venient to regard the energy as made up of two parts corresponding to the 
two terms in (2’ 12) and to write 


(2-16) 

where = NkT{F^{^^|+^i) + F^{r|-p)}|{F^{^>^+P) + F^(r|~^)}, 


The part Ej^ is the “molecular field” energy, corresponding to the quasi- 
magnetic interaction. The part Eg is the energy corresponding to the 
electronic distribution among the available states. With classical statistics, 
Eg is independent of but with Fenni-Dirac statistics this does not hold 
(except in the classical limit). The specific heat* will be denoted by C, the 
subdivision into two parts again being convenient: 


C- 


dE 

dT 




dEg dE„ 
dT^ dT ‘ 


(2-17) 


It is appropriate to consider a reduced energy, E[Ne„, and a reduced specific 
heat, CjNk, the relation between them being 

CjNk = d{EINeo)ld{kTl€o). (2-18) 


* Strictly, C does not denote a “speoifio” heat, but a heat capacity, the con* 
tribution to the heat capacity of the material from the N electrons under con¬ 
sideration. The term “gpocific” heat is used here in a general sense in the interests of 
brevity, and should give rise to no misunderstanding, since the relation of G or 
C/Nk to specific heat as ordinarily understood is obvious. 
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In a complete computation of the energy as a function of the temperature 
for a particular value of Wfe^, it is appropriate to calculate the energy for 
suitably spaced values of Tjd (say ir/^= 0 - 00 , 0*06, 0 * 10 ,...). The previous 
tables give the values of k Tje^, and of Tjd at equal intervals of f 0 * 0 , 0 * 1 , 

0 - 2 , ...). If the value of ^ is known for a particular value of Tfd, the corre¬ 
sponding values of ¥^{71+fi) and are found from the equations 

(I, 4-7 and 4-8) 2/5\*/e„\* 

(j^)(l±C)- (2-19) 


Inverse interpolation in the F^{ifi) table gives and and direct 

interpolation in the F^(ri) table gives F^{7i + P) and F^{7i — fi) required in (2* 12). 

Over most of the TIB range it is not possible to obtain sufficiently accurate 
values of ^ for a particular TjO from the previous tables by the usual inverse 
interpolation methods, or by the application of approximate series repre¬ 
sentations. It is then necessary to use a method of trial. An estimated ^ for 
the particular kO'jeQ and Tjd is used in (2*19), and the corresponding y? is 
found; from this value of yS, kO'/eQ is calculated, using (2*5). Revised esti¬ 
mates of ^ are then made until there is agreement with the initial kd'je^ to 
the requisite degree of accuracy. It is this preliminary determination of ^ 
values which makes so lengthy the computation of a series of energy values 
sufficiently complete and accurate for the subsequent calculation of specific 
heat by numerical differentiation. 

For T/d^ 1, the energy may be calculated using (2-13) together with 
(2*19), which simplifies to 

Alternatively, and more conveniently, the values of the energy may be 
obtained by interpolation in the tables already published (Stoner 1938 c) 
giving E/Ncq as a function of feT/eo- Further tables give the reduced specific 
heat, CjNk, as a function of kTle^. 


3. Tbb classical akd Fbbmi-Dibac limits 

(i) Claaaicai statiatica. In the limit eJk6-*-0 the results given by the 
present treatment pass over into those obtained using olassical statistics. 
The method of determining ^ as a function of Tjd is described in I (see 
equations 4-4 to 4*6). In the limit considered, and 


Further (see I, 5*2) 
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The expreasion (2*12) for the energy beoomea 

E/N = (3*1) 

giving, for the specific heat, 

CINk^^-mdm. (8*2) 

The second term corresponds to the “magnetic” specific heat: 

Cj^lNk=^-md(Tie)’ (3*3) 

The constant term, corresponding to Cg, has usually been ignored in 

classical treatments, either tacitly, or with the doubtful “empirical” 
justification on which classical treatments had frequently to rely. 

The magnetization dependent part of the energy, Ejg, is conveniently 
considered in the reduced form, 


= (3*4) 

and it is obtainable at once from the previous results (I, Table I) giving ^ as 
a function of Tjd. From a set of values of Ej^INkO at equal intervals of 
Tjd, values of Cj^jjNk may be found by numerical differentiation. A direct 
expression for C^jNk in terms of ^ and Tjd is, however, more convenient. 
Using the relation (I, 4*6) 

a direct expression is easily obtained: 


9e C 

“ 2 d{T/e) d(Tia)ld^ 

. Cd-W _ ,j.5) 

This formula is particularly advantageous for the initial part of the Tjd 
range, where it is difficult to obtain aoctirate values by the numerical 
differentiation method. 


(ii) Fenni-Dirac limit (ifc5/eQ->’0). It hw been shown in I that spon¬ 
taneous magnetization occurs only for kd'le^>\, and that for kd'lef,<2r* 
(■>0*793 701) the relative magnetization at absolute zero, is less than 
unity. For kdleQ~*-0, the following relation is obtained, retaining terms in 
the series expansion up to those in (JbT/co)* and (of. I, 6*8): 
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Thia relation indudes that between and lcOI% (of. I, 6*3): 


/k&' 2r 7r^/m> 3rr*/mn 
eo “sL ^12\eo/ 80\eo/ J’ 


(3*7) 


These two equations lead to an explicit expression for in terms of 
and kT/eg, 




2 12 



(3*8) 


which includes the relation between ^ and kd/eg, 


a 


27 7r*/M\2f, n^/kOY] 

2 12 (eo/ ( ■^80\eo;r 


(3*9) 


In the limit considered, ^ may be obtained in terms of hTje^ and ^ 
from (2vl0), using the inverse asymptotic series, and substituted in the 
asymptotic series for F^{7} ±fi) in (2* 16). For the distributional part of the 
energy, the following expression is obtained, to the same approximation 
as above: 


Ne, 




Substitution of (3-7) and (3*8) in the general expression (of. 2*16) for the 
reduced quasi-magnetic part of the energy, 


Ne^ 


gives, as an appropriate expression in terms of kd/€g and kTjSg, 

^ Zn^f/key (kTyU 2Zn* (key 137r*/m*( 

8 lU/ leoj|r^24oUo/ '^24o\eoj)- 

The magnetic specific heat is given by 

Cm _ d{E„INeg) _ Zn*(kT\ (, . w* . lZn»(kT\*\ 
Nk- d{kTt€g) ” 4 W,;r'*'24\sJ + 12oUo/r 

the limiting value being 


(3*11) 


(3*12) 


(3*13) 


(3*14) 
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It is convenient to treat the “distributional” speciflo heat, Cg, as a sum 
of two parts, Ci and Cj, say, the first corresponding to the change of tem¬ 
perature with f constant, and the second to the change of with temperature: 


Cj, ^ d(EJNe,) _C, _ id{E^INe,)\ . {d{E^INe,)\ ^ 

Nk~ dikTje^) ^ Nk^Nk 1 S(*7’/eorif I 0? i*r/^ dWcb)’ 

(315) 


The following expressions are obtained from (3-10), making use of (3*8): 


iV^i"2\eJr sUo/ 4 oUoN’ 
(^\ I ^ - (!^Y\ 

Nk~ 4 \e„;( ■^24\eJ 12oieon 


(3-16) 

(3-17) 


Substitution for ^ from (3'8) is legitimate only for T <d. Above the Curie 
point, Cjif and are zero, as is clear from the basic form of the expressions, 
and C\ reduces to 



(3-18) 


the usual low temperature specific heat expression. In the limit i 5 / 60 -»-O, 

Cg —► — and C —>• C^. 

The compensation of the magnetic specific heat by the part C, of holds 
generally for T/d-^-O, but with increasing T/d there is a residual excess. 
From (3-13) and (3-17), 

this relation holding up to the Curie point. The value at the Curie point 
gives the limiting value of the specific heat discontinuity: 


1 

^Nkf Tie^v keiet-*o 


sUo/ 


12 176136^^1*. 


(3-20). 


4. ThB CtTBIB POINT REGION AND THB liOW-TBMPBBATURB tXkOT 

(i) The Curie point region. The rise in the specific heat to a maximum 
followed by an abrupt decrease in the Curie point region is one of the salient 
experimental characteristics of ferromagnetics, '^e magnitude of the 
specific heat discontinuity for the sequence of idealized ferromagnetios 
under consideration could be found by detailed computations of the enerSF 
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in the neighbourhood of the Curie point; in view of the labour that this would 
entail, however, expressions from which the discontinuity can be more 
directly computed are clearly desirable. Such expressions may be obtained 
by making use of Taylor series expansions, so that, in particular, the specific 
heat immediately below and above the Curie point may be expressed in 
terms of F^{7f) and F^{ri) and its derivatives at the value of tj corresponding to 
7^=0. It will be sufficient to give the main steps in the derivation of the 
formulae. 

Let jPi, F, F\ ... refer to the values of the functions dF^{7i)jd7if 

... for 7 / = Tfo, i.e. corresponding to T —6. For /?' = 0, (2-8) may be written 

F^{r|+fi) + F^{7^-fi) = (4-1) 

giving F = 

Writing ^ = ^e + a, 


a Taylor series expansion of (4-1) gives, to the required degree of approxima¬ 
tion, for y-^0, ajyg-*0, 

ccF' -)- i(a* + /?*) J’" = mjkT)* - 

= {(dlT)*-l}F = yF, 

so that iit = ^{FIF')y-i(F'’IF')fi^. 


Substitution of this expression for a in a series expansion of (2-10) (with 
/?'» 0) gives 



Since Cl/3 -= (T/e') = (0/(9') (1 -y) = (F'IF){1 -y). 


and 


9jF’jP*-3(jP')* 

3(Fy -F'F"' 

C* = 


(4-2) 


An expression is thus obtained for the variation of magnetization with 
temperature near the Curie point, which may be put in the form 


U; 9{Fy-F'F”- 

This general expression includes as special oases the formulae previously 
given (I, 5*16 and 6*16) for SQ/kd-^O and A:0/«o->-O, which may be readily 
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obtained by utilizing the series expansions appropriate fcnr the F«nni>Dirao 
functions in the two limits. 

A Taylor series expansion of (2-12) gives for the enorgy in the neigh¬ 
bourhood of the Curie point the expression 


- ^1+/F\* 1/F\ 

Nkd~F^UF' 2Ff^^4\F F'j\F') ^ 2\F')^ ’ 


(4-4) 


in which the first term gives the energy at the Curie point. As before, the 
specific heat, C, may be treated as the sum of Cg and and Cg divided 
into two parts and C*: 


C = 


Cg 


+ Cjjj = C\ + Cj + Cj^j — Nk 


d(EINkd) 

dm 


Nk&^. 


(4-6) 


The partial contributions Cj, Cj and Cj^, correspond to the second, third and 
fourth terms in (4*4), and are given by the following expressions; 

Ci_6^_9^ I 

Nk~2F 4F'' 

Ci SjF' F*U9FF*-3(F')»| 

Nk~ l\F ^ 

Cm 1/F'\(9FF'-3(F')‘] 
Nk^2\F/\3(Fy-F'F'^l' 


The part Ci alone, the usual specific heat expression, gives the specific heat 
immediately above the Curie point (at ^+0), and the sum of the three parts 
the specific heat immediately below (at ^—0). For the discontinuity. 


C, _ /3 F" IF') /9FF' - 3(F')*) 
Ek~ Nk ~ (4F' 4 F|i8(F')«-F'F*r 


<4-7) 


The forms taken by these expressions as the classical and Fermi-Dirac 
limits are approached are of some interest. They may be obtained from the 
usual series expansions of the functions. For {ef^lk6)-*-0, using the abbre¬ 
viation 




and expanding to the term in z, the following expressions are obtained: 

Ci/JVA ■» 3/2-2/8,' 

C,/2\rjfc--3*/4, 

CWi^ifc « 3/2 + Z/4. ■ 

- 3/2-Z/2.. 
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For the eeries representations involve odd powers of (Jkd/so). 

They are given below to the term in (M/ej)*: 


Nk 

Nk^ 

Nk 

Nk 


ik6' 

I 


4 Uo/l 60ie„;l’ 

?SI 

8 \eo) ■ 


3n*/ke' 

20 \e, 


(4-9) 


These expressions are in agreement with the more general expressions 
obtained by a different method in § 3 (equations 3*16, 3-17, 3*13 and 3*20). 
For computational purposes it may be noted that 


TT® 

= 4*934 802. 
J/ 


The remarkable modification in the specific heat relations resulting from 
the replacement of classical by Fermi-Dirac statistics is made particularly 
clear by these limiting forms for the specific heat at the Curie point. It is 
noteworthy that the discontinuity does not, in general, depend on the 
“magnetic” specific heat alone, so that it does not give an immediate 
measure of the interchange interaction effect (molecular field coefficient) as 
has previously been supposed in making application of a classical treatment 
(Stoner 19360 , 6 ). 


(ii) The U»e-temperature limit. Expressions for the energy at absolute 
zero are required primarily with a view to obtaining values for the total 
energy change up to the Curie point. The limiting forms for the specific heat 
are also desirable, since it is experimentally possible to determine the purely 
electronic specific heat at very low temperatures with considerable accuracy. 

The relations which hold when the relative magnetization at absolute 
zero is less than unity ((«< 1) will first be considered. For kTle^-rO, from 
(2*19), using the inverse asymptotic series (I, 2*16), 


(4*10) 
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Snbatatutkm in the asymptotic series expansions for jj^hres 

+ (i-0'ji+^(f)’(i-£)-*)]. (4-11) 

Thus, for the energy at absolute zero, 


E _ Eg _ E -, 
Nco “ Ne, 


f/i; - s«*+c.)*+(>-£.)'}-|(f)a (‘-is) 


This expression is valid both for fo < i (^7®o < 2"*) and 1 2”*), 

the expression for E^ in the second range reducing to 




r»„x2*==0-9624407. 


T5 


(4-13) 


The following expressions are obtained for the contributions to the specific 
heat 1 

C,n^{kT\ 


Nk 4 




+ (l- 0 ‘). 


Nk 




Nk~ eo^dikT/eo)' 

In the limit, the expression for gives 


(4.14) 


mim. 


JkTIt-^O 

which is valid for Co = then reducing to 


(4'16) 


mim. 


2 *»r* 


8 108 731, 


(4-16) 




A comparison with (I, 6*9) shows that, for Co < Ctl^k may be expressed as 

Cg“+~*Cj^. 


Nk ^ So 


so that, for kTje^-^0, 



G 

The limiting form for the total specific heat, C, is therefore the same as that 
for Cl; that is, the total specific heat near absolute zero is correctly given by 
the usual expression corresponding to the distribution, and in the limit 
there is no contribution to the specific heat arising from the change in the 
relative numbers of oppositely directed spins with temperature. 

Expressions analogous to (4-11) and (4-14) may also be obtained for 
^ 0=1 (W7®o> 2“*) by utilizing the series appropriate for /?<0. For 
eo/A^T^l. (eom«(l-0->0, 


h 

Ne, 


I - Ad+0' {‘ )’*' 


Nk 


Nk 



1 

! 

Nk~ 

Bq "^dikT/e^y 


(4-20) 


The limiting values of Kj^/NeQ and of CJNk for “ 1 “•r® those given 
above. In the limit, for kO'/eQ > 2“*, Cj and Cjy vanish to a higher order than 
(kTje^), since, as shown in I (5-21), under these conditions 



Thus for JfcT/eo-^O, C-*.C,. (4-21) 

For the particular value 7®o “ the sum C, + Cj^ vanishes to the order 
^T/sq, bo that for all values of kd'/e^, the following relation holds: 


m 


kjry 

®0 IjkTUe- 


n 


^{(1+&,)* + (!-€o)*}- 


(4-22) 


The splitting up of Cg into the two parts Ci and C* is convenient in dis- 
<'U8sing the relations in the low temperature limit, but in the general method 
of computation it is Cj; which is determined. The special method of oal- 
'■ulating the hnaiting form of C is very useful, as the acciirate calculation of 
< £ and Cjf at low temperatures by the numerical differentiation method is 
particularly troublesome. , 
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6. TlCMPBBATtTRE VAEIATION OF BNBBOT AND SPBCrtFIG 
HEAT FOE PAETIOFLAB VALDES OF 

(i) Claaaical statistics: e^lkd-*■(). A table has already been given (Table I 
of I) of the magnetization, as a function of Tjd in the classical limit. For 
a complete set of values at intervals of 0-05 in Tjd, some additional com¬ 
putations were required. When ^ is known, the quasi-magnetic energy is 
readily obtained from (3'4). Differencing of the table (which is much more 
satisfactory as a check than differencing of revealed an error in the 
previous value of ^ for ?'/0=0-60. (The sixth decimal place digit was given 
as 7 instead of 2.) All the values of ^ were therefore recomputed to the degree 
of accuracy permitted by the Hayashi ( 1926 ) 8 -deciraal place tables for 
tanh X. No other errors were found, though the additional figures resulted 
in an increase in one unit in the last place in the rounded six place values 
of f for Tjd — tyQQ and 0-95. The revised values of ^ are given in Table I, 
with additional values to complete the table at 0-05 intervals. For T/0 < 0 ‘ 20 , 
values of ^ are more accurately and conveniently calculated from the 
expression, valid for J’/0->O, 

1 -?-= 

than by use of the Hayashi tables. 

Values of the specific heat were calculated from the direct expression 
(3-6) and also by numerical differentiation. It is the directly calculated 
(rounded) values which are given in Table I. Numerical differentiation, 
using seven-place values of and differences up to the fifth, gives values 
which are in agreement to within 2 units in the sixth place for r/^^0'46; 
but for smaller values of Tjd, the higher order differences become large, and 
the first differences small, and the lack of precision increases rapidly. The 
directly calculated values should be correct to 1 unit in the sixth place as 
given, though a satisfactory check by the method of differences cannot be 
appUed in the first half of the table. 

It is the quasi-magnetic parts only of the energy and specific heat which 
are given in the table. From (3’1) and (3-2), the values of the electronic 
distribution parts correspond to Ee;INk&=>i(TI$), and CglNk=\, these 
values holding also for the total electronic energy and specific heat above the 
Curie point. 

(ii) kd'fe^ =: 2-* » 0-798 701 (fc0/eo » 0-406 606). A detailed investigation 
has been made of the energy and specific heat variation corresponding to 
the critical value of the ratio kB'je^ for complete saturation at absolute txnto. 
(For k6'leQ<2~^, So< !•) The results are sufficient to indicate the general 
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TaBL® I. MaCHTBTIZATION, BKEROY, and 8PB0IFI0 HEAT AS FUNCTIONS OF 
TEMFBBATUBB IN THE UUIT Cq/M-vO, OOBBBSFONDINO TO CLASSIOAI. 
STATISTICS 

9, Curie temperature; relative magnetization; Ejg, energy asaooiated 
with magnetization; C^, magnetic speoifio heat. 


Tjd 


^EsAiNke 

OsilNk 

o-oo 

1*000 000 

0*600 000 

0*000 000 

0'06 

1*000 000 

0*500 000 

0*000 000 

0-10 

1*000 000 

0*600 000 

0*000 001 

0*15 

0*999 997 

0*499 997 

0*000 288 

0*20 

0*999 909 

0*499 909 

0*004 647 

0*26 

0*999 326 

0*499 326 

0*021 669 

0*30 

0*997 414 

0*497 417 

0*068 100 

0*36 

0*993 104 

0*493 187 

0*114 162 

0*40 

0*985 624 

0*486 727 

0*186 636 

0*45 

0*973 976 

0*474 316 

0*271 664 

0*60 

0*967 604 

0*468 407 

0*366 948 

0*66 

0*935 629 

0*437 607 

0*466 988 

0*00 

0*907 332 

0*411 626 

0*572 977 

0-66 

0*872 066 

0*380 249 

0*682 626 

0*70 

0*828 636 

0*343 318 

0*796 016 

0*76 

0*776 616 

0*300 713 

0*909 488 

0*80 

0*710 412 

0*262 342 

1*025 660 

0*86 

0*029 601 

0*198 136 

1*142 880 

0*90 

0*525 430 

0*138 038 

1*261 186 

0*96 

0*379 486 

0*072 005 

1*380 276 

100 

0*000 000 

0*000 000 

1*600 000 


character of the variation for the whole range of values of kd'jeQ. It may be 
mentioned that for greater or smaller values of kO'/e^ the necessary pre¬ 
liminary interpolations to give ^ at equal intervals of Tjd could be more 
easily carried out and the process of interpolation would be facilitated by 
the detailed results available for the particular critical value. 

The results given in Table II have been obtained by the method of com¬ 
putation outlined in § 2 . In this and other computational work involved in 
the paper, extensive use has been made of the interpolation tables of Comrie 
( 1936 ) and of the methods described in connexion with them. The starting 
point is Table III of I in which are given the values of Tjd at equal intervals 
of For a particular value of Tjd a preliminary estimate of f was first 
obtained, by approximate inverse interpolation, or by the use of series. 
An accurate value was found by the trial method described in connexion 
with ( 2 ‘ 19), To ensure internal consistency, throughout the calculations the 
value taken for kdje^ was 0-406505, which is accurate to about 1 unit in the 
sixth place. For the same reason use was made of a more accurate value of 
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kd '/€0 (2-*« 0*793 700 53), and the value of ^ was adjusted to give agreement 
with this value to the seventh decimal place. When ^ is known, the value 
of Ej^lNe^ is readily obtained (see 2*16), For the calculation of the distri¬ 
butional part of the energy, F^^rj -f fi) and —y?) are first found from 

(2*19), and thence the values of and yff by inverse interpolation in 
the F^{ 7 )) table. Direct interpolation in the F^(ri) table then gives F|( 7 +/?) 
and F^^yj—fi), and E^jNe^ can be calculated (see.2'16). The range of values 
of 1 /+yff and Tj — fi required is covered by the Fermi-Dirac tables (extending 
from 17 = — 4 to?/ 5 =“|“ 20 ) except for T/d = 0*05,0* 10 and 0 * 15; here -h /? > 20 , 
and it is necessary to make use of the asymptotic series expansions in 

Tabli; IL Magnetization, energy, and specific heat as functions 
OF TEMPERATURE FOR Wje^ = 2^* “ 0*793 701 = 0*406 505) 

kd\ interaction energy coefficient; 6, Curie temperature; relative magnetization; 
€(,, maximum Fermi zero point energy, without interaction; total energy; E^y 
quasi-magnetic interaction energy; energy oorreapondmg to distribution; 
O, speoido heat; Cjs, partial specific heats corresponding to Ej^y JSjj. E a E^ + Ejs* 
C = Cjif -f Cjf. The negative sign prefixed to applies only up to 1*00«. 


T/e 

C 


EelNeo 

E/Neo 

CuINk 

-a^im 

ctm 

0*00 

1-00000 

0*39686 

0*96244 

0*66559 

0*0000 

0*0000 

0*0000 

0*06 

0*99666 

0*39420 

0*96048 

0*66629 

0*2057 

0*1371 

0*0706 

0*10 

0*98996 

0*38892 

0*94740 

0*66848 

0*8113 

0*1650 

0*1462 

0*16 

0*98066 

0*38164 

0*94391 

0*66227 

0*4038 

0*1766 

0*2272 

0-20 

0*96888 

0*37264 

0*94028 

0*56774 

0*4907 

0*1791 

0*3116 

0*26 

0*96471 

0*36171 

0*93667 

0*67490 

0*6740 

0*1762 

0*3989 

0*80 

0*93806 

0*34921 

0*93319 

0*68398 

0*6658 

0*1671 

0*4887 

0*36 

0*91886 

0*33606 

0*92990 

0*69484 

0*7367 

0*1663 

0*6604 

0*40 

0*89694 

0*81927 

0*92685 

0*60768 

0*8176 

0*1439 

0*6736 

0*46 

0*87210 

0*30183 

0*92405 

0*02222 

0-8984 

0*1307 

0*7670 

0*60 

0*84408 

0*28276 

0*92163 

0*68879 

0*9796 

0*1175 

0*8620 

0*66 

0*81264 

0*26201 

0*91927 

0*66720 

1*0610 

0*1048 

0*9562 

0*60 

0*77704 

0*23961 

0*91726 

0*67765 

M429 

0*0930 

1*0499 

0*66 

0*73698 

0*21666 

0*91648 

0*69994 

1*2261 

0*0824 

M428 

0*70 

0*69168 

0*18981 

0*91391 

0*72410 

1*3077 

0*0780 

1*2346 

0*76 

0*63968 

0*16239 

0*91261 

0*75012 

1*3904 

0*0050 

1*3264 

0*S0 

0*57953 

0*13329 

0*91126 

0*77797 

1*4733 

0*0584 

i-4148 

0*86 

0*60821 

0*10260 

0*91012 

0*80763 

1*6663 

0*0533 

1*6031 

0*90 

0*42005 

0*07002 

0*90908 

0*83906 

1*6394 

0*0493 

1*6901 

0*96 

0*30068 

0*03686 

0*90811 

0*87226 

1*7224 

0*0466 

1-6768 

1 *00. 

0*00000 

0*00000 

0*90718 

0*90718 

1*8056 

0*0461 

1*7606 


1 *00+ 

0*90718 

M8«0 

1*05 

0*93147 

1-2042 

1*10 

0*96612 

1-2208 

M6 

0*98109 

1-2850 

1*20 

1*00635 

1-2498 
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carrying out the calculations. Accurate calculations of energy for low 
temperatures are therefore particularly troublesome—the difficulty would 
be general for other values of —^though the limiting value of the energy 

at absolute zero is readily obtained from the expressions of § 4 (ii). 

The accuracy attainable in the E/Ne^ values varies considerably over 
the range covered by the table, but the uncertainty should nowhere exceed 
about 2 units in the sixth place, so that the tabulated five place values are 
subject only to rounding errors. 

The reduced specific heat values have been obtained by numerical 
differentiation of the energy values, giving d{EIN€Q)ld{Tjd), followed by 
multiplication by e^jkd 2*45999), giviag CjNk (see 2*18). It is 

difficult to make precise estimates of the accuracy of derivatives found by 
numerical differentiation of a tabulated function. Six-place values of E/Ne^ 
were used, and an examination of the sequence of contributions from suc¬ 
cessive differences indicates that the rounded values given in Table II for 
G/Nk are probably correct to about 1 unit in the fourth place throughout. 
This degree of accuracy also holds for the Cj^/Nk and Cg^jNk values for 
0*2, but in the initial part of the range, where the slowly converging 
forward difference formula must be used, and the higher order differences 
remain rather large, the uncertainties are greater; the greatest uncertainty 
is in the values for 0*05, where it may amount to about 4 units in the 
fourth place. 

For Tld> 1 , for each value of Tjd the corresponding value of kTje^ is 
first obtained by multiplication by kdjeQ, and EjNe^ and CjNk found from 
interpolation in the electronic energy and specific heat tables (Stoner 

1938c). 

The numerical results of Table II are shown graphically in figs. 1 and 2. 

The peculiarities of the results, as compared with those given by classical 
statistics, are brought out very clearly by these curves. The variation of the 
quasi-magnetic part of the interaction energy, E^f, has the same general 
character, except at low temperatures where the rate of variation is greater, 
as shown more clearly iii the corresponding curve for the partial specific 
iieat, The most striking difference from the classical relations lies in the 
fact that the distributional part of the electronic energy. Eg., varies dis- 
continuously at the Curie point as well ais For this particular value of 
the discontinuity in Cg at the Curie point {ACgjNk = +1-2311) is 
comparable with that of Cgi {ACfflNk^^ -1-8066), and in the opposite 
sense, so that the discontinuity in the total electronic specific heat, C, 
{'^CINk -0-5746) is very misleading as an indication of the magnitude 
of the quaei-magnetic interaction effect. Again, for this value of the 
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Fig. 1. Electronic energy as a function of temperature for 
For symbols, see Table II, 



Fig, 2. Electronic specific heat as a function of temperature for For 

symbols, see Table II. The straight line Cj^INk corresponds to the limiting low 
tmperature expression (4'22) for the specific heat. 
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increase in the quaai*magnetic energy between absolute zero and the Curie 
point 0-39686) is actually greater than the increase in total 

electronic energy {AEINcq^0-35159). 

The labour entailed in detailed calculations of the energy and specific 
heat variation for a wide range of values of would hardly be justified 
in view of the limited application which can be made of them. It is sufficient 
to calculate some of the salient magnitudes characterizing the energy and 
specific heat relations whose variation with kd'le^ is of interest, and which 
serve, in conjunction with the detailed results for to give a 

reasonably complete indication of the character of the variation with 
temperature of the energy and specific heat for each value of The 

results of such calculations are given in the next section. 


6. Depekdenck on M'/cq of energy ano 

SPECIFIC HEAT CHARACTERISTICS 

An examination of figs. 1 and 2 indicates that the energy and specific 
heat relations for any value of be briefly characterized by the 

values of the energy and sj^eciflc heat at low tem|)eratures and at the Curie 
point. The quasi-magnetic and distributional parts of the energy, and 
and their sum, the total energy, E, at absolute zero are readily obtained 
from (4’12). At the Curie point, the quasi-magnetic energy is zero, and 
E=E^. The Curie point energy, Eg, is most conveniently obtained by inter¬ 
polation in the electronic energy tables, giving E/Ncg as a function of 
feT/eq (Stoner 1938c). From an experimental point of view, energy differ¬ 
ences between absolute zero and the Curie point are more signiiioant them 
the energy values at these two temperatures. Instead of tabulating the ratios 
AEjNeg, however, it is appropriate to tahvlaite AEjNkO, as beixig of more 
direct experimental interest. Moreover, the relation with classical results is 
brought out more clearly by these ratios. The results of the calculations are 
shown in Table III. Following the procedure of I, it is convenient to take 
.^o> the relative magnetization at absolute zero, rather than kd'jeg, as the 
argument in the tables for k0'jeg<2-*. As kd'jeg increases the ratios 
(Eg—EQ)ulNk6, {Eg - Eg)gjNkd and {Eg—Eg)INkd approach asymptotically 
the classical limiting values of 0-5,1-5 and 2-0 respectively. 

The ratios are shown in Fig. 3 as functions of the reduced Curie tem¬ 
perature kd/eQ. The curves bring out clearly the remarkable differences in the 
relative contributions from the magnetic and distributional energy to the 
total energy increase for different values of k^/«o> s^d the wide divergence of 
the ratios from the classical values. It may be noted that for small values 
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of ^/gq the increase in the queud-magnetic i>art of the interaotion energy 
exceeds the total energy increase. The critical value of kdfef, for which the 
increase in distributional energy is zero corresponds to the value of tT/e, 
for which the normal EjNe^ is equal to that for complete saturation at 
absolute zero as given by (4-13). Inverse interpolation in the electronic 
energy table gives the critical value as 0*444138. 



Fio. 8, Energy increase between absolute zero and the Curio temperature as a 
function of 1, (Ee-E^)ulNkei 2. {Eg-Eo)s/Nke: 8, {Eg-E^)INkO. The 

broken curves 1', 2', 8' give the ratios 1, 2, 8 divided by Egf, quaai-magnetio 
interaotion energy; E^, energy corresponding to distribution; E, total energy; 
0, Curie temperature; So. maximum Fermi zero point energy, without inter* 
action; 1,^, relative magnetization at absolute zero. 


. Thespecifioheat characteristics at low temperatures and atthe Curie point 
are given in Table IV. The limiting value of the ratio (CINk)l{kTleg) for 
I'T/bq-^O is obtained from (4*22). Multiplication by kd/e^ gives the limit¬ 
ing value of the ratio {CINk)l{TI6) for TjS-^O. The closeness of approxi¬ 
mation given by this low temperature expression for the specific heat in 
thelow temperature range is illustrated by the curves of fig. 2 for kO'/cg = 2“*. 
It does not seem possible to obtain convenient general expressions for the 
partial specific heats, Cm and Cg at low temperatures. The total and partial 
Bpecifio heats at the Curie point (at d—0) are calculated from the expressions 
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(4‘6). The speoifio heat immediately above the Curie point (at d+0) is (pven 
by the expression for in (4-6), and was calculated from this expression, 
and also by the method of direct interpolation in the electronic specific heat 
tables. The values of {CjNk)g^.o are reliable to 1 unit in the fourth place 
throughout. The evaluation of the specific heat at 0—0 by means of (4*6) 
involves the calculation of F^(t|) from (2*2), thedeterminationof^ by inverse 


Table IV. Spbcipio heat chabaotbbistics 

FOB BANGE OF VALUES OP kd'feg 

The table gives the limiting low temperature ratio of the specific heat to the 
temperature, the partial and total sf)ecifio heats just below, and the total specific 
heat just above the Curie point, and the specific heat discontinuity. For values of 
kd'/e^ and kO/en corresponding to the tabulated So» and of kO/e^ corresponding to the 
tabulated kO'/e^, see Table III. See Tables II and III for symbols. For = 1 
<1*’7^870), the limiting low temperature ratio (C/A^A;)/(^!r/eo) has the constant 
value 2i7rV4 = 3 1087. 
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-0*23 
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1*4506 
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interpolatioti in the table, and the subeequent determination of 

F'{ii), F*{ii) and F"{ 7 i) (and also F(iii) as a check) by direct inter¬ 
polation in the corresponding tables. The process is not unduly lengthy, 
particularly in view of the labour which would be entailed if the alternative 
method of calculating energies for a number of temperatures near the Curie 
temperature were to be applied. The accuracy, however, is limited by that 
of F"(ij), the least accurately known of the functions entering into the 
formulae. It is unnecessary to describe in detail how the uncertainty in the 
value of F”{'^) affects the final results. For values of kO/e^ greater than that 
’ corresponding to = O' > the values o{C^INk,CjclNk and C/Nk at 0—0 are 
probably correct to about 1 unit in the third decimal place. For smaller 
values of kO/e^, however, the 7 ] range corresponds to ly > 4, for which the 
Fermi Dirac functions have been evaluated to a lower absolute accuracy 
(to one decimal place less), and there is an uncertainty of about 1 unit in the 
second decimal place in the specific heat values. This uncertainty would 
increase for the lowest range of kd/Ef, values, but here, for ^ < 0-2, a higher 
accuracy can be obtained by the use of the low temperature formulae (4-9). 
Thelimiting values of the ratios {CjfflNk)s^, {CgjNk) 0 _Q, (CjNk)g_ 0 , (CjNk)g^ 
and {ACjNk) for Co/id'->0 are l-S, 1-6, 3*0, 1-6 and 1-6 respectively. 

The reduced values of the partial and total specific heats, and of the 
discontinuity at the Curie point are shown in fig. 4 as functions of kdjeg- 
The curve 4, ( CINk)g^Q, is the usual electronic specific heat curve. The curves 
bring out the remarkable variation in the specific heat relatione for small 
values of kO/cg, and also the approach to the classical relations as kd/cg 
increases. 

The limiting low temperature specific heat ratios are shown graphically 
in fig. 5 as functions of kdjeQ. The corresponding values of are indicated on 
the top scale. The discontinuous variation at k0leg^0'i065 arises from the 
fact that at higher values of kOJeg the electron spins are ail parallel at absolute 
Kefo; as kO/eg decreases through the critical value there id a contribution to 
the specific heat from the anti-parallel group of spins which at first increases 
very rapidly, as (1 - So)* (see 4-16). 

The quantities which are, in principle, experimentally determinable for 
a ferromagnetic, are the electronic specific heat (including the values at 
low temperatures and at the Curie point) and electronic energy differences 
(including the energy difference between absolute zero and the Curie point). 
The tabulated ratios, such as {Eg — Eg)INkd and {CINk)g_Q, involve the 
number, N, of potentially effective electrons, which is not known directly 
from experiment. If the energy and spedfic heat are referred to the gram 
atom, where is Avogadro’s number, q the number of effective 
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Fio. 4. Total and partial speoifio heats, and specifio heat discontinuity at the Curie 
point, as functions of hdle^. 1, 2, (CjslNk) 0 ^; 3, (OINk)^^; 4, 

6, ACjNk, The broken curves 1', 2'. 3', 4', 5' give the ratios 1, 2, 3, 4, 5 
divided by quasi ^magnetic speoiBo heat; distributional sp^eoiBo heat; 

C\ total specifio heat (C = + Curie temperature. 


So 



Fig. 5. Limiting low temperature ratio of specifUi 
heat to temperature as a function of 

1, {(Oim)l(kTle,%TI^^,i 2, {{Oim)l(Tie)}r,t^^i V, 
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eleotrons per atom. The value which is determinable from experiment is 
that of gfo, which is given directly by the saturation magnetization at low 
temperatures. For nickel, for example, To reduce the various 

tabulated ratios to a form involving experimentally determinable quantities, 
division by is necessary; this changes the ratios only in the range 
for wliich £o< i- The modified ratios are readily obtained from Tables III 
and IV. It is unnecessary to give all of them, but they are shown by the 
broken curves of figs. 3 -* 5 . The values of the ratios involving directly deter¬ 
minable quantities are tabulated in Table V. For higher values of 
where ratios continue as in the corresponding columns of Tables 

III and IV. The limiting values of the ratios for ^ (given in brackets in 
Table V) are found by making use of the relation ( 3 * 9 ), 


€q StT 


Co for Co-^0. 


in combination with the low temperature limiting formulae of § 4. They are 
set out below. 


Forfo->O(«: 07 eo-i-O): 




s 

i 1 

1^ 

1 

k 

1 

i 

1 

> 

(61) 

N^ke 4 ’ 

N^kO 12 ’ N^ke ' 6 ’ 

(^«)fl-0 

N^,k 2 ’ NCok 

n^'2 6g_g rr^S 

6 ’ N^k 3 ’ N^^k 3 • 

(6-2) 


To thia approximation, ACjN^k tends to zero. To the next approximation, 



Tor computational purposes it may be noted that 

7rV2 e 4-442883. 

It may be noticed that none of the experimentally determinable ratios 
of Table V varies considerably over the id/e, range for which I; these 
ratios will not therefore provide a sensitive means of estimating Theenergy 
difference ratio, however, subsequently increases fairly rapidly (see fig. 3, 
'curves 8, 3') so that from this a fairly definite indication can be obtained of 
'v’hether the value of exceeds the critical value for complete saturation; 
a similar indication can be obtained fi-om the low temperature specific heat 
ratio (see Tables IV and V). In principle the most definite criterion of the 



366 


£. C. Stoner 


TaBLB V. ExFEBIMEKTAIiLV DETERMINABLE ENERGY AND SPEOIEIO 
HEAT OHABAC3TERI8TICS FOR THE RANGE *07*0^2"* 

See Table HI for values of kd'jeo and kOjco corresponding to the tabulated 
and for aymbols. 
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(0*74048) 

(1*4810) 

(1*481) 

(1*481) 

01 

0*73980 

1*4792 

1*480 

1*477 

0*2 

0*73773 

1*4736 

1*478 

1*464 

0*3 

0*73368 

1*4627 

1*47 

1*440 

0*4 

0*72661 

1*4460 

1*46 

1*400 

0*6 

0*71814 

1*4232 

1*46 

1*360 

0*6 

0*71206 

1*4026 

1*45 

1*296 

0*7 

0*71169 

1*3876 

1*46 

1*244 

0*8 

0*72067 

1*3809 

1*490 

1*199 

0*9 

0*74769 

1*3866 

1*647 

1*166 

0*96 

0*77619 

1*3916 

1*600 

1*168 

100 

0*86491 

1*2637 

1*761 

1*186 


kdjeQ value, at least in the lower range, appears to be the magnitude of the 
specific heat discontinuity (see fig. 4, curves 6, 6'), though her© there may be 
difficulties on the experimental side. It should be remembered in connexion 
with all these computational results, that the detailed character of the 
relations found is necessarily dependent on the particular form assumed for 
the energy distribution of states; the determination of the relations which 
hold for a particular band form may, however, be of great value in the 
analysis of experimental results, even if the band form in actual ferro¬ 
magnetics differs widely from that assumed. It seems desirable to develop 
the whole series of interconnected relations if only to prevent erroneous 
conclusions being drawn from the application of one tjrpe of relation to 
experimental results. 


7. General discussion 

The general remarks made in the discussion in I on the character of the 
collective electron treatment of the magnetic characteristics of ferro¬ 
magnetics are applicable, with but slight modification, to the treatment of 
the energetic characteristics. Sets of relations have been obtained which 
are consistent with the premises involved in the initial equations, and an 
analysis of the experimental results should provide evidence as to how far 
those premises are appropriate as an approximate representation of con¬ 
ditions in ferromagnetics. Owing to the fact that the theory is concerned 
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with the spontaneous magnetization below the Curie point, whose deter¬ 
mination, from magnetic data alone, may be subject to considerable 
uncertainty, an examination of the associated energetic charaoteristica is 
essential for a survey of the implications of the treatment which is adequate 
to form a proper basis for the consideration of experimental results. 

With a classical treatment, at least in its simpler form, both the magne¬ 
tization and energy relations over the whole temperature range are com¬ 
pletely determined if the saturation magnetization at absolute zero and the 
Curie temperature are known. With a Fermi-Dirac treatment, a complete 
specification requires in addition a knowledge of the form of the energy 
distribution of electronic energy states, and of the Fermi zero point energy. 
For a particular type of distribution, the additional knowledge required 
reduces to that of the Fermi zero point energy. With the present treatment, 
therefore, for complete specification the values are required of the saturation 
magnetization (which gives the product, of the number of potentially 
effective electrons per atom and the relative magnetization at absolute zero), 
the Curie temperature, 0, and the Fermi energy, Taking gfo and 6 as 
known, an estimate of can, in principle, be made from a knowledge of the 
electronic s|>ecific heat at any temperature, or from a knowledge of electronic 
energy differences, as well as from the spontaneous magnetization at tem¬ 
peratures below, and from the paramagnetism at temperatures above the 
Curie point. Even when the exj>erimental sj^ecific heat results are sufficiently 
accurate, there are, in general, considerable uncertainties in the estimates 
of the electronic part of the specific heat, owing to various difficulties in the 
analysis of the results. Assuming that reasonably accurate estimates of the 
electronic specific heat have been made, more particularly at low temperatures 
and in the Curie point region, and of energy differences between absolute 
zero and the Curie point, agreement between the values of deduced in 
different ways would indicate that the basic assumptions made as to band 
form in the treatment were satisfactory as a representation of the physical 
conditions in the actual ferromagnetic. Even considerable differences in the 
effective values of deduced would not, however, necessarily be incon- 
f^istent with the general point of view underlying the treatment, but would 
rather provide a starting point for a more cotnplete theoretical treatment of 
Mie properties of the particular material. As a discussion of the experimental 
results will be taken up later in the light of the treatments of both the 
magnetic and the energetic characteristics, it will be sufficient to give here 
a very brief preliminary survey of the experimental results for nickel in 
order to indicate the kind of relation which holds between the theoretical 
results of the present paper and the properties of actual ferromagnetics. 
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It has been shown (Stoner 1938 fr) that the temperature variation of the 
paramagnetism of nickel above the Curie point corresponds to a 
very slightly leas than that for complete saturation at absolute zero. The 
corresponding theoretical energy and specific heat relations would then 
approximate closely to those for 2 ““*, which have been considered in 

detail (Table II, figs. 1, 2). One of the most obvious differences in the 
theoretical and experimental specific heat variation lies in the fact that the 
experimental specific heat does not fall abruptly to a minimum at the Curie 
point. There is at present no entirely satisfactory explanation of the *‘tail” 
in the specific heat curve, though it is undoubtedly due to secondary effects, 
possibly of the local ordering type, which are entirely neglected in the present 
treatment. Taking the maximum specific heat as C'.-o and the minimum 
specific heat above the Curie point at Cg^, the experimental values of 
Cg_g, Cgj^g and JCg divided by Nkl^g are approximately 2-6, 1-0 and l-S. The 
values of the first and third of these ratios are considerably higher than those 
corresponding to the critical kd'jsg for 5 ^ 9 = 1 (see Table V). In one sense the 
higher maximum specific heat is satisfactory, as being in k^fjping with the 
fact that experimentally the spontaneous magnetization falls off more 
rapidly as the Curie point is approached from below than the theoretical 
treatment would indicate, a discrepancy previously noticed (I, p. 411), and 
possibly arising from the neglect of domain effects. 

Although the magnitude of the electronic specific heat indicated by the 
experimental data above and near the Curie point is somewhat lower than 
that indicated by the theoretical treatment, at temperatures in the neigh¬ 
bourhood of 1000 ° K the only available measurements suggest that it is 
somewhat higher (of. Stoner 1938 c). In view of the uncertainties in the 
analysis of the experimental results, as well as the uncertainties in the ex¬ 
perimental results themselves, the agreement should perhaps be regarded 
as reasonably close. The disorepancies are of a similar order of magnitude 
to those found for non-ferromagnetic metals. 

It has previously been shown (Stoner 19386 ) that the high temperature 
paramagnetism is consistent with a value of e, of the same order as that 
indicated by the low temperature electronic specific beat. There is, however, 
a definite discrepancy, which is brought out particularly clearly if the ratio 
{CjN^k)l(Tj6) for Tjd~*-0i& considered (Table V). For nickel 0*606, 
d ac 631) the minimum value of this ratio (1*2637 for ^0 ™ corresponds to a 
value of 2-41 x 10“® for the limiting ratio of the electronic specific heat per 
gram atom to the temperature. The observed value is 1*74 x lO*^. Alter¬ 
natively expressed, the observed low temperature specific heat is con¬ 
sistent with a Curie temperature of not less than 872° K, as compared with 
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the observed temperature of 631 The discrepancy here is almost cer¬ 
tainly due to a difference in the band form in the actual metal from that 
assumed in the treatment, the relations involved being much more critically 
dependent on the precise band form than are those for the high temperature 
}>aramagnetism and specific heat, and for electronic energy differences. 

From a previous analysis of the experimental results for nickel (Stoner 
19366) the electronic energy difference ratio, {Eo — EQ)INC^kO, may be esti¬ 
mated as approximately 0*8. An inspection of Tables V and III shows that 
this is compatible with a kd^je^ ratio only slightly less than that required to 
give complete saturation at absolute zero. This energy difference ratio is 
much less dependent on secondary effects on the experimental side and on 
special assumptions in the theoretical treatment than are those ratios 
involving the value of the specific heat at a particular temperature. The 
experimental ratio characterizes the change in the complete range of 
temperature up to the Curie point, and it is satisfactory that the effective 
kd'jeQ value which the ratio indicates for nickel is in close agreement with 
that indicated by the paramagnetism over a wide range of temperature 
above the Curie point. 

The standard band form assumed in the treatment is probably more 
closely approached in nickel than in other ferromagnetics. The brief survey 
of the experimental results suggests that even for nickel the approximation 
is not sufficiently close for the results to be covered with precision over the 
whole temperature range by an unchanging effective value of Cq. The general 
character of the fundamental experimental results, however, is in remark¬ 
able accordance with that suggested by the theoretical treatment. Essen¬ 
tially, the theoretical treatment as a whole provides interconnected sets of 
magnetic and energetic relations for idealized ferromagnetics of a very 
simple type. The discussion in this section shows that these relations are 
in sufficiently close quantitative agreement with those found for actual 
ferromagnetics to make the treatment of great potential value for the 
detailed analysis and interpretation of the observed characteristics of 
particular ferromagnetic materials. 

I have pleasure in acknowledging my indebtedness to the Government 
firants Committee of the Royal Society for the loan of a Brunsviga cal- 
<*ulating machine. 


Summary 

'The treatment of collective electron ferromagnetism on the basis of Fermi- 
Dirac statistics, applied in a previous paper to magnetic characteristios* is 
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extended to energetic characteristics. The theory is developed for electrons 
in an energy band of standard form and subject to interaction effects giving 
rise to a dependence of energy on the square of the magnetization. The 
distribution is specified by a parameter e^, the Fermi zero point energy in 
the absence of this interaction. The relative magnetization, varies with 
tem}>erature in a manner depending on kO'jeg, where W is a measure of the 
maximum quasi-magnetio interaction per electron. The Curie temperature, 
d, is less than O' except in the classical limit (eJkO' -*■ 0). In the previous 
paper detailed numerical results were given for the variation of ^ with TjO 
for a wide range of values of kO' 

General expressions are here developed for the electronic energy, which 
may be analysed into a quasi-magnetic and a distributional part (§ 2). The 
forms taken by these expressions in the classical and Fermi Dirac limits are 
obtained (§ 3). General expressions are also derived for the specific heat at 
low temperatures and at the Curie point (§ 4). 

Detailed computations are made (§ 6) of the energy and specific heat over 
the whole temperature range for eQjkO'-^-O (Table I), and for 
the critical value for complete saturation = 1) at absolute zero (Table II, 
figs. 1, 2). Computations are also made (§ 6) for a range of values of kO’je.^ 
(corresponding to the range from kO/e^ -> 0 to e^jkO -*■ 0) of the energy increase 
between absolute zero and the Curie point, and of the specific heat at low 
temperatures and immediately below and immediately above the Curie 
point (Tables III-V, figs. 3-6). 

It is shown (§ 4) that the limiting low temperature ratio of the specific 
heat to the temperature depends only on the distribution at absolute zero, 
being independent of the character of the variation of spontaneous mag¬ 
netization. Except in the classical limit there is a discontinuous variation 
in the distributional as well as in the quasi-magnetic energy at the Curie 
point, and an associated discontinuity in the specific heat, so that the dis¬ 
continuity in the total specific heat is not an immediate measure of the 
quasi-magnetio interaction. Moreover, the ratio of the increase in quasi- 
magnetio energy between absolute zero and the Curie point to the total 
energy increase may diverge widely from the olassioal ratio. For small values 
of kOjeo it is greater than unity (Table III, fig. 3). 

A preliminary survey of the specific heat results for nickel is made (§7). 
Although the observed energetic characteristics over the whole temperature 
range cannot be covered by an unchanging effective value of the general 
character of the results is in good accordance with the theoretical treatment, 
which provides a basis for a more complete analysis and interpretation of 
experimental results for particular ferromagnetics. 
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The nature of sliding and the analysis of friction 

By F. P. Bowden and L. Leben 
Laboratory of Physical Chemistry, Cambridge 

{Communicated by G. I. Taylor, F.R.8.—Received 8 August 1938 ) 

[Plates 17*24] 

Although numerous measurements of kinetic friction have been made 
and some empirical laws have been formulated we have, as yet, no clear 
understanding of the mechanism of friction of sliding solids. This paper 
describes an attempt to investigate in more detail the physical processes 
that occur during sliding and the nature of the frictional force that opposes 
the motion. This work was done with unlubricated metallic surfaces. That 
is to say, no foreign films were artificially added; the surfaces were as 
clean as they could conveniently be prepared in the laboratory.* 

Most of the previous methods used for measuring kinetic friction record 
only the average force necessary to maintain sliding. It was considered 

* The behaviour of really clean metallic surfaces from which all trace of adsorbed 
tilma and gases is removed in a high vacuum will be desoribed in a later paper. (See 
Uowden and Hughes, Nature, 142, 10390 


24-2 



372 


F. P. Bowden and L. Leben 


probable on theoretical grounds and from the results of some earlier more 
primitive measurements that the frictional force might not be constant. 
An apparatus was therefore constructed which was capable of measuring 
any fluctuations if they occurred. Experiments with dissimilar metals 
sliding together show that as a general rule the frictional force is indeed 
not constant but undergoes most rapid and violent fluctuations. The sliding 
process is not a continuous one; the motion proceeds by jerks. The metallic 
surfaces ‘‘stick"’ together until, as a result of the gradually increasing 
pull, there is a sudden break with a consequent very rapid “slip”. The 
surfaces stick again and the process is repeated indefinitely. When the 
surfaces are of the same metal the behaviour is somewhat different. Large 
fluctuations in the friction still occur but they are comparatively slow and 
very irregular. The average value of the frictional force is considerably 
higher than that found for dissimilar metals and a well-marked and 
characteristic track is formed during the sliding. 

Simultaneous measurements of the surface temperature are also made. 
Earlier work (Bowden and Ridler 1935) has shown that the surface tern- 
}>erature of sliding metals may be very high. An analysis of this surface 
temperature shows that it, too, is changing rapidly during sliding and 
that there is a well-defined correlation between these changes and the 
frictional fluctuations. Every time a slip occurs there is a sudden rise 
in the temperature followed by a very sudden fall. The whole temperature 
“flash” may be over in less than a thousandth of a second. 

It will be clear from these results and from the observations described 
in the next paper that metals do not slide uniformly. An intermittent 
clutching and breaking away of the metal surfaces can occur; the friction, 
the surface temperature, and the area of contact all vary rapidly. 

Even if the surfaces are lubricated with mineral oils or other lubricants 
the behaviour may be essentially the same. The friction fluctuates and the 
movement again proceeds by a process of “stick and slip”. This is con¬ 
sistent with the earlier observations that metal to metal contact con occur 
even under conditions of good boundary lubrication. 

These observations have an important bearing on the theory of friction 
and lubrication. The detailed analysis of the frictional force shows that 
the “classical laws” of friction can be regarded only as crude approxima¬ 
tions. Earlier theories have assumed that sliding is continuous and that 
only the surface atoms of the solid are involved. It is clear that neither 
of these assumptions is correct. The frictional effects are not confined to 
the surface. The sliding causes a permanent deformation of the solid which 
extends to a great depth beneath the surface so that the friction must also 
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be dependent on the bulk properties of the solids. Any theory which 
involves the surface forces only must be incomplete, and we cannot expect 
such theoretical calculations to agree with experiment. 

It is not possible at this stage to give a complete and quantitative theory 
of kinetic friction, but the detailed analysis of the fluctuating friction, 
surface temperature and area of contact, which is described in this and the 
subsequent paper, enables us to form some picture of the physical processes 
that occur during sliding. The work suggests that the kinetic friction 
between moving metals is due to a local welding together and a formation 
of metallic junctions between the metals. Since the size of these junctions 
is great compared with the dimensions of a molecule, their subsequent 
breaking causes a tearing and deformation of the metal which extends to 
a considerable depth. The exact behaviour depends upon the nature of 
the metals, and there is evidence that three distinct types of metallic 
junctions may be formed. 


Experimental’*' 

If fluctuations in friction are to be recorded it is essential that the 
friction-measuring device should have a high natural frequency and that 
the system which applies the load should have a natural frequency which 
is as high or higher. The apparatus which fulfils these conditions is illus¬ 
trated diagrammatically in fig. 1 . This diagram is roughly to scale. 

The friction was measured between two surfaces, the lower of which 
was driven steadily on by a force much greater than the opf)08ing frictional 
force, while the upper was connected to a fixed friction-measuring device. 
The lower surface P was plane and was screwed on to a base R which 
moved between parallel rails in the direction shown by the arrow in fig. 1 . 
The rails were mounted on a thick insulating sheet of ebonite E which 
was screwed to a heavy steel block F, The surface was driven at a uniform 
rate by water pressure. The water was held under a pressure of five 
.atmospheres in a 2001 . tank and a suitable system of needle valves enabled 
water to flow at any desired speed into the cylinders. The bore of these 
cylinders, which were obtained from an old aero engine, was 6 in. The 
incoming water drove the pistons forward at a uniform rate and the motion 
was transmitted to the lower surface. In this way a powerful uniform 
motion free from vibration was obtained. The influence of external vibra¬ 
tions was further minimized by mounting the whole apparatus on solid 
concrete. 

* This section and part of the next revised 29 October 1938. 
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The upper surface was in the form of a small spherical slider Q shown 
in fig. 1. It was attached to a rigid duralumin arm YZ carried on 
a bifilar suspension XX oi tightly stretched piano wire. The load was 
applied to ^ in a direction normal to the surface P by means of the circular 
spring R. The latter consisted of a piece of watch spring bent round to 
a circle as shown in the diagram. The extent of compression of this spring 
in the vertical plane determined the load and this could be maintained 
constant by locking the nuts L, L'. A flat horizontal piece of watch spring 


scale 



T was fixed between the arm YZ and the bottom of the circular spring K, 
in order to keep Q in the plane of YZ. The slider Q, which was threaded 
on its upper part, passed through holes in the springs R and T and was 
rigidly held in place by a nut. 

The bifilar system XX was carried on a rigid frame. The bifilar suspen¬ 
sion consisted of a length of piano wire which passed over a pulley J and 
which was tightened by means of the axle K. The instrument was damped 
by pads of piano damping felt pressed against the wires XX. Electro¬ 
magnetic and oil damping had been tried previously, but this method was 
found to be best for the purpose. The whole frame was mounted so that 
it could be fixed at any distance from the block F. This allowed a number 
of different runs to be conducted on parallel tracks on the same lower 
surface. 
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The load was applied as already described. The exact value was deter¬ 
mined by apidying a vertical pull to Q using a suitable hooking device 
screwed on to the upper part of the slider. The force needed to break con¬ 
tact between the surfaces (determined electrically) was equal to the normal 
load. 

Movement of the lower surface P under the action of the hydraulic 
pressure gave rise to frictional forces between P and Q, This caused the 
arm TZ to be deflected about the vertical axis WW, and the extent of 
deflexion is a measure of the tangential force between the surfaces, i.e. of 
the friction. This deflexion was measured by means of a beam of light 
reflected from a small mirror M. The reflected beam fell on to a horizontal 
opening in a moving-film camera. A horizontal cylindrical lens in this 
opening focused the beam on to the 15 cm. wide oscillograph pa|>er used 
for recording. The light path was 6*5 m. long, so that the apparatus was 
very sensitive. The friction-measuring device was calibrated directly by 
removing the lower surface, applying known horizontal forces to Q in 
the direction of motion, and measuring the corresponding deflexions of 
the spot of light on the film. A cathetometer was focused on Q, and the 
actual movement of Q under the action of the applied horizontal forces 
also measured. The relation connecting the distance moved by Q and the 
corresponding deflexion of the spot of light on the film was then known. 
The photograph thus obtained gave a continuous record of the tangential 
forces which were acting between the surfaces. This tangential force 
divided by the normal load is represented on the photographs as the 
coefficient of friction. 

Time marks of l/64th sec. (i.e, 0-016 sec.) were thrown on the edge of 
the camera film by a stroboscopic disk and a heavier mark every 30/64th sec. 
(i.e. 0-47 sec.). In the reproduced photographs the individual time marks 
are not always clearly visible, and each thirtieth division has been accen¬ 
tuated. In all the photographs the time interval between successive marks 
corresponds to 0-47 sec., except in figs, la and lb, where they occur every 
O'l sec. 

The friction-meeisuring device incorporates two vibratory systems. One 
measures the tangential reaction between the surfaces and its frequency 
is controlled by the bifilar suspension XX. The other applies the normal 
force between the two surfaces and is controlled by the circular spring E. 
The flat spring T does not affect the load since its position remains constant, 
but its rigidity tends to increase the natural frequency of this system, 
liy the nature of this apparatus these two systems are independent of 
one another except in so far as the latter system will contribute towards 
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the inertia of the former. Nevertheless, the masses of the parts ba've been 
hept Buffioientiy low for both systems to have a high frequency of the 
order of 1000 . This was tested in the completed apparatus by aUowing.Ihe 
arm YZ to vibrate with the slider Q off the surface, and recording the 
movements in the camera. The trace showed that the arm was vibrating 
with a frequency of the required order. The frequency of the system which 
applied the load was still higher. The damping was so arranged that the 
vibrations died out very rapidly. It is clear that a system of this t 3 rpe is 
capable of recording any changes in the tangential force between the 
surfaces provided that the frequency of these changes is not greater than 
the natural frequency of the measuring system. 

Measurement of surface temperature 

The surface temperature was measured by using the rubbing contact 
of two different metals as a thermocouple, and the method was essentially 
the same as that previously used (Bowden and Ridler 1936 ). When the 
slider Q is a different metal from the sliding surface P, any fluctuations 
in surface temperature during sliding will give rise to corresponding 
thermoelectric fluctuations. Those impulses were recorded simultaneously 
with the frictional fluctuations, using an Einthoven galvanometer adjusted 
to its highest natural frequency. Since this is also its position of minimum 
sensitivity the impulses had first to be magnified and a simple two*stage 
amplifier was used for this purpose. 

Before interpreting the results of the experiments it is necessary to 
consider two possible sources of error. First, small changes of resistance 
take place between the surfaces dmnng sliding and this might alter the 
apparent e.m.f. The contact resistance was only a few hundredths of an 
ohm. Since the thermocouple was always in 'series with a high resistance, 
any changes in the contact resistance between the surfaces could have no 
appreciable effect. A second possible source of error is connected with the 
fact that the thermoelectric e.m.f. varies •with the state of working of the 
metals which form the couple. Because of this, any “working” of the 
metal during sliding will cause a change in their thermoelectric power. 
It is clear, however, that this effect is also very small. The thermoelectric 
force between worked and annealed specimens of a metal varies slightly 
with the direction of measurement on the specimen, but it is always small. 
For constantan it is about 0*7 x 10 ~* V/° C, and for iron and steel it is of 
the same order (Elam 1935 ). The average thermoelectric e.m.f. of the 
constantan steel couple formed by the surfaces was about 25 x 10 ~* V/” C, 
so that the state of working of the surfaces can only affect the real thermo* 
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«leotrio e.mX by a few per cent. This variation is within the limits of 
experimental error. Bridgman ( 1918 ) has shown that pressiire can also 
cause a change in the thermoelectric power of a metal, but the magnitude 
of this effect is even smaller than that discussed above. 

Preparation of surfaces 

The lower surface was prepared by grinding on flat lead laps with various 
powders using the technique described in earlier papers. The upper curved 
slider was turned in a lathe and polished. The surfaces were then cleaned 
with rouge and water, washed in caustic soda, rewashed with water, and 
finally cleaned with specially purified acetone. If water were added to 
these surfaces it would spread as a thin continuous film (see Hardy). 

The steel used for most of these experiments was specially prepared for 
us by Dr W. H. Hatfield. Its composition is: carbon 0 * 13 %; silicon 0*21 %; 
manganese 0-59 %; sulphur 0*018 %; phosphorus 0*015 %; chromium 
0*05%; nickel 3*42%. The specimen was taken from the bottom of the 
ingot and is very uniform in texture. 


Results 

The friction of steel on sled 

Fig. 2 (Plate 17) shows a typical trace taken with the lower surface 
moving at a constant speed of 0-006 cm./see., and with a load of 400 g. 
between the surfaces. The original trace was 15 cm. in width, and this 
has been suitably reduced in the photograph. The passage of time is from 
right to left of the trace. The deflexion of the arm YZ (i.e. the tangential 
force between the surfaces) is recorded at right angles to this direction. 
This tangential force divided by the normal load gives the coefficient of 
friction, and the value of this is marked on the ordinates. The dark trace 
therefore represents the variations of friction with time. It will be seen 
that the force opposing motion is not constant but is fluctuating violently 
during sliding. These fluctuations all consist of a period AB during which 
the tangential force is increasing steadily, followed by a very rapid fall JSC. 
A subsidiary experiment had shown that a movement of 0*0025 cm. of 
the slider Q caused a deflexion of 1 cm. of the light spot on the original 
film, so that the optical magnification was 400. The slope of the line AB 
was measured with reference to the time axis, and calculation showed that 
the top surface Q is moving forward with a velocity of 0*006 om./sec. 
This velocity is identical with that of the lower surface, and it is clear that 
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the two surfaces are ‘' sticking ” together. The upper surface is being carried 
forward by the lower one, and no relative motion is occurring. Suddenly, 
at the point a rapid slip of the upper surface Q occurs. When the 
frictional force has fallen to C the surfaces “stick” together again. The 
process is then repeated indefinitely. 

The speed of the camera is not sufficient to allow of accurate recording 
and analysis of the slip BC. On the traces it appears as a faint line, and 
its duration can be estimated to be of the order of ly1000th sec. It is 
important to note that this is approximately the same as the free period 
of the instrument. In fact, the natural jfrequency of the bifilar system sets 
a limit to the rapidity with which the slip occurs. It is impossible for the 
arm YZ and the top surface Q to move faster than the suspension XX will 
allow. A cathode-ray method is necessary for a more detailed analysis 
of these very rapid changes. 

Fig. 3 (Plate 17) shows a trace taken with the lower surface moving 
at a higher sj^eed of 0-3 cm./sec. The load was again kept constant at 
400 g. In this experiment the camera was run at a slightly greater speed 
in order to facilitate the analysis of the traces. The friction is fluctuating 
violently, and measurement again shows that the motion is proceeding 
by a process of “stick-slip”. Again AB corresponds to the “stick” and 
BC to the “slip”. Careful measurement of the slope of the portion AB 
shows that during this period the speed of motion of Q was now 0*3 cm./sec. 
and so corresponds to that of the lower surface. Hence no relative motion 
is occurring. Owing to the increased speed of the lower surface the “stiok- 
slips” now occur much more frequently on the photograph. It is also 
interesting to note that the average value of the friction varies in an 
irregular fashion over a range of about 20 % during the course of the run. 

The actual length of the slip between the surfaces can be determined by 
measurement of the corresponding length BC on the original photograph 
since the optical magnification of the system is known. In the case of 
steel on steel an average slip was 0*003 cm. 

These traces were obtained on a flat surface finely ground with 320 
carborundum. In other experiments the surfaces were highly polished so 
that a typical Beilby layer was formed. Again the fluctuations in friction 
occurred and the behaviour was essentially the same. 

The friction of different metals on steel 

A series of different metallic sliders were prepared and the experiment 
repeated using each slider in turn on the steel plate. In each case a load 
of about 400 g. was used and approximately the same speed (0*00S- 
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0*006 cm./»ec.) employed. The exact speed in each case determines the 
8 lo})e of the dark friction trace in the oorresponding photograph. The 
sliders were made of the following metals: 


Metal 

Melting-point 

oc 

Vickers 

hardness 

Molybdenum 

2470 

200 

Nickel 

1462 

85 

8 t«el 


166 

Constantan 

1290 

113 

Silver 

960 

32 

Aluminium 

658 

14 

Zinc 

419 

34 

Lead 

327 

4-0 

Tin 

232 

60 

Bearing motal 

180 

20 

Wood’s alloy 

70 

16 


The results obtained are shown in fig. 5a-j (Plates 18, 19). It will be 
seen that “stick-slips’’ occur in each case, and the magnitude of the slip 
increases regularly as the melting-point of the upper slider falls. Figs. 3 
and 4 (Plate 17) show that this holds true even if the speed is increased by a 
factor of a hundred. 


The track caused by sliding 

We should expect that the wear and tear of the metal surfaces during 
sliding should bear some relation to the frictional behaviour. A micro¬ 
scopic examination was therefore made of the track formed on the 
steel plate by the sliders of different metals. Fig. (Plate 20) shows 

photomicrographs of the various scratches, aU taken at a magnification 
of 70. The tracks are indicated by arrows; when two arrows are shown 
the track lies between them. The sliding metal has passed over this surface 
once only. These photographs correspond to friction traces given in‘fig. 5 
and were taken during the same runs. 

Tlie simulkmeous measurement of friction and surface temperature 

Any discontinuity in the sliding between two metals should lead to 
a similar discontinuity in the evolution of heat and hence to fluctuations 
in the surface temperature. An exi)eriment with constantan sliding on 
steel showed that this is indeed the case. Fig. 7 a (Plate 21) is a trace 
showing the simultaneous variations of friction and surface temperature. 
Analysis of the curves shows that every time a slip occurs there is a sudden 
rise and fall in the surface temperature. This is shown more clearly in 
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fig. lb (Plate 21), obtained with the surfaces moving at a comparatively 
slow speed. A single rise and fall in temperature is seen coincident with 
the slip between the surfaces. 

The experiment has been repeated with Wood’s alloy, tin, and silver 
sliding on steel. The results are essentially similar to those obtained with 
constantan. 

Other combinations of rr^tals 

In the oxj>eriments so far described the lower surface was always of 
steel. Further experiments have been carried out using other metals. 
Measurements were made with Wood’s alloy, tin, silver, steel, platinum, 
and molybdenum, on plates of tin, silver, copper, nickel, platinum, and 
molybdenum. The results are essentially similar to those obtained on steel, 
and it can be stated that in general the sliding of two dissimilar metals 
is discontinuous, the motion proceeding by a process of stick and slip. 

The sliding of similar metals 

When similar metals are slid on one another the results are different. 
The frictional behaviour of silver, copper, nickel, platinum, and molyb¬ 
denum on themselves are shown in figs. 8 and 9 (Plates 22, 23); the corre¬ 
sponding pliotomicrographs of the tracks are shown in fig. \Qa-e (Plate 24). 
Essentially the same behaviour was also observed with tin on tin. 

The friction of flat surfaces 

All the experiments so far described were carried out with a small 
round slider moving on a flat surface. It is important to see whether these 
observations apply to the more general case of flat surfaces rubbing together, 
and experiments were carried out to test this. The upper surface in this 
case was in the form of a flat disk about 1 cm. in diameter and 1 mm. thick. 
The lower face was ground flat. The disk was attached to the arm YZ in 
a manner similar to that used for the curved slider. 

Experiments with a steel flat on the steel plate showed that the sliding 
again proceeded by a process of “stick and slip”; the magnitude of the 
fluctuations was essentially unaltered. Subsequent exammation of the 
lower steel plate showed several parallel scratches. The two surfaces were 
obviously touching at several points at any instant of motion. Nevertheless, 
the nature of the sliding remained the same. 

The experiment was repeated for the case of a tin flat slidir^ on the 
steel surface. The motion again proceeded by a process of “stick and slip''- 
The slips were large and the behaviour was essentially the same as that 
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observed with a curved slider of tin. A wide smear of tin was formed on 
the steel. Microscopic examination of this track showed however that 
contact actually occurred only at many small spots distributed over the 
entire area of apparent contact. 

The friction of lubricated surfaces 

It is to be expected that the presence of a lubricant will affect the nature 
of the sliding between two bodies. A preliminary investigation of this 
problem has been made employing the apparatus described above and using 
a steel slider on a steel surface. With mineral oils it is found that the 
motion still proceeds by a series of‘‘stick-slips*’, and the general behaviour 
is similar to that of unlubricated surfaces except that the length of the 
slips is different. With certain molecules such as the long-chain fatty acids 
the “stick-slips” disappear completely, sliding becomes continuous, and 
the kinetic friction shows no fluctuations. 

Discussion 

These experiments show clearly that the frictional force between various 
metals sliding on steel is not constant but is fluctuating violently. The 
motion is not continuous, but proceeds by a process of “stick and slip”. 
It might be considered that this is due to small scratches and irregularities 
on the surface, but the evidence is strongly against this. A careful measure¬ 
ment and a microscopic examination of the surface showed that there 
was no correlation between the discontinuities of motion and the surface 
scratches. Experiment also showed that “stick-slips” occurred, and the 
behaviour was essentially the same on highly polished surfaces which were 
free from scratches and covered with the typical Beilby layer. The fact 
that the magnitude of the stick-slips depends upon the metals used, although 
the lower steel plate was ground in the same way in every case, lends 
additional support to this view. We should expect no difference in the 
«lip if this discontinuity were a result of mechanical interlocking of the 
^inface asperities. Finally, the work on lubricants has shown that with 
( crtain molecules stick-slips disappear altogether, although the thickness 
cf the applied film is much less than the dimensions of the asperities. The 
work suggests that these discontinuities in motion are inherent in the 
sliding of metals. The kinetic friction may, with important reservations, 
l)e regarded as a series of static frictions. An examination of fig. 5a-j 
(Plates 18,19) for various metals on steel shows that the extent of the rapid 
■slip is governed by the melting-point of the metal. The lower the melting- 
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point the larger the slip. There is of course an approximate correlation 
between the various mechanical properties of metals and their melting- 
points, so that we might expect a systematic relationship similar to that 
found above. The values for the Vickers hardness given in the table are 
those obtained by direct measurement on each specimen. It is of course 
j)08sible that this value may be modified by the surface working. It is 
clear that the hardness of the metals must play some part, but the results 
suggest that the melting-point is of even greater significance. For example, 
Wood’s alloy is harder than tin yet it gives a larger slip because the melting- 
j>oint is lower. In the same way, zinc, which is harder than aluminium but 
has a lower melting-point, gives a larger slip. 

An examination of the photomicrographs of the track is interesting 
(fig. 6a-//, Plate 20). It will be seen that the highest melting metals, molyb¬ 
denum to silver, all plough out a groove. The width of this groove is greatest 
for the metal of highest melting-point. The behaviour of the lower melting 
metals, zinc to Wood’s alloy, is however quite different. These metals do 
not scratch the surface, but are themselves wiped off on to it to form a well- 
defined smear. The transition from type 1 to type 2 occurs with aluminium 
which is intermediate in behaviour, sometimes scratching the steel and 
sometimes being smeared on to it. With other combinations of metals the 
general behaviour is the same. Sliding is again discontinuous and the extent 
of the rapid slip is dependent on the melting-point of the solids. The lower 
melting metals give the greater slips, and again two distinct types of track 
are observed. 

When the two surfaces are of the same metal {type 3) the behaviour is 
different from either of the above cases. The nature of the frictional force 
between the moving surfaces of silver, copper, nickel, platinum, and molyb¬ 
denum, is shown in figs. 8 and 9, Again the frictional force is not constant; 
very large fluctuations occur, but the nature of these fluctuations is quite 
different. A very sudden rapid slip no longer occurs, but the fluctuations 
are much slower and very irregular. This characteristic irregularity is 
particularly well marked in the photographs taken with the surfaces moving 
comparatively fast (compare with figs. 3 and 4 showing fast runs of steel 
and lead on steel). It will also be observed that the average value of the 
friction, in so far os the average value of these fluctuations can be made, 
is considerably greater than that found for dissimilar metals. 

The nature of the track formed is shown in fig. lOa-e, It is clear the.t 
this track is quite different from either of the two tracks formed by dis¬ 
similar metals. A groove is formed in the flat surface, but it looks very 
different from the groove out by a metal of higher melting-point. The general 
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appearance would suggest that the metal within the groove has flowed 
during sliding and then solidified. This third type of behaviour is charac¬ 
teristic of similar metals whatever their hardness or melting-point. Steel 
is an apparent exception. With steel on steel the behaviour corresponds 
to type J, i.e, rapid slips and torn track. This exception is probably more 
apparent than real, since the surface of this alloy is not homogeneous and 
over any small area the two rubbing surfaces are not identical,'*' 

Although oxide films must be present in varying thicknesses on all these 
metal surfaces and must play some part they do not appear to govern 
the type of sliding. On platinum, for example, the oxide film is very thin, 
on silver it is easily broken down, on tin and molybdenum it must be quite 
thick, yet the results for both similar and dissimilar metals show that this 
factor does not govern the ty]:)e of sliding. 

The experiments also show that the surface temperature is fluctuating 
continuously during sliding. Analysis shows a definite correlation with the 
frictional changes; every time a slip occurs there is a very sudden rise 
followed by a very rapid fall in the temperature. The whole temperature 
‘flash ” may be over in less than one-thousandth of a second. The apparent 
temperature rise is small, but two factors prevent us from evaluating the 
real surface temperature. The temperature flash is so rapid that it cannot 
be followed by the Einthoven galvanometer. Also the actual points of 
contact will not all be at the same temperature. Short-circuiting will 
occur through the colder points and the e.m.f. recorded will only be a mean 
value. 

Most of these measurements were made with a curved surface sliding 
on a flat plate. Theoretical considerations lead us to expect that the 
I )henomena should not be very different when two flat surfaces slide together. 
This is confirmed by the experiments that have been carried out with tin 
and steel flats on steel. Although these two metals give different types of 
sliding the results in each case were essentially the same as those observed 
with curved surfaces. 

It is clear that the moving parts of these systems are not symmetrical 
since the restraint is not the same for each surface. The upper surface is 
connected to a system possessing low inertia, high frequency, and an 
appreciable degree of elastic motion. The lower surface, on the other hand, 
has a large inertia and a negligible freedom of motion. In these experiments, 
therefore, the two surfaces cannot be treated as equivalent to one another, 

* [JVote added in proof 16 December 1938.] This is confirmed by experiments on two 
^^imilar surfaces of an austenitio chromium steel of uniform structure. In this ease 
the frksticm and wear were of type 3, 



And we would expect that the oiider in whioh'lihey ore <m tMte iMd^Mnr 
will hare some bearing on the nature of the eliding. The extWHve «^pen> 
mente with rounded sliders on flat surfaces have shown that this is indeed 
the case; the extent of the fluctuations in friction between two metak is 
often altered by reversing the order of sliding. Similar oonsiderationB must 
apply in some engineering problems, e.g. when a moving system sttoh as 
a journal slides in a fixed bearing. 


Th® mbchanism of kinetic FBIOnON 

In 1699 Amontons published the result of his experimental investigation 
of the friction of unlubrioated solids. He found that the frictional force 
was independent of the area of the surfaces and was directly proportional 
to the normal load. In fact he concluded that the frictional force was 
always equal to one-third of the normal load. To explain this result he 
assumed that irregularities on the surfaces of the two bodies inteiloeked, 
and the relative motion necessitated lifting the load from one position ef 
interlocking to another. This caused a loss of energy which was manifissted 
as a frictional force. Amontons’s conclusions were tested by many inveati- 
gators, notably De la Hire (1732) and Euler (1750) The latter agreed with 
Amontons in giving to all surfaces a frictional coefficient of one-third. 
The most systematic work was done by Coulomb (1785) who examined 
the influence of a large number of variables on the Motion. He agreed 
that the friction was proportional to the load and made the new observation 
that it was independent of the velocity of sliding. Further work was 
done by Bennie (1829), Morin (1835), and Him (1854). 
first-to distinguish carefully between iulirioated and unlubrioated solide, 
and be observed that the effect of velocity, surface area and load differed 
in the two oases. Few precautions were taken by any of these experi¬ 
menters to obtain clean and reproducible surfaces. For example, Bennk’s 
surfaces were almost certainly contaminated, since the value he obtained 
for the coefficient of Motion was very low (ca. 0* 1 or lees). All these earlier 
workers agreed with Amontons in assuming that Motion was caused by 
the interlocking of asperities. Biennie pointed out that a more genstal 
theory should take into account the bending and fracture of these asperities. 
The action of lubricants was explained by assumit^ that the Ultetcants 
filled these irregularities and at the same time, by some means, made them 
more ''slippery”. 

These earlier theories were questioned when Lord Rayleij^ suggested 
that the difference between a polished surface and the sutfaoe of a fluid 
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might not be veiy great. This view was confirmed by Beilby who showed 
that polishing and grinding were two essentially different processes. The 
more recent view that friction had its origin in surface forces and was due 
to molecular cohesion between the solids was then introduced. Ewing 
(1892) considered that friction was due to the reaction of molecular forces 
following the molecular displacement. This theory has also been put forward 
and has received strong support from the extensive work of Sir William 
Hardy on static friction. He found that when two unlubricated glass 
surfaces slid together an actual tearing of both faces ocse urred. The scratched 
line was composed of an irregular collection of very shallow pits and very 
thin plates torn from the opposite face. Hardy concluded that the two 
surfaces seized under the action of the forces of cohesion so that tearing 
occurred during the subsequent motion. Unlubricated friction was there¬ 
fore due primarily to the forces of cohesion between the surfaces. The 
results he obtained with lubricants were explained by assuming that the 
lubricant caused, in a very definite and quantitative way, the reduction 
of the molecular fi:eld of force at the surface of the solid. 

An interesting attempt to correlate the interaction during sliding between 
the surface molecules at the surface of two unlubricated solids has been 
made by Tomlinson (1929). He considered that the friction was due to the 
energy dissipated when the molecules were forced into each others atomic 
fields and were then separated. He made the further assumption that the 
molecular fields of force were approximately the same for all substances, 
and the area of molecular contact could be calculated from Hertz’s 
equation for elastic deformation. He found approximate agreement of 
experiment with theory, but many of his experimental values for friction 
were very different from those found by other workers. A molecular theory 
of friction has also been put forward by Derjaguin. He neglected inter- 
molecular attractions and replaced the repulsive forces by quasi-rigid 
bonds. 
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Tht physical effects of sliding 

These theories differ somewhat, but they all make the .assumption that 
friction is due to the surface fields of force only. It was stated in an earlier 
P^per (Beare and Bowden 1935 ) that the frictional effects were not confined 
to the surface layers of the solid but caused distortion and abrasion to 
considerable depth below it, that the physical processes which occurred 
during sliding were too complicated to 3 rield easily to pimple mathematical 
treatment, and that a more detailed knowledge was necessary before 
^ quantitative oaloulation of Motion could be made. An examination of 
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the surface after the slider has passed over it shows that the Motion is 
certainly not a surface efiFeot only; the disturbance has penetrated to 
a depth of many thousands of atoms. For a complete interpretation of 
the friction between dry metals it is therefore necessary to take into account 
some of the properties of the metals in bulk. The experiments with different 
metals on steel confirm this point; they show that the nature of the sliding 
varies with the metal employed. The behaviour of any metal must be 
dependent on its bulk properties. 

Moreover, it has usually been assumed that sliding is a continuous 
process; it is clear that this is not the case. An intermittent clutching and 
breaking away of the surfaces is occurring during sliding, and the frictional 
force, area of contact and local surface temperature, are all fluctuating 
violently. This surface temperature may easily become high enough to 
cause a softening and melting of the solid surfaces. Any complete theory 
of friction must take these effects into account. These remarks apply 
primarily to the sliding of unlubricated surfaces but there is evidence 
that even in the presence of lubricants metallic contact can occur through 
the film and that frictional and temperature fluctuations and abrasion 
may occur. 

This more detailed analysis of friction and sliding shows that the 
process is a complicated one involving both the surface and the bulk 
properties of the moving solids. It is not possible at this stage to give 
anything like a quantitative or complete theory. Our knowledge of the 
detailed physical processes that occur during sliding is at present far too 
incomplete. The results of this and the following paper suggest that the 
friction between unlubricated surfaces is due primarily to the formation 
of local metallic junctions, the dimensions of wliich are probably large 
compared with the dimensions of a molecule. Relative motion necessitates 
the breaking of these junctions with consequent distortion and tearing 
of the metal to a considerable depth beneath the surface. These junctions 
are formed by a local welding together of the surfaces. Although the 
surfaces may be highly polished there will still be peaks and undulations 
present. Contact will occur only locally at the summit of these irregularities 
BO that the area of intimate contact is very small. Even with lightly loaded 
surfaces the local pressure will be very great. This local preslsiure, under 
some conditions, may be sufficient to case a welding together, but it will 
be greatly assisted by the local high temperatures which ore developed 
during sliding. 

A more detailed examination of the track confirms the assumption that 
metal-metal contact may occur between the two moving surfaces. Thus 



The nature of eliding and the analysis of friction 387 

for steel sliding on steel under a load of 400 g. the width of the scratch is 
2x10“* cm. Assuming the region of contact to be a circle with this length 
as diameter, we obtain a real contact area of about 3 x 10“® sq* cm* and 
a mean pressure of about 130,000 kg*/sq. cm* The stress at which plastic 
flow of a metal occurs will vary considerably with the state of working 
of the metal. For a carefully annealed mild steel Taylor gives a value of 
about 3000 kg,/sq. cm. Other values quoted by Nadai for various steels 
vary from 4000 to 5000 kg./sq. cm. The existing pressure in the region of 
contact is therefore well able to cause the flow which must occur when 
a metal-metal junction is formed. More precise measurements of the real 
area of contact are given in the next paper. 

Since a frictional force of 150 g. is being exerted across this surface of 
contact we find that a shear stress of 50,000 kg./sq. cm. is acting. This is 
much greater than the ordinary shear strength of steel (6000 kg./sq, cm.— 
roughly half the tensile strength). The experiments of Bridgman have 
shown, however, that under high confining pressures, of the order of 
50,000 kg./sq. cm., the shear strength of materials rises and may even 
increase up to tenfold its normal value. In this connexion it is interesting 
to note that Bridgman found a well-marked welding on to the compressing 
pistons of the material under compression. Further, he found that under 
these conditions of high confining pressure in many cases plastic flow 
during shear was discontinuous,chattering occurring. In a recent paper 
Elam describes some tensile experiments in which steel test-pieces were 
extended very slowly. It was found that the extension was not continuous 
but that it took place in a series of Jumps. 

Three types of sliding 

The experiments described in this psipev suggest that the local metallic 
junctions may be of three types. The first type is characteristic of a slider of 
a hard high-melting metal sliding on a softer surface of lower melting-point. 
The motion proceeds in jerks, but the rapid slip is comparatively small. 
The surface of the high-melting metallic slider is not perceptibly changed, 
but a well-defined track is tom out of the lower melting metal. The next 
paper describes the behaviour of the conductance during sliding and this 
is very characteristic* It will be shown that when a rapid slip occurs, the 
oonduotanoe^ and hence the area of contact, falls suddenly to a minimum 
mlw. During the stick, as the pull on the surface increases, the area of 
contact increases until the sudden slip again occurs when it again falls 
rapidly. The process is then repeated. The result suggests that surface 

25-2 
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irregularities of the hard high-melting metal penetrate the softer one, and 
the resistance to motion is due mainly to a ploughing out of the soft metal. 
As a crude analogue we may compare this to the pulling of a ploughshare 
or a number of ploughshares through hard soil. As the pull on the plough¬ 
share increases its smface is pxilled into closer contact with the earth and 
the area of intimate contact increases. Suddenly the earth 3 delds and the 
ploughshare jerks forward. The strain is momentarily diminished and the 
pull and the area of contact fall to a lower value. The process is then 
repeated. 

In 2y which is characteristic of a low-melting slider moving on 
a metal surface of high melting-point, the behaviour is quite different. The 
motion again proceeds in Jerks, but the extent of the rapid slip is very 
much larger (in the case of Wood’s alloy—m.p. 70° C—on steel it is some 
fifty times as great as that of molybdenum—m.p. 2470° C—on steel). 
The flat surface of the high-melting metal is not tom or abraded. It is 
apparently undeformed but obvious blobs and smears of the low-melting 
metal are wiped on to it. Conductance measurements (see next paper) 
show that the area of contact is a maximum the instant after the slip has 
occurred. During the stick, as the pull increases, the area of contact is 
now observed to decrease until the sudden slip occurs again, when it again 
rises to a maximum. We may again make a crude picture and suggest that 
the high pressure aided by the heat liberated during the rapid slip solders 
or welds the low-melting metal on to the other. The extent of the metallic 
contact and hence the electrical conductance is then at a maximum. As 
the pull increases the soldered junctions are drawn out thinner and 
thinner, the conductance decreasing, until the junctions break. Slip occurs 
again and the process is repeated. The break will naturally occur at the 
soldered joints; the high-melting metal will be left untouched with the 
blobs of the solder adhering to it. 

The behaviour of surfaces of the same metal {type 3) is however very 
different. Here the friction is very much higher and large fluctuations 
occur in it. No rapid slips are, however, observed. A large track is tom 
out of the flat surface, the metal within this groove having a very tom and 
distorted appearance. The behaviour of the electrical conductance is also 
characteristic. The general value of the conductance is higher, showing 
the area of contact is greater, and no rapid changes ore observed. It is 
clear that in this case local high pressure must cause an equal flow of boib 
surfaces. In the same way local high temperature must cause an 
melting of both surfaces. This means that both contribute to the welded 
joint; when the break occurs both surfaces will be distorted and tom. 
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An interesting confirmation of the view that welding takes place between 
sliding metals was obtained from some experiments with platinum sliding 
on silver. At the beginning of the run the behaviour was, as expected, that 
characteristic of dissimilar metals. Small stick-slips were observed, the 
friction was low, and a smooth groove was cut in the silver. After the 
slider had moved a short distance the behaviour changed to that charac¬ 
teristic of similar metals. The stick-slips disappeared, the friction rose to 
a high value, and the tom track now resembled that found in such cases, 
The results were similar to those reproduced in figs. 8a, 9a, and 10a, 
A close examination showed that a small blob of silver had become welded 
on to the upper surface so that the sliding was in reality silver on silver. 
Similar effects were observed with copper on silver. Again the sliding 
changed over to that characteristic of similar metals, and close examination 
showed that again silver had welded on to the copper surface. 

The experiments show that three distinct types of metallic interaction 
and sliding may occur, but in practice the distinction between these types 
may not always be clear-cut. Under some conditions all these types of 
junctions may occur simultaneously. These observations have an obvious 
bearing on engineering practice, and the wear and friction of metals sliding 
under actual working conditions. It is clear that the friction and the 
damage to the surfaces will be less if the physical properties, particularly 
the melting-points of the two metals, are different so that junctions of 
type 3 cannot occur. The most important surface, e.g. the journal, in 
a bearing should have a high melting-point and should slide on a surface 
of lower melting-point. The local high temperatures and high pressures 
will cause a welding together at the points of contact, but it is only the 
softer, lower melting metal which will flow. The surface of the higher 
melting metal will remain undamaged except that blobs of the other metal 
may adhere to it. These are the conditions which hold for a steel journal 
sliding on a bearing surface of white metal. In this case the surface tem¬ 
perature and the local pressure cannot rise above the values characteristic 
of white metal, so that the steel surface will not be affected. 

If identical metals are slid together we may expect excessive wear and 
higher friction because the metals contribute equally to the welded junctions 
and both surfaces will be tom. Engineering experience shows that heavy 
wear does indeed occur if the two surfaces are of the same metal. If similar 
surfaces must be used they should be made of some non-homogeneous 
alloy so that the junctions formed are not those of type 3. 

The fact that these different types of sliding occur is also important in 
the testing of lubricants. A lubricant which reduces one type of friction 
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and wear may not necessarily be effective in reducing another* It is 
important that the surfaces of the test machine should be so chosen that 
the friction falls into one class or another. 

We wish to express our thanks to the Department of Scientific and 
Industrial Research and to the Governing Body of Emmanuel College for 
a maintenance grant to one of us (L. L.), and to the Department of Scientific 
and Industrial Research and the Chemical Society for grants for apparatus. 
We are also indebted to Dr W. H. Hatfield for the gift of the special steel 
and to Professor R. S. Hutton for the use of apparatus in the Metallurgical 
Laboratory. 

Stjmmaby 

A detailed analysis of the kinetic friction between moving metals shows 
that the frictional force does not remain constant during sliding. Sliding 
is not a continuous process; the motion proceeds in jerks and large and 
violent fluctuations occur in the friction. In the case of dissimilar metals 
the top surface sticks to the bottom one and moves with it until, as a result 
of the gradually increasing pull, a sudden and very rapid slip occurs. The 
process is then repeated indefinitely. A simultaneous measurement of the 
surface temperature shows that this too is fluctuating and, at the instant 
of slip, there is a sudden temperature ‘‘fleish”. 

The exact behaviour depends upon the relative physical properties of 
the metals, particularly on the melting-point, and there is evidence that 
three distinct types of sliding may occur. The experiments suggest that 
friction is due to a welding together of the metals at the local points of 
contact- These metallic junctions are large compared with the dimensions 
of a molecule and when they are broken the metal is distorted to a con¬ 
siderable depth. 

Even if the surfaces are lubricated with mineral oils or other lubricants 
an intermittent clutching and breaking away of the surfaces occurs and 
the behaviour may be essentially the same. Certain long chain fatty 
acids may prevent stick-slip and allow continuous sliding to take place. 
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The area of contact between stationary 
and between moving surfaces 

By F. P. Bowden and D. Tabor 
Laboratory of Physical Chemistry, Cambridge 

[Communicated by 0. I, Taylor, F.R.S.—Received 8 August 1938— 
Revised 29 October 1938) 

[Plates 26, 26] 

When two plane surfaces are placed together the area of intimate contact 
must be very much less than the apparent area. Even if the surfaces are 
very carefully polished and are made as flat as possible, bills and vaUeys 
will still be present on the surface. The upper surface will be supported 
on these irregularities, and large areas will be separated by a distance 
which is great compared with the dimensions of a molecule. We do not 




392 


F. P. Bowden and D. Tabor 


know very much about the size of these irregularities nor the degree of 
flatness of the surfaces. Optical methods cannot teveid irregularities much 
smaller than half a wave-length of light. The scattering of protons (Knauer 
and Stem 1929) or the difiraction of electrons (Thomson 1934; Finch, 
Quarrell and Wilman 1935) can give information about the structure of 
a small portion of the surface, but these methods would not reveal the 
presence of isolated peaks nor show how flat are the surfaces over a large 
area. Since it is difficult, even with the most refined technique, to prepare 
surfaces which are flat to within one or two thousand angstroms, we may 
expect that the area of intimate contact, that is, the area over which the 
surfaces are within the range of the molecular attraction, will, for most 
surfaces, be very small. Some knowledge of the real area of contact is 
essential for any complete understanding of the mechanism of Motion, 
and this paper describes an attempt to estimate this area for both station¬ 
ary and for moving surfaces. 


1. The area of contact between stationaby surfaces 

In 1881 Hertz published his celebrated paper on the elastic deformation 
of solid surfaces and calculated how the area of contact between curved 
surfaces should depend upon the load. BidweU (1883) measured the 
electrical conductance between crossed cylinders of carbon and bismuth, 
and Meyer (1898) made some careful measurements of the conductance 
of steel spheres in contact. Meyer assumed Hertz’s equations to hold and 
deduced that the specific resistance of the steel within the area of contact 
was proportional to the pressure at that point. From the work of later 
investigators it appears that his surfaces could not have been clean. Further 
work on the resistance between polished plates was published by Aur6n 
(1903) and Browning (1906). The next important contribution was made 
by Binder (1912), who showed that the conductance was smaller than 
would be expected if the whole area of the surfaces were touching. He 
suggested that real contact took place only over a small portion of the 
surface. Experimental verification of these observations was obtained 
by Pedersen (1916), although the interpretation he gave was different and 
was based on the assumption of a thin transitional layer of relatively high 
resistance. Support for Binder’s views comes from the work of Holm and 
his collaborators who have published an exhaustive series of x>apers Mun 
1922 onwards. Holm shows that the contact resistance between clean metals 
obeys Ohm’s Law and is a "spreading resistance", i.e. it is produced as 
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a result of the oonstriotion of the current stream through a small area of 
contact. He concludes that for flat surfaces the contact occurs over a large 
number of small areas. 

§ 1 of this paper describes the measurement of the area of contact between 
stationary surfaces by electrical and by visual means. Surfaces of different 
size, shape and material are used and the measurements are made over 
a wide range of loads, so that the results can be correlated with the fric¬ 
tional measurements described in the preceding paper. 

General 

Hertz has shown that, if elastic deformation is assumed, the theoretical 
radius of contact a between a spherical surface resting on a plane of the 
same material is given by 

» IZWnr 

^ ■"a/ 

where W = load between surfaces. 

15 —Young’s modulus. 

r = radius of curvature of spherical surface. 

w = a numerical factor lying between 3 and 4 according as Poisson’s 
ratio lies between | and 0 . 

Hence a lies between the values 

hOS(WrlE)^ and M5(lfr/^)*. 

In what follows we shall use a value of 

a^hl(WrlE)K ( 1 ) 

If two cylinders of the same material and the same radius r are pressed 
together with their axes at right angles, they will make contact over a circle 
the radius of which is also given by equation ( 1 ). 

If now we consider a circular constriction of radius a in an infinite 
conductor of specific conductivity A, the current is concentrated into the 
“neck” and spreads out on either side of it. This oonstriotion of the 
current stream introduces a “spreading resistance” the value of which 
depends only on a and A. A solution to a similar problem is given by 
Maxwell { 1873 ) for the case of a cylindrical conductor of radius a with its 
extremity in metallic contact with a massive electrode. The spreading 
resistance involved is shown to be very nearly equal to JaA. The spreading 
resistance B of the case considered above will be twice this, i.e. 

JB»iaA. 


( 2 ) 
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This expreBsion is, however, only strictly true for a ounent flowing 
through a plane circular constriction into a oonoentrio sphere of infinite 
radius. If the conductor does not extend to infinity, the resistainee will be 
less. If the conductor is a concentric sphere of radius r, the resistance will 
be approximately 



when r is small compared with a ; and more nearly 



when r tends to o. Thus so long as a is considerably smaUer than r, the 
correction involved is small, and as subsequent measurements show is 
negligible. 

Hence if two conductors make metallic contact over a circle of radius a, 
where a is small compared with the dimensions of the conductors, the 
electrical conductance A of the “junction” can be written with sufficient 
accuracy as 


A » 2aA. 

(6) 

From equations (1) and (6) W*, 

(6) 


where ki is a constant, so that if we assume elaMic deformation the electrical 
conductance should be proportional to the cube root of the load. 

If we assume plastic deformation we may consider that the surface 
irregularities will flow under the applied load until the cross-section of the 
contact is sufficient to support the load. In this case 

W » na*f. ( 7 ) 

Where/is the maximum pre^ure the metal can withstand without flowing. 
Combining equations (6) and ( 7 ) it follows that 

d-jfcjW*, (8) 

where I;, is a constant, i.e. the electrictd conductance should be proportional 
to the square root of the load. 

If the metal is very soft and the pressure is great, the diameter of the 
contact area may be of the same order of magnitude as the dimensions 
of the metal surfaces forming the contact. In this case the spreading 
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resistance is more neaziy represented by equation (4) where it is seen that 
when o r the spreading resistance is zero. We can rewrite equation (4) as 

A^2X^. (9) 

r-^a 

Experimental 

The first experiments were carried out on the contact formed between 
two crossed cylinders with their axes at right angles. The electrical con¬ 
ductance A of the junction was measured by a current-potential method, 
A known current i was passed through the contact, and the potential v 
was measured with a jwtentiometer or sensitive galvanometer of relatively 



Flo. 1 . Diagram showing arrangement of oyllnders. 

high resistance, the arrangement being as shown in the accompanying 
diagram (fig. 1 ). Since separate current and potential leads were used, the 
conductance is given by ,<4 =« ijv. The lines of current flow are also indicated. 
These are not the same as for a constriction at the centre of a spherical 
conductor, but so long as the constriction is small compared with the radius 
of the cylinders, the difference does not appear to be very great and is 
neglected. 

Subsidiary experiments showed that the conductance thus measured 
was independent of the current flowing, provided that the potential across 
the contact did not exceed a certain critical value. This aspect of the 
problem has been dealt with exhaustively by Holm ( 1929 ). 

The load on the surfaces was varied by running water into or syphoning 
it out of a vessel to which the cylinders were suitably attached. The load 
J'ange was 20-600 g. Using mercury instead of water the range was extended 
to about 6000 g. For large loads a special lever machine was used. The load 
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was appli^ by means of a spring balanoe and could be increased to 1000 kg. 
The si^aces were cleaned and prepared in various ways, by fine grinding, 
by polishing, by etching with various reagents amd by scraping with a sharp 
edge. The method of preparation did not have much influence on the results 
except that the scraped surfaces seemed to give more reproduoibie results. 


Besvits 

When the metal surfaces were placed together with a light load the 
conductance was at first variable. If a vibrating tuning-fork was held 
against the surfaces the conductance increased slightly and reached a 
steady state which was comparatively reproducible. This technique was 
first developed by Meyer (1898). For heavy loads this procedure was not 
effective, but a slight relative movement of the surfaces produced the same 
effect. It is evident that this process causes a better fitting together of the 
two surfaces and probably crushes out contamination at the region of 
contact. 

The effect of load and the. nature of the metal on electrical conductance 

If the clean surfaces are placed together with a heavy load and are 
subjected to vibration, the value of the electrical conductance becomes 
reasonably reproducible. If the load is gradually reduced the conductance 
decreases in a uniform manner. If now the load is again increased (without 
vibration) there is only a small increase in the conductance, and further 
cyclic variations in load produce successively less change in the conductance. 
The reason for this hysteresis is not clear, but it is possibly due to the 
successive formation of oxide on the surface which may occur during the 
tearing of the metallic junctions (see later). If the load is ageun applied 
and the surfaces subjected to vibration, the conductance again rises to 
its former value. The following measurements were made on the repro¬ 
ducible part of the curve, i.e. the initial heavy load was apidied to the 
freshly cleaned surfaces, and the surfaces were subjected, 'to vibration. 
The load was then decreased gradually and the eleotrioial conductance 
observed. 

Experiments showed that the absolute value of the conductance for 
individual measurements in different experiments might vary in the case 
of heavy loads by 10-20 %. In the case of light loads the variation might 
be still' greater. The slope of the curves was, however, much more repro¬ 
ducible. The results obtained for crossed cylinders of various metals and 
for carbon are shown in fig. 2. Bach curve represents the mean of a large 
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numbw of detecminations. On the same figure the speoifio oondnotmties 
of the metals are plotted, and it will be seen that: 

(а) The variation of conductance with load for decreasing load follows 
a simple law of the type A ■» kW^^. 

(б) The position of the curve for each material is in the order of the 
specific conductivity of the material. 



LOAD fomA.Wt.) 

Fio. 2 

Oompariaon of experimental resvMa with theoreticai curves for plastic and 
dmtio deformation 

In fig. 3, curve I, the experimental results for crossed cylinders of copper 
and steel are shown in more detail. The theoretical values of the conductance 
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cidcolated on the assumption of elastic deformation (curve H) and plastic 
defonnation (curve III) are also plotted on the same figure for comparison. 
In these cases the radius of contact is small compared with the diameter 
of the cylinders and equation (6) is used. It is seen that the general agree¬ 
ment between theoretical and experimental results is quite good, and that 
the observed slope of the curve corresponds more closely to plastic than 
to elastic deformation. 

Some results for crossed cylinders of silver under heavy loads are given 
in fig. 4. In these experiments the radius of contact a was actually measured 
by visual means. After each load had been applied the cylinders were 
separated and the diameter of the impression determined with a microscope. 
Since at these heavy loads the radius of the contact was not negligible 
compared with the radius of the cylinders, equation (9) was used to calcu¬ 
late the conductance in terms of a. These values are plotted on curve II, 
whilst the experimental values of the conductance are plotted on curve I. 
It will be seen that the agreement between experiment and theory is 
again quite good. 

The influence of the size and shape of the surfaces on the electrical cortducUmce 

According to the empirical theory of plastic deformation, a spherical 
surface resting on a flat one should have essentially the same conductance 
as two crossed cylinders, and experiments were carried out to test this. 
The results for steel are plotted in curve I, fig. 6. The crosses refer to crossed 
cylinders and the circles to a sphere on a flat. The spherical surface had an 
initial radius of curvature of 0*3 cm. During the experiment some flattening 
occurred, so that the radius of ctirvature increased to several cm,, but this 
had no appreciable influence on the load-conductance curve. It will be 
seen that the results for both types of contact are essentially the same: 
the values lie on top of one another and the slope is again one half. 

The results for flat steel surfaces are shown in the same figure (curves 
Ila, II6). These surfaces were not polished: they were finely ground 
and were flat to a few fringes. They were then cleaned with rouge and 
water, caustic soda, water and acetone. Curve Ila is for a flat surface 
0*8 sq. cm, in area, curve II6 for a flat surface 21 sq. cm. in area. The flat 
disks were placed in contact, a heavy load applied, and the disks were 
then given a sharp tap in a direction parallel to the surface. The conductance 
rose to a fairly reproducible value. The load was then gradually reduced 
and the conductance observed. The results were fairly reproducible and 
the points plotted are the mean of about twenty runs. 



ELECTRICAL conductance M^oS 
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Fio. 3 



LOAD comt.wt.'i 

FiO. 4, Silver contacts. Crossed cylinders (diam. 3rsK0*9 cm.) 
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The results for flat surfaces do not lie on a slaraight line, but it is olear 
that the values of the conductance are not very diSereat from those observed 
with curved surfaces. 



Magnitude of the area of contact 

We may form an estimate of the actual area of contact in several ways: 

(i) From the observed value of the electrical conductance. The area 
of contact is then given by na\ where a is obtained from equation (9). 
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For small loads equation ( 5 ) is sufficiently accurate, but above a load of 
about 50 kg, the correction becomes appreciable and equation ( 9 ) must be 
used* 

(ii) From microscopic examination of the impressions left on the surfaces 
of the contacts. 

(iii) From calculations assuming plastic flow. Here we can assume that 
equation ( 7 ) holds. This involves a knowledge of the flow pressure of the 
metal. We do not know this with certainty, but some data are available 
(Taylor and Farren 1925; Nadai 1931; O’Neill and Greenwood 1932). 

Approximate caUmlations by these three independent methods are given 
in Table I for contacts of crossed cylinders, of steel and silver. The con¬ 
ductivity of a metal is of course dependent on the pressure and the relation 
is given by the em pirical ex|)re8sion = Aq( 1 -h x 10 where the pressure 
p is expressed in g./em.^. For silver 71 = 3-6 and for steel n is probably of 
the^ same order. Kven at the region of contact where the pressure reaches 
the flow pressure of the material, the specific conductivity is altered only 
by a few i)er cent. The effect of this on the conductance of the junction 
is less than the experimental error and is neglected. 


Ob8erv(3d 

Load conductance 

kg* irihos 


Table I 

ExfH^rimontal area 
of contact sq. crn. 

Electrical Visual 


Calculatod 
area of 

contact aq. cm. 
plastic flow 


Steel contocits: r = 0*5 cm.;/=: 10’ g./cm.*; sp. cond. A = 75,000 mhos cm. 
1 1,000 0()0013 — 0*0001 

6 2,200 0*00061 . 0*0006 

50 6,200 0*0046 0*0045 0*006 

500 22,700 0042 0*046 0*06 


Silver contacts: r — 0*46 cm.; / = 2*5 x 10® g./cm.*; ap. cond. A = 620,000 mhoe cm. 


0*6 10,000 0*0002 
6 33,000 0*002 

60 111.000 OOlS 

600 650,000 0*15 


0*019 

0*19 


0*0002 
0*002 
0*02 
0*2 , 


/nfluence of the physical state of the surface 07i the electrical conductance. 

Some attempts were made to investigate the influence of the physical 
state of the surface on the electrical conductance and hence on the area 
<^f contact. The surface of the steel cylinders was rubbed with a coarse 
file, so that it was as rough as possible and the conductance was compared 
with that of a very finely ground surface. No appreciable difference 
between the two was observed. 


a6 
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Dismsaion 

An examination of fig. 1 shows that the measured values of the oon- 
duotance between metal surfaces lie in the same order as the specific 
conductivities of the metals. Since the mechanical properties are not 
widely different, this suggests that the measured resistance is essentially 
metallic (or carbon/carbon) and is not that of oxides or contaminating 
films on the surface. It would be an odd coincidence if the electrical 
conductivities of the oxides or other surface films stood in exactly the 
same order as the conductivity of the metaJs. It is clear that if contami¬ 
nating films are present between the surfaces they must be so thin that 
their contribution to the electrical resistance is very small. 

The results show quite clearly that the conductance varies in an orderly 
manner with the applied load. If we assume elastic deformation of the 
metal to occur at the contact we know from equation (0) that the con¬ 
ductance should be proportional to the cube root of the load. On the other 
hand, equation (8) shows that if plastic flow occurs the conductance should 
be proportional to the sqmre root of the load. Owing to the uncertainties 
involved in the conductance measurements it is not always easy to 
distinguish between these two possible characteristics. Fig. 3 does, how¬ 
ever, indicate that the variation of conductance with load is in much better 
agreement with plastic than with elastic deformation. This is shown most 
clearly for high loads on contacts of silver in fig. 4 , but the fact that it is 
valid for small loads too, means that even for loads of the order of 40 or 
50 g, the metal flows. 

For surfaces which, by their geometric form, make contact in a single 
region (e.g, crossed cylinders, or sphere-on-flat) the measured values of 
the conductance suggest that intimate contact occurs over the whole of 
the deformed area. This is shown very clearly in Table I. The area of contact 
between crossed cylinders has been calculated assuming plastic flow. This 
value is compared with experimental values obtained in two quite different 
ways—from measurements of the electrical conductance and from the 
size of the visual impression. It will be seen that the area of contact 
deduced from these methods is in surprisingly good agreement with the 
calculated value. In fig. 6, curve I, contacts composed of crossed cylinders 
and sphere-on-flat are compared. Though for the latter contact the radius 
of curvature of the spherical surface varied by a factor of at least ten, the 
absolute values of the conductance and the slope of the curves are almost 
identical. We can conclude that, provided the actual contact is looatoed 
in a single continuous area, the conductance and hence the real area of 
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contact will be reasonably independent of the shape and radius of curvature 
of the BurfaoeB. 

The results for fiat surfaces are shown in curves Ila and II 6 , fig. 5. 
It will be seen that, although the possible area of contact is enormously 
greater than that of the curved surface, the observed value of the con¬ 
ductance is of the same order of magnitude. At a load of 5 kg. for example, 
the area of contact of the curved steel contact is 5 x 10^* sq. cm. If nearly 
all the surface of the 21 sq, cm. flat were in contact, the area of contact 
and hence the conductance, would be ca. 40,000 times as great. Experiment 
shows in fact that it is only twice as great. It is thus clear that only a small 
fraction of the area of the flat surfaces can be in intimate contact: they 
must touch at a number of legs or bridges. It will also be noted that the 
conductance of both sets of flats is almost the same, although their apparent 
amas stand in a ratio of 30 : 1. We can conclude that the conductance is 
almost independent of the apparent area of the surfaces: it depends mainly 
on the load. 

It is difficult in the case of flat contacts to make an exact estimate of 
the real area of contact from the conductance measurements alone. The 
value of the conductance must depend both on the size of the metallic 
bridges and on their number. Since the spreading resistance of each bridge 
is inversely proportional to its diameter, and the area of contact is propor¬ 
tional to the square of the diameter, it follows that, for a given conductance 
the area of contact is inversely proportional to the number of bridges. We do 
not know this number with any certainty, though in the case of flat surfaces 
it is clear that the number of legs on which they rest cannot be less than 
three. Exj)eriments suggest in fact, that the number of points of contact 
is greater than this. Thus when the surfaces were separated and examined, 
a very large number of small marks were observed distributed over the 
whole area. It is not certain that contact occurred simultaneously at all 
these points, but as a conservative estimate we may assume that the 
surfaces were resting on ten legs. On this basis we can calculate the 
fraction of the apparent area really in contact, at any given load. The 
following results are for the 21 sq. cm. flats. 

Tablsj II 

Load Fraotion of maoroscopio 

kg. area in oontaot 

800 1/180 

100 1/700 

20 ‘ 1 / 10,000 

8 1/170,000 


* 6-2 
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It is thus clear that for flat surfaces the real area of contact even for 
appreciable loads is a small fraction of the apparent area. The flat surfaces 
are held apart by small surface irregularities which form bridges of an 
essentially metallic nature. These bridges flow under the applied pressure 
or their number increases until their total cross-section is sufficient to 
enable them to support the applied load. 

In general the load conductance curve for flat contacts appears to be 
steeper than for curved surfaces, but it is difficult to put forward a satis^ 
factory quantitative hypothesis to explain this.* 

2. The area of contact between moving surfaces 

The measurements were extended to moving surfaces. The method of 
measuring the conductance was similar, except that the potentiometer 
was replaced by an instrument of rapid })eriod such as an Einthoven 
galvanometer or a cathode-ray oscillograph. The friction was measured 
by a high-frequency apparatus similar to that described in the preceding 
paper. The lower surface was in the form of a fiat plate and was driven at 
a uniform rate by a water piston. The upper surface which rested on it 
was usually curved. The conductance and the friction measurements were 
both photographed by the same moving-film camera, so that a simul¬ 
taneous record of both quantities was obtained. The lower surfaces were 
ground flat and cleaned by the methods previously described. 

Reaulia 

(1) Higher mdting metal on lower melting metal. 

Fig. 6a (Plate 26) shows the results obtained for a curved surface of 
constantan sliding on a steel plate. The dark trace represents friction and 
the white trace the electrical conductance. The direction of motion is 
from right to left as shown by the arrow. The load was 430 g., and the 
speed 0'006 cm./sec. 

Fig. 6i (Plate 25) was obtained with an upper surface of steel sliding 
on a flat tin surface. Other combinations, molybdenum on steel, nickel 
on steel, platinum on steel, steel on tin, lead on tin, platinum on silver, 
were used and the general result was the same, although the magnitude 
of the slip and of the conductance change varied with the nature of the 
metals. Fig. 0c (Plate 26) shows the results for steel on steel. 

* See, for example, Holm's ingenious hypothesis of a “sieve-reeistanoe”; This 
would explain a slope' of 1 for flat contacts. The absolute values would, however, bo 
considerably dififeront from the values he observes. 
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(2) Lower melting metals on higher melting metals. 

In this case the upper curved contact had a melting point less than that 
of the lower flat surface. The load and the speed were of the same order. 
Fig. 7 a is for tin on steel, fig. 76 for lead on steel, and fig. 7 c for zinc on 
steel (Plate 25). Other combinations of Wood’s metal on steel and Wood’s 
metal on nickel were used and gave similar results. 

(3) Similar metals. 

Both the upper and the lower surfaces were made of the same metal. 
The results for platinum on platinum are shown in fig. 8 a and for copper 
on copper in fig. 86 (Plate 26). Combinations of tin on tin, silver on silver 
and nickel on nickel gave similar resrilts. 

Discussion. 

The change in area of contact during slidhig. 

It is clear from these experiments that the area of contact between 
moving surfaces does not remain constant. The average value of the 
conductance is not very different from that observed at stationary surfaces, 
but large fluctuations may occur in it during sliding. These changes show 
a close correlation with the frictional stick-slip, and the exact behaviour 
depends upon the nature of the metals. In the case of a curved slider of 
high-melting metal sliding on a low-melting metal (figs. 5a, 6) the area of 
intimate contact increases during the stick. The moment slip occurs there 
is a sudden decrease in this area. The results lend strong support to the 
suggestion put forward in the earlier paper, that the friction under these 
conditions {type 1) is due primarily to the small irregularities on the 
high-melting metal ploughing through the surface of the softer metal. The 
characteristic cut scratch is observed with this type of behaviour. Steel 
on steel behaves in a similar manner though this anomaly is probably 
due to its inhomogeneous nature (see preceding paj>er). 

In the case of a low-melting metal sliding on one of high melting-point 
the behaviour is the opposite of this. An examination of figs. 7 a, 6, c shows 
that the conductance decreases during the stick. The moment after slip 
occurs it rises to a maximum value. This supports the suggestion that in 
this cose {type 2) the local high pressure aided by the temperature rise 
caused by the frictional beat, welds or solders the lower-melting metal on 
to the surface of the higher melting one: the area of contact is then at 
a maximum. During the stick, the increasing pull will draw out these 
soldered junctions thinner and thinner (conductance decreasing) until they 
suddenly break and slip occurs. The process is then repeated. 



406 


F. P. Bowden and D. Tabor 


When both surfaces are of the same metal, the oonduotanoe measure¬ 
ments show that the area of contact is somewhat greater and it remains 
much more constant during sliding. An examination of fig. 8 a (Plate 26), for 
example, shows that the average conductance between two platinum sur¬ 
faces is about 1200 mhos as compared with about 100 mhos for platinum on 
steel. Only small variations occur in this value during sliding. The friotion 
is high and shows slow fluctuations and the characteristic tom track is 
formed. This behaviour is generally observed with similar metals provided 
they are homogeneous. Again, these conductance measurements lend 
support to the suggestion that in the case of similar metals {typt 3) a mutual 
welding of the two surfaces takes plae^. The local high pressures and tem¬ 
peratures will cause a flow of both surfaces which now contribute eqmlly 
to the welded junctions. These mutual junctions will probably be more 
easily formed, and the real area of contact and the friction will tend to be 
greater. When movement occurs both surfaces will be damaged and the 
metal in the resulting track will be badly distorted and tom. 

Calculation of area of contact. 

If we consider, in the case of a curved surface sliding on a flat plate, that 
the maximum conductance corresponds to a single circular metallic 
junction of diameter 2 a, then 




where and Aj are the s|)ecific conductivities of the two metals. We may 
also form an estimate of 2 a by direct microscopic measurement of the 
width of the track produced on sliding. 

In calculating 2 a from the conductance, the normal values of the elec¬ 
trical conductivity were used. As mentioned earlier, the pressure efiTeot 
on A is very small and may be neglected. The effect of temperature, however, 
is considerably greater. Thus with most metals a rise in temperature 
of 10 ^' C will decrease the conductivity by a few per cent. It is very 
difficult to make an accurate correction for this effect because the tempera¬ 
ture distribution at the surface irregularities is not known with certainty. 
Experiments have shown however that the high temperature is oonfin^ 
to a very thin layer on the surface (Bowden and Ridler 1936 ) so that 
the effect on the measured conductance is probably small. The calculated 
values of 2 a can only be regarded as approximations. The temperature 
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effect would if anything increase these values, and this would tend to bring 
them into better agreement with the visual observations. 

Table III shows some values of 2a calculated from the conductance and 
from visual measurements. The table is divided into three groups which 
correspond to the three types of sliding. The load was roughly the same in 
each case (about 400 g^and the sliding speed ca 0-01 cm./sec. It will be 
seen that when the upper curved surface is of the higher-melting metal 
(type 1) the agreement between the electrical and the visual measurements 
of the diameter of contact is quite good. The values are given in columns 3 
and 4. 




Table III 

2a cm. 

Calc. Visual 

Area of 
contact A 
aq. cm. 


mhos 

from 

txack width 

Calc, from /I, 

Steel on tin 

60 

Type 1 

10-* 

2^3 X 10-3 

001 X 10-8 

Nickel on steel 

200 

3x 10~» 

4 X 10-3 

0 07 X 10-8 

Platinum on steel 

150 

2 X 10-" 

1-2 X10-3 

0-03 X 10-* 

Molybdenum on steel 

330 

4xl0-> 

10X10-8 

0-12 X 10-* 

Steel on copper 

700 

8 X 10-» 

lOx 10“8 

0-5 xlO-8 

Steel on steel 

100 

1-7 X 10-* 

2-3 X 10-3 

003 X 10-8 

Tin on steel 

200 

Type 2 

8 X 10-* 

50 X 10-8 

0'07 X 10-8 

Zinc on steel 

100 

Mx 10-» 

60 X 10-» 

001 X 10-8 

Platinum on platinum 

1200 

Type 3 

13x 10-* 

18 X 10-8 

1*2 X 10-8 

Copper on copper 

5000 

9 X 10~* 

12 X10-8 

0*6 X 10-8 

Nickel on nickel 

1000 

7 X 10-* 

10 X 10-8 

0-4 X 10-< 

Silver on silver 

6000 

10X10-» 

17 X 10-8 

0*8 X 10-* 


When the upper curved surface is of a lower-melting metal, however, the 
agreement is very bad. The observed track width is considerably wider 
than that calculated from the conductance. The large disparity between 
these two quantities is characteristic of this type of contact and is to be 
expected. The conductance depends upon the real area of contact, whereas 
the track width merely corresponds to a broad smear within which the 
real points of contact occtur. 

In the case of similar metals (type 3) is somewhat greater than that 
previously observed, and the values of 2a calculated by both methods are 
again in good agreement. The last column of the table shows the real 
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area of contact calculated from the conduotanoe measurementa* These 
valueB are necessarily only approximate as already pointed out. It will 
be seen that at this load the real area of contact lies between one ten- 
thousandth and one-milhonth of a square centimetre. It tends to be greater 
for surfaces of type 3 than for surfaces of types 1 and 2 . 

The sliding of flxit surfaces. 

In order to determine how far the l> 6 haviour was influenced by the shape 
of the surface, experiments were carried out with flat surfaces. The upper 
curved surface was replaced by a flat disk ca. 1 cm. in diameter. Experi¬ 
ments were made with tin on steel and steel on steel. The results were 
essentially the same as for a curved contact. The friction, the electrical 
conductance and the variations in these quantities were almost identical 
with those observed with a curved slider. Further experiments were carried 
out with large flat surfaces of steel 21 sq. cm. in area. Although the 
possible area in this case was some million times as great as that for 
a curved surface the actual value of the conductance was almost the same. 

An interesting confirmation of this observation is given by measurements 
of the surface temperature of sliding metals. Bowden and Ridler ( 1936 ) have 
shown that when metals slide on one another the surface temperature 
may reach a high value. Some unpublished ex|>eriments (Ridler 1936 ) 
showed that the actual temperature reached is almost independent of 
the apparent area of the surfaces. Thus when the load and speed were kept 
constant (80 g. and 150 cm./sec. respectively) the recorded temperature 
of metal surfaces 0*008 sq. cm. in apparent area was 120° C. When the 
area was increased to 0*64 sq. cm. it was 90° C. It is seen that although 
the possible area of contact had been increased by a factor of 80, the 
surface temperature rise was nearly as great. This suggests that the area 
at which the heat is liberated, that is the area of intimate contact, is 
approximately the same in both cases. 

Analysis of the slip. 

The measurements so far described were carried out with an Einthoven 
galvanometer, so that the observations were limited by the period of the 
instrument, which was approximately one-thousandth of a second. When 
a cathode-ray oscillograph was used the measurements could be extended 
to events happening in less than one hundred-thousandth of a second, bo 
that a more detailed analysis of the conductance changes was possible. 

A typical photograph showing in more detail the behaviour of metals 
of type 1 during slip is shown in fig. 9a (Plate 26). The time base was 
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relatively slow so that the record is not a very high-speed one. On tiie 
photograph 0"1 mm. corresponds to 0*00036 sec. The ripples ore instru¬ 
mental and should be ignored. It is clear that when slip occurs the 
conductance change is much greater than that previously recorded. The 
conductance which before slip is 100 mhos falls to a low value of 60 mhos 
and then rapidly rises to the value of 80 mhos recorded by the Einthoven. 

The behaviour of surfaces of type 2 is also interesting. Fig. 96 (Plate 26) 
is for Wood’s metal on steel. The previous record showed that, after slip, 
the conductance rose to a maximum value. This more detailed record 
shows that when slip occurs the conductance first/alls to a low value and 
then rises rapidly. This is what we should expect on the mechanism sug¬ 
gested. When slip occurs the welded junctions are broken, so that the area 
of metallic contact, and hence the conductance first faUa, and then rapidly 
rises when the new junctions are formed. A still more detailed analysis 
with a rotating drum camera running at high 8|)eed8 is shown in fig. lOo 
(Plate 26). The distance AB now corresponds to the time of a single slip, 
in the case of Wood’s metal on steel. It is clear that the behaviour is very 
complex and that subsidiary and very rapid clutching and breaking away 
of the surfaces is occurring during the slip. A close examination of the 
photograph shows that fluctuations in the conductance are occurring in 
a time interval less than 10~‘ sec. When similar metals were used only small 
fluctuations were observed. 

Experiments with rigidly-held surfaces. 

In the experiments so far described the upper surface was attached to 
a high-froquency measuring device, and the restraint was such that a 
momentary arrest could occur. Under many practical conditions, for 
example in most parts of an engine, any arrest is difficult because one 
surface is rigidly held and the other is driven steadily on. It is important 
to determine whether or not under these conditions the same intermittent 
clutching and breaking away of the surfaces takes place. For this purpose 
the friction-measuring apparatus was removed and the upper surface was 
fixed to one end of a short steel bar of | in. square cross-section. The other 
end of the bar was attached to a ball bearing, so that the load could be 
applied by adding weights to the bar. Thus the upper surface could move 
fieely in a vortical plane but was held rigidly in the direction of motion. 
The friction was not measured but the electricid conductance was recorded 
on a cathode-ray oscillograph. Experiments were carried out with Wood’s 
metal on steel, steel on steel and silver on silver. The load coidd be varied 
&om 60 to 2000 g. A t3rpioal result for steel on steel with a load of 60 g. 
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and a surface speed of 0-026 om./sec, is shown in fig. 106 (Plate 26), It is 
clear that variations in the electrical conductance and hence in the area of 
contact still occur during sliding. These variations are smaller than those 
observed with the first type of restraint and they are very rapid. On the 
photograph 0*1 inm. corresponds to 7 x 10 ^® sec. The sliding speed is 
0-026 cm./sec.» so that the relative movement of the surfaces during this- 
time is only 10 ^® cm. Although this relative movement corresponds only 
to the distance of a few atoms the measurements show that a clutching 
and breaking away occurs. We should expect that the length of the stick 
would be controlled by the elasticity of the moving system and in the 
limiting case by the elasticity of the surface irregularities themselves, 

AmorUom^s law. 

There has been considerable difficulty in explaining the experimental 
observations, first made by Amontons, that the tangential frictional force 
is directly proportional to the normal load. It was usual to assume that 
elastic deformation of the solids occurred, so that the real area of con¬ 
tact A should vary as the two-thirds power of the normal load. A good 
discussion of this has been given recently by Adam ( 1938 ), who points 
out that on such an assumption Amontons’s law would imply that the 
tangential frictional force must increase in proportion to ‘‘a result 
so unlikely that the meaning of the law is still mysterious 

It is clear from these measurements, however, that the deformation of 
the surface irregularities is not elastic: it is plastic. The real area of contact 
is directly proportional to the normal load. The difficulty then disappears. 
The total cross-section of the Junctions and hence the tangential force 
required to break them will be directly proportional to the applied load, 
and we should expect Amontons’s law to hold true. 

In the same way these measurements offer an explanation of Amontons’s 
other observation, that the friction is independent of the macroscopic 
area of the surfaces. Since the area of intimate contact is nearly inde¬ 
pendent of the apparent area we should naturally expect that the friction 
would also be independent of the size of the surface. 

Lttbricaied surface. 

Some preliminary experiments were made with steel surfaces lubricated 
under boundary conditions. With mineral oils and pure hydrocarbons 
the electrical conductance was of the same order of magnitude as that 
observed with unlubricated surfaces, indicating that the conductance was 
essentially metallic. When the stirfaoes were set in motion, the same oharao*- 
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teristic fliiotuatiom in the friction and conductance occurred as for 
unlubricated metalB. The fall in conductance during the slip was, however, 
considerably greater: in some cases it fell almost to ^ero. This suggests 
that during the slip a relatively thick wedge of oil may form between the 
surfaces. When long-chain fatty acids were used, so that continuous sliding 
occurred, the conductance was still high, but it showed little variation. 

Th-e pressure on boundary films. 

The fact that the real area of contact is so small also has important 
practical implications. Even with lightly loaded surfaces the local pressure 
between unlubricated surfaces may be sufficiently great to cause the flow 
of steel. When large surfaces are used it does not necessarily mean that 
the real pressure is much less but merely that the points of contact are 
more widely distributed. 

If the surfaces are separated by a thick layer of oil so that the conditions 
are those of fluid lubrication the pressure wiU, of course, be inversely 
pro|K)rtional to the area of the surfaces. Under boundary lubrication 
conditions, however, this will not be the case since the load is carried by the 
surface irregularities. In this sense all boundary lubricants may be extreme 
pressure lubricants. Unless the lubricant molecule possesses an active 
group capable of attaching it very firmly to the surface, the local high 
pressures will force it from underneath the points of contact. When very 
heavy loads are used (the so-called extreme-pressure*’ conditions) the 
local pressure may not in reality be very much greater since it cannot 
exceed the flow pressure of the metal. The frictional heat liberated, however, 
and the local surface temperatures may under these conditions be very 
great. As shown elsewhere (Bowden and Ridler 1936 ) “extreme-pressure” 
lubricants should perhaps be called “extreme-temperature” lubricants. 

The work described above was carried out as part of the programme of 
the Lubrication Research Committee and is published by permission of 
the Department of Scientific and Industrial Research. The authors wish 
to express their thanks to the Royal Society and to the Chemical Society 
for grants for apparatus. 


SUMMAEY 

An estimate of the real area of contact between stationary and between 
moving metal surfaces has been made by eleotricwil and by visual means. 
Experiments with stationary surfaces show that the area of intimate 
contact is very small. It varies with the pressure, but for flat steel surfaces 



412 F. P. Bowden and D. Tabor 

it may be less than one ten-thousandth of the apparent area. The real area 
of contact is not greatly aflFected by the size, shape and degree of roughness 
of the surface: it depends mainly on the pressure. The general behaviour 
is consistent with the view that the surfaces are held apart by small 
irregularities, This means that even with lightly loaded surfaces the local 
pressure may be sufficiently great to cause steel to flow plastically. This 
conchision is supported by the observed relation between the pressure and 
the electrical conductance.* The slo}>e of such a curve indicates that, at 
the points of contact, plastic flow of the metal has occurred. Although the 
stresses may cause elastic deformation in the bulk of the metal, the experi¬ 
ments suggest that the irregularities on which the bodies are supported 
are crushed down until their cross-section is sufficient to enable them to 
support the applied load. 

Measurements made with moving surfaces show that the area of contact 
is not constant but is fluctuating rapidly during sliding. A detailed analysis 
shows a remarkable correlation between these fluctuations and the fric¬ 
tional and temj)erature changes described in an earlier paper. It is clear 
that an intermittent clutching and breaking away of the surfaces is taking 
place and the results support the view that metallic junctions between the 
metals are being rapidly formed and broken. The nature of these junctions 
depends on the relative physical properties of the two metals and there 
is again evidence that three main types may occur. 

The conductance measurements show that even if the metals are lubri¬ 
cated with mineral oils and other lubricants, metallic contact may still 
occur through the film of lubricant. When the surfaces slide, fluctuations 
in the area of Contact are observed and the behaviour may be essentially 
the same as for unlubricated surfaces. 
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The electronic structure of some polyenes 
and aromatic molecules 

VII. Bonds of fractional order by the 
molecular orbital method 

By C. a. CouiaoN 

University ChemiMl Laboratory and Trinity Cottle, Cambridge* 
{Communicated by J. E. Lenruird-Jones, F.R.S.—Received 3 September 1938) 

1. Introduction 

It is known that in aromatic molecules the individual links have a length 
which is neither that of a pure single bond, nor of a pure double bond, but 
which is, in general, intermediate between the two. In earlier papers of 
this series (Lennard-Jones 1937 ; Penney 1937 ) two methods have been 
outlined for calculating these lengths and the energies associated with 
them. An approximate description of a particular link can be given if we 
assign to it an order. This order will be the sum of two parts, the one from 
the er-bonds which is assumed to have the value unity in all cases, and the 
other from the 7 r-bonds. We may call this latter contribution the “mobile 
order’’ p, since it arises from the motion of those electrons which Lennard- 
Jones ( 1937 ) calls “mobile electrons’’. For a pure single bond such as 
ethane, the total order is 1 ; for a pure double bond such as ethylene, the 
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total order is 2 ; for a pur© triple bond such as acetylene, the total order is 8. 
The corresponding values of p are 0 , 1 and 2 respectively. For other links, 
as for example in benzene, p will have a fractional value. 

Two theoretical calculations of the order of a bond have been given in 
the literature, both of which depend upon the valence-bond treatment of 
resonance, as developed by Pauling and others. In the first of these, due to 
Pauling, Brockway and Beach ( 1935 ), it is supposed that the wave function 
of the molecule in its ground state may be expanded in a series of canonical 
structures. Some of these structures will show a particular link as double, 
others as single, and the probability of a given structure is known from the 
coefficient of that structure in the wave function; the fractional order is 
then obtained by an appropriate summation. Penney ( 1937 ) showed that 
this definition was not quite satisfactory, because p could be changed by 
the addition of more excited canonical structures, so that, for example, 
in benzene, the addition of more structures increased the stability of the 
molecule, although it lowered the order of the bond. In addition, p depended 
upon the precise set of structures chosen as fundamental. An improyement 
upon Pauling’s treatment could be obtained by use of the vector hiodel of 
Dirac, defining the mobile order of a bond between atoms » an^;J^ be 

Pij “ ~ 

where is the diagonal element of the product matrix 8 *. 8 y for the state 
of least energy, and 8 <, 8 / are the spin-vector matrices of the two-paired 
electrons from atoms i and j. By this means Penney was able to calculate 
the orders of the bonds of many of the simpler aromatic compounds. 

Both the above methods become increasingly tedious as the compounds 
discussed grow more complex and the number of excited canonical structures 
rapidly multiplies. A new definition of the order of a bond is therefore 
proposed in the present paper, this time using the method of molecular 
orbitals. It will be found that the lengths predicted by this new method 
agree excellently with those predicted by Lennard-Jones and Penney, and 
also that the method can be applied in many cases without a great deal of 
labour. 


2. Proposed order of a bond, using the method 
OP molecular orbitals 

Let us use the notation of 7, in which a given molecular orbital is expressed 
as the sum of atomic orbitals of the individual ir-electrons. The 

molecular orbital will be 

^ ™ ... (1) 
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If iP is nonnalized, and if in additicoi we neglect the non-orthogonality 
of the then 

Ta? = 1. (2) 

We shall usually wish to consider a variety of different orbitals, so let us 
distinguish between them by using an affix n. The nth orbital is therefore 

Pin) = a{”) ^ a^n) . 4. a^H) (3) 

and [«/">]* -I- [a|»)]* + • .. + K">]* = 1. (4) 

We may consider the mobile order of a given bond as the sum of separate 
contributions from each of the various n-electrons; it will be sufficient 
therefore to discuss the bonding of any one such electron; the total mobile 
order of a bondp^^ will be the sum of the partial mobile orders of the occupied 
molecular orbitals and we may w'rite 

Pii = (5) 

(n) 

the summation being over the occupied orbitals n. We can easily state 
our definition of partial order with reference to wave function 3. Consider 
the partial bond between atoms i andj. Then unless i andj are neighbours 
in the usual sense, this partial bond order is zero; if they are neighbours, 
then the partial order is defined to be 

p5J> = >. (6) 

In the case in which the coefficients a are complex, this last definition has 
to be replaced by 

piy’= (7) 

Thus the problem of determining the order of a given bond resolves itself 
into the calculation of the partial orders of the individual electrons; these 
partial orders are added together to get the total mobile order. A word 
must be said concerning the evaluation of the coefficients a^. Strictly these 
can only be determined from the secular determinant when the lengths, and 
hence the resonance integrals (I, p. 285), are already known. But the 
calculations of I-VI show that as the molecules become more complex, 
the links tend to become more and more equivalent. Thus in butadiene 
(III, p. 320) the greatest difference between the links is 0'09 A, in hexatriene 
and ootatetraene it is only 0-07 A. We may expect that in other more com¬ 
plex molecules the maximum difference will not-exceed this value. As 
a result the resonance integrals are nearly equivalent, and no appreciable 
error will be introduced if the Uf are calculated on the supposition that all 
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the /? are equal. The advantage of this assumption is that then the do 
not depend at all upon the actual numerical values of Our procedure may 
be called a first-order perturbation calculation of the type discussed by 
Lennard-Jones (I, p. 292). Since it is this step which makes the calculations 
considerably easier than the fuller ones of Lennard-Jones, Turkevioh and 
Coulson (I, II, IV) it is desirable to justify it carefully; in a later section 
(p. 420) we shall give a justification in terms of the forces acting across the 
links; if further argument is desired, it may be found in th^^^lptraordinary 
agreement of our predicted bond lengths with those Penney in III 
(see Table II). 

The method will become clearer if we take an example; so to illustrate 
the definition (6) let us discuss the orders of the bonds in benzene. If we 
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assume that ail the /J are equal (fig. 1), then the occupied molecular orbitals 
of the TT-electrons are 

e = - 2 /?, 

S'®’ “ s + Va + - fit 

^{3) ^ ^ ^ e = - /?, 

w = expm'/d. 

An electron in orbital IP®’ gives a partial bond order of ~ x i = ^ in each 

o» o* o 

of the six bonds of the molecule. An electron in orbital gives a bond 
between atoms 1 and 2 of value 

21 . 6 * 

The same bond strength is provided for the other bonds. Thus the total 
mobile order of the bonds in benzene is 



(2X J) + {4X^) as f. 
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The first term is from the two electrons in orbital and the second term 
is from the four electrons in orbitals and The final bond order, 
including the tr-bonds, is therefore 1‘667. 

Another illustration, which is interesting, is the case of cyclobntadiene 
(figs. 2a, 2b). As Wheland shows (V, p. 398), there are four possible orbitals: 

!PCi) = e = - 2/?, 

^ + e = 0, 

^ 9 ) = _ j 5^3 + e = 0, 

«P(«) + f 4 ), fi = + 2 /?. 



Fia. 2a Fiq. 2b 

The partial orders of the bonds 1-2, 2-3, 3-4 and 4-1, in these four orbitals, 
are, respectively, 

i. i. h I 
l-h i.-i. 
i.-i, h 
-i.-i.-i. 

Thus If'® gives equal bond strength for all bonds, S'® gives bonding between 
1-2 and between 3-4, but antibonding between 2-3 and between 4-1. 
yw clearly corresponds to the K6kul^-like structure 2o and S"® to the 
structure 26. VF'® is evidently a highly repulsive state in which there is 
repulsion in all bonds. There are four mobile electrons to allot to these 
orbitals. The first two will fill the lowest orbital and the next two must 

be divided between !f'^® and IP®. If we put both in !P® forming a singlet 
state, then we are automatically preferring the K6kul4 structure 2a, and 
the total mobile orders of the four bonds are 1, 0, 1, 0 respectively; this 
shows that we have alternate pure-single and pure-double bonds, as Lenneod- 
JonesandTurkeviohfoundinll (p. 301). If we had put the last two electrons 
into V'® instead, we should merely have interchanged the single and doable 
bonds. If one electron is in IP® and the other in IP®, giving rise to a singlet 
and a triplet, we get total mobile orders so that all the links are 

equal. We have thus confirmed the work of Wheland in paper V, where this 
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problem is discussed fully, and where it is shown that neither of the singlet 
states resulting from both electrons in or both in IF® is satisfaetcny as 
a molecular wave function, but that they must be compounded together 
to give a singlet wave function of the correct symmetry; when this is done, 
it is soon seen that the links are all equal. 

It is interesting to see what our definition of the order of a bond means 
in the simple diatomic case; thus, in the molecule H, each electron is 
described by an orbital 

^{fa±fb)> 

and the partial bond strength j)er electron is ± I, agreeing with the usual 
description of the ground state of the H 2 bond as single* On this theory, 
the total order of the ground state of is and with an orbital 

the partial order of the bond per electron is A/t/( A*+/t*). This has a maximum 
value of when A = /i, so that the binding is homopolar; the order decreases 
with increasing polarity. 


3 . KkLATIOK OB' BOND OBOBBS TO THB EBBBOY 

It is possible to relate the partial bond orders defined in the last section 
to the energies of the various orbitals. If we use a normalized wave function 
of type 3, then the energy of the orbital is 

«— 1 a 

(9) 

a ' 

The notation is the same as that of paper I, so that 


^0 ® 

Pii “ =» 


Let 6^**^ be the binding energy of the orbital so that 

e<»> - 


(10) 
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Then, firom (9) and (10), we have 

( 11 ) 

if 

Since this summation is taken over all i/, but by hypothesis all vanish 
except for nearest neighbours, this last summation is in effect a summation 
over the various bonds. When calculating the molecular-orbitals we 
supposed that all the non-zero were equal (= /?, say), and therefore, in 
the case of any single electron, we have a simple relation between the sum 
of its partial bonds and its binding energy 

= ( 12 ) 

if 

Quite properly, therefore, the greatest binding energy is associated with the 
greatest partial bond order. This last relation is very satisfactory; it shows 
that the total bonding power of an electron is directly proportional to its 
binding energy, and relates our proposed definition of order to that used by 
Penney, which again only depends on the binding energy. In fact, a com¬ 
parison of the orders of the various bonds of a molecule, calculated according 
to the two definitions, becomes now a comparison of the two energies which 
the methods predict. The conception of partial bond strengths may prove 
useful in discussing the excitation of molecules, since the bond strengths 
of the excited electron can be calculated before and after excitation, and 
it can be seen which bonds are most weakened by the excitation. So also 
the most accessible positions of attack and substitution by other radicals 
may be found, along lines similar to those laid down by Pauling and Whelond 
(1935)- 

By summation of equation (12) over all the occupied orbitals, we obtain 
a relation between the total mobile orders and the total binding energy 

= (13) 

if 

where ^ « 2 6<») ■ the total mobile binding energy. 

n 

The two equations (12) and (13) provide useful checks in the calculations. 

An interesting appHoation of this last equation occurs when all the bonds 
are equivalent, as in benzene, cyclobutadiene or graphite. In this case, if 
there are n bonds, each of mobile order p, then 

p - (14) 

*7-a 
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Thus for benzene (p. 416), where the occupied levels are and 

(each occupied twice), and 

3= - 8^, n = 6, 


we have p = = + §. 

This is precisely the result obtained before by use of the detailed wave 
functions but by more elaborate methods. 

We can now give the physical interpretation of the bond order in terms of 
forces, which we referred to on p. 416. Suppose we sum equation (11) over 
all the occupied orbitals; 

^ = (15) 

ij 


It follows therefore that 


1 arf 

- " 2 ^/ 


(16) 


For the purposes of this partial differentiation, all the are first put equal 
and then a small change is made in that particular with which we are 
concerned. Equation (16) shows us that is a measure of the change of 
energy when (and therefore the length of the link is altered. In other 
words, in our proposed definition, the order of a given bond is a measure of 
the force tending to change the length of that bond, in the configuration 
in which all the bonds are supposed equal in length, only forces due to the 
mobile electrons being considered. This interpretation of the bond order 
may be said to justify our proposed definition. 


4. The bond orders or the conjugated chains 

We may apply the analysis of the last section to a discussion of the genial 
conjugated chain molecule in which there ore 2n- 1 links, whose 

lengths, in order, may be taken to be x^, By symmetry 

“ ^ 2 n~r- 0^^ problem will be to calculate the order of the link in § 6 
we shall use this order to deduce the length. The secular determinant, with¬ 
out simplification, is 



A. 

0, ... 

0, 


e, 

1^2, ... 

0. 

0, 


... 

Ajan-"2> 

o' 


... 



sa 0, 
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A oontaina 2n rows and columns, and is the exchange integral across the 
link Xf. First suppose that all the links are equal, and therefore put every 
fif 0 = y^o- appendix to paper lY of this series (equation 34) it is shown 

that the determinant then becomes 

^0 ~ An(^o) 

= yd*" sin (2« +1) d/sin d, (17) 

in which, as usual, we have written 

e = 2/?„oo8d. (18) 

The roots of the determinant are 

= 2/do cos dy, 

where 6j = jnl(2n + l), j — 1,2, ...,2n. (19) 

Now suppose that across the link a:, we make a small change in /?, and put 
/d, = /do + 6,, all the other exchange integrals retaining the value /dj. The 


secular determinant is now 

I 

e, )do, 0, . 0, 

^0* ...... 0, 

0, /do, e, . 0, 

d* ... /do, e, /do+6r. 0. ••• =0- 

... 0, ^0 "i" C, ^Q, 

0, ... e, /do, 

0, ... ^o» c. 


This may be expanded in powers of b^, and we find that 

The roots of this equation may be found as a series of approximations, in 
powers of b^, of which the first is given by equation (19). The second approxi¬ 
mation is 

4/> 

ed>» 2/do008jn'/(2o + l) + 2^^^8inyw/(2»+l)8in(r+l)j7r/(2n+l). 

The occupied levels are those withy = 2», 2rt — 1,..., n +1, and each level 
is occupied twice. The total electronic eneigy of the mobile electrons is 
therefore 

Sn 

^m-2 S e«). 
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We can now evaluate 
equation* Therefore 




since it is just the coeflSdent of in this last 




4 . rjn 

2n-^l 


sin 


(r -f l)j7r 
2»+1 


= (cosec nK^n + 2) + (— 1)''“^ cosec (2r -f 1) 7T/(4n 4- 2)}. (20) 

2n + 1 ^ 


This formula gives the total mobile order of the rth link in the general 
conjugated chain Table I gives the calculations performed with 

this formula. In each case the links are numbered from one end, and the 
last figure on each line therefore refers to the central link for that molecule. 
The results found by Penney (III) are shown for comparison, and it will be 
seen that the differences are not very great. 


Table I. Orders oe links in the conjugated chains C2„Ha„^.a 


End link Xi Xf, x^ 

Molecule n Coukon Penney Coulson Penney Coulson Penney Coulson Penney 


Ethylene 

1 

2-00 

2-00 

— 

— 

— 

— 

Butadiene 

2 

1-894 

1-911 

1-447 

1-333 

.— 

— — — 

Hexatriene 

3 

1-871 

1-883 

1-483 

1-374 

1-785 

1-806 — — 

Ootatetraene 

4 

1-862 

1-88 

1-495 

1-37 

1-768 

1-76 1-629 1-46 


6. Relation between order and length 

We may now assume that the fractional order of any link is known; 
examples of this calculation for more complex molecules will be given in 
later papers by the author. The next problem is to use the calculated 
orders to deduce the lengths of the various bonds. For this purpose a curve 
relating the order and the length, similar to that used by Penney (HI, 
p. 317) is necessary. Certain points on this curve are soon obtained. Thus 
ethane, with order 1 and length 1<54 A, ethylene, with order 2 and length 
1'33 A, and acetylene, with order 3 and length 1’20 A are already known 
(see III, pp. 317-18). In benzene the observed length is 1*39 A, and we have 
already calculated the order to be 1-667. Another suitable point on the 
order-length curve is provided by graphite. For this crystal, Wheland 
( 1934 ) calculated an energy of 1 -58/? per C atom; but n atoms give rise 
to 3n/2 bonds, so that the energy per bond is 1-06/9. It follows from equation 
(14) that the mobile order is 0-63 and therefore the total order is 1-63. Hiese 
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five pointa enable a curve to be drawn relating the bond order and the length 
of link. It is seen (fig. 3) that the points do lie on a very smooth curve, and 
this curve may now be used to predict the lengths of other links. 



Total order of link (= 1 + p) 
Fia. 3 


However, before we actually do calculate any lengths in particular cases, 
it is instructive to relate our work to the ideas of Lennard-Jones in paper I. 
Let us suppose that equation (16), calculated on the assumption that all 
the are equal, also holds for other values of (This is equivalent to 
usin g first-order perturbation theory, and must ultimately be justified 
a posteriori on its results.) Then the total energy ^ (I, p. 283) which allows 
for the compression of the cr-bonds, is 

^ - SA.(a:<^-«)* + 2Sl>«A/. (21) 

The first term is the compression energy of the link x^j and the second is the 
energy of the 7r-eleotrona; the summation is over all the bonds. Each 
has to be chosen so that ^ is minimized, i.e. 



Ibis gives 
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Lennard-Jones has shown (I, equation (41)) that sinoe is the mobile 
energy of the ethylene molecule 

2p * E%~ E^, + kg(z-d)*-k,(x-6)*. (22) 


The last two equations now give, for the length 
order is jj, . 


X = 5 — 




of a bond whose mobile 
(23) 


This equation may be used to predict the length of any link, once its mobile 
orders has been calculated. There is, however, some doubt as to the proper 
value of kjk^ to be used. Lennard-Jones (I, p. 294), on the basis of vibration 
constants for ethane and ethylene, calculated by Dennison and Sutherland, 
assumes that 

k, = 2-48 X 10®, k^ — 4-90 x 10® dynes/cm.. 


so that kjkg = 0-607. The curve which results from this value of kjk^ is 
shown dotted in fig. 3. It will be seen that although the two curves predict 
almost equivalent lengths in the range between single and double bonds, 
there is considerable error in the region of the triple bond. This error can 
be eliminated by a different choice of kjk^. If for the moment we regard 
this ratio as a quantity to be determined from the experimental order-length 
curve rather than the Morse curves of ethane and ethylene, then we shall 
choose kjkj so that the triple bond of acetylene (p = 2) satisfies equation 
(23). This means that kjk^ must be given the value 0*766. With this value, 
the theoretical curve given by equation (23) and the experimental order- 
length curve (the full line of fig. 3) become identical, the differences nowhere 
exceeding 1/200 A. Sinoe this difference is well within the present observa¬ 
tional limits of error, it will be quite good enough to take this value for the 
ratio kjk^, and the predicted lengths given in the following section have 
been obtained from equation (23), using this value. 

The question now arises, can this change of kjk^ from 0*607 to 0*766 be 
justified, other than by the empirical fact that it predicts the right lengths of 
links? The writer believes that it can. We have to bear in mind that (I) the 
experimental uncertainties in k, and k^ are fairly large, because of the 
interpretation of the spectrum, and, in addition, their precise values depend 
somewhat on the type of force field used; (2) 0*607 is obtained by a disousskm 
of the links of ethane and ethylene; it does not follow that their values will 
be unaltered when we consider more complicated molecules where “end- 
effeots ”, if any, may be expected to be less important. Thus, in ootatetraene, 
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for example, there are two links at the end of the chain, and five internal 
ones, for which kjk^ may possibly be different from the value for the end- 
links; in benzene there are no end-links at all. The work of Sklar ( 1937 ) shows 
that in ethylene there is a considerable percentage of ionic character; 
this effect will make a contribution to which will be different for iimer and 
end-links; (3) and k^ are the values of the curvature at the bottom of the 
two Morse curves; they represent the parabolas which best approximate 
to the Morse curves. A Morse cmwe, however, as fig. 4 shows, is not at all 



symmetrical about its minimum, and we ought really to represent it by 
two parabolas, shown by dots and dashes in fig. 4; one of these parabolas 
would be relevant on the long, the other on the short, side of the true value. 
Since all the links, with which we are concerned, have lengths less than «, 
the appropriate value of kg should be increased, perhaps quite considerably. 
Between single and double bonds k^ should be decreased, and between double 
and triple bonds should be increased. It is difficult to assess exactly the 
magnitudes of these changes, but it is clear that in the significant part of 
the range the ratio kjki should be increased. Taking into consideration all 
three points above, there seems no valid reason why the value of kjk^ 
suited to our calculations should not be as high as 0*765. It must be remem¬ 
bered that this value for the ratio need not necessarily be the same as kg/k^ 
for ethane and ethylene. The uncertainties of these latter calculations make 
it desirable that other data should be used to determine the appropriate 
value for our purposes, and the experimental length of acetylene is obviously 
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the moBt satisfactory value to take. If we do so, then the calculations of 
order and length are carried through using only the experimental lengths 
of the single, double and triple bonds. 


6. Lengths of link in conjugated chains 

As an illustration of the methods outlined above, let us calculate the 
lengths of the links of the conjugated chains C 2 nH 2 n+ 2 * orders have 
already been obtained in §4; it is an easy matter to use Table I and 
equation (23) to write down the lengths of the links. Table II shows the 
lengths thus determined, and again for comparison, the values given by 
Penney are included. It will be see/n that the agreement is excellent through¬ 
out, the differences never exceeding 1/100 A. The extraordinary similarity 
between the values predicted by the two methods gives considerable 
reliability to the figures given. The lengths predicted by Lennard-Jones 
in paper I are also shown. It is evident that the hypothesis made in I that 
the links alternate in length is correct, but the further hypothesis that all 
the even-numbered links have one length and all the odd-numbered links 
another, is too general, for the variations in the lengths become inappreciable 
near the middle of the long chains. 


Table II. Lengths of links in conjugated chains 


Molecide n 

Ethylene 1 

Butadiene 2 

Hexatriene 3 

Octatetraene 4 

Molecule n 

Ethylene 1 

Butadiene 2 

Hexatriene 3 

Octatetraene 4 


End-link Xi 


a 

F 

W 

l-33o 

l-33o 

l-83o 

1-34, 

1-34 

1-34 

1-36^ 

1-36 

1-343 

1-353 

1-35 

1-853 


Link 



P 

Lr^ 

l-36e 

1-86 

1*843 

l'37j 

1-37 

1-35. 


Link a;. 

C 

P 

Ir-J 

1-43. 

1-43 

1-43 

1-423 

1-42 

I-4O4 

1-42. 

1-42 

I- 4 O 0 


Link 



C P W 

l-il* 141 l-40o 


N.B. In calculating the lengths of the links in this and the following table, it 
has been assumed that s = 1-540 A, and d = 1-380 A exactly. This is almost certainly 
not true, and the last figure in each length, written as a sme ll subscript, has no 
absolute significance; it is of interest, however, for comparing relative lengths of 
links. 
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An interesting deduction from equation (20) concerns the case of the 
infinite chain when n -> oo. The a8]rmptotic form of equation (20) 

gives the mobile order of the jth link as 

p =,?(l + (_l)#-i/(2j+l)). (24) 

y TT 

Table III shows the orders and the lengths of the first six links starting from 
one end. These results agree excellently with those obtained by Penney 
by the valenoe-bond method, and they give, as we go farther along the chain, 
an asymptotic order 1 + 2/7r, with a resulting length 1-394 A. This is almost 
the same as the value (1-38 A) found by Lennard-Jones (I, p. 294); it would 
have been exactly the same if we had used his value for kjkg^. The value for 
the end-link agrees quite well with that found by the author (1-34 A) in 
paper IV. There appear to be significant variations in the lengths of the links 
up to the seventh from each end. 


Tabl® III. Orders and lengths of links in the 




INFINITE CONJUGATED CHAIN 



Link no. 

\ 

2 

3 

4 

5 

6 

Asymptotic 

value 

Order 

1-849 

1-509 

1-727 

1-666 

1*694 

1-687 

1-637 

Length 

1-368 

l-41g 

1-37, 

1-418 

1’388 

1-408 

1-394 


7. Conclusion 

The methods outlined in this paper may be applied to more complex 
aromatic compounds; in a following paper the writer has applied them 
in a detailed study of naphthalene and the various hydro-naphthalenes; 
other applications will be published in a further paper. In every case the 
method predicts orders and lengths, which, though they cannot yet be 
checked in detail by experimental methods, are in general agreement with 
the bond diagrams of the chemist. 

The writer gratefully acknowledges his indebtedness to Professor Lennard- 
Jones for advice and criticism in the preparation of this paper. 

SUM31ABY 

A new definition of the order of a given bond in an aromatic compound 
is proposed, based upon the method of molecular orbitals. This order depends 
upon the coefficients of the wave functions in the occupied molecular 
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orbitals; it is also related to the forces acting along the given link. A curve 
is drawn relating the order of a bond and its length, and the method is 
applied to a discussion of the orders and lengths in the conjugated chain 
molecules 
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The spectrum of mono-deuteromethane in the 
photographic infra-red 

1. Preparation of the gas, and measurements 
of a simple band at 9021 cm."* 

By W. H. J. Childs, D.Sc., akd H. A. Jahn, Ph.©^. 


(Communicated by Sir William Bragg, O.M., P.B.8 .— 

Received 17 October 1938) 

[Plate 27] 

Intboductiok 

An investigation of the infra-red spectra of the deutero substituted 
methanes is necessary for the complete spectroscopic determination of the 
structure of the methane molecule, for it was early recognized that for 
highly symmetrical molecules the normal frequencies are insufficient to 
determine uniquely the molecular parameters. In the case of methane the 
rotation structure is much influenced by interaction phenomena, and here 
again the spectra of the deuteromethanes can provide valuable materiid for 
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the elucidation of the effects. We have recently completed the examination 
of the absorption spectrum of mono-deuteromethane in the photographic 
infra-red, from 8400 to 13,000 cm.~^ (7600-12,000 A), and we propose here 
to give an account of the preparation of the gas, of which we required the 
relatively large amount of 401., and to present the measurements of a band 
at 9021 cm.~^ having a simple rotation structure. 


Pbeparation of the gas 

A number of preliminary experiments convinced us that the most suitable 
method was the Orignard synthesis: 

CHjMgl + DjO = CH 3 D + MglOD, 

with the more usual solvent diethyl ether replaced by the less volatile diamyl 
ether. Since we needed 40 1. of gas the yield of the reaction was important. 
If water is added directly to the ethereal solution of Grignard compound a 
yield of only 20 % is obtained. We suspected that the reason for this was 
that the lumpy precipitate of MglOD trapped much of the water and with¬ 
held it from the reaction, and as heating and stirring failed to improve 
matters we added dioxane as an inert diluent to slow down the reaction and 
disperse the precipitate. When dioxane is added in excess to the ethereal 
solution of Grignard compound a precipitate is formed which, however, on 
shedcing forms a smooth cream. When water diluted with dioxane is added 
to this there is a steady evolution of methane and, moreover, the mixture 
retains its creamy consistency. With this modification we were able, without 
heating the reagents or waiting for longer than a few minutes after all the 
water had been added, to obtain a yield of 93 % with small quantities and 
70 % in the main experiment. 

A number of preliminary experiments were also made to verify the purity 
of the gas involved in the reaction. Methane is difficult to purify, but we 
• assumed that the following procedure would eliminate everything but the 
several methanes. First the gas was distilled from liquid air. The product 
was then reliquefied, and the pressure over the liquid reduced to a millimetre 
or so. The liquid solidified to a white crystalline mass which broke violently 
into small pieces with loud cracking noises. Pumping was continued for 
about 1 min., when the pump was shut off and the liquid air removed. 
The density of the gas obtained in this way from ordinary water was 
0*720 ± 0*001 g./l. N.T.P. Cylinder methane which had been passed through 
a mixture of calcium chloride and soda lime also gave exactly the same value. 
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The density of the gas obtained from 99 % heavy water waa 0*768 ± 0*001 
g./l. N.T.P. Since the standard values are respectively 0*7167 and 0*7614, 
we felt justified in believing that in the second case our product was at least 
90 % CHsD. The correct density could of course be given by a mixture of 
ordinary methane and the heavier methanes in suitable proportions, but 
if (as subsequently proved to be the case) the gas showed not even the 
strongest lines of the spectrum of ordinary methane we could then be sure 
that the heavier methanes were also absent. 



For the main synthesis it was decided to use 50 g. of 99*6 % heavy water, 
with the Grignard reagent somewhat in excess. The methyl iodide and amyl 
ether for the latter were redistilled and dried over calcium chloride and 
sodium respectively, whilst the dioxane was both redistilled and crystal¬ 
lized, and then dried over sodium. The reagent was prepared in three equal 
lots. For each were required (a) 62 c.c. methyl iodide mixed with 62 o.c. 
amyl ether, (6) 24*5 g. magnesium turnings, (c) 346 c.c. amyl ether. To start 
the reaction 30-40 c.c. of (a) were added to the magnesium. Then the amyl 
ether (c) was slowly added in two or three lots. When the reaction was 
apparently ended the rest of (a) was added. The total volume of ethereal 
solution of Grignard reagent made in this' way was 1355 c.c. To generate the 
gas the glass apparatus shown in the accompanying diagram was con¬ 
structed. The round-bottomed flask A contained initially Grignard reagent 
to which was then added an equal volmne of dioxane. Tl^ was frozen in ice 
and the apparatus exhausted as far as the first tap, the remainder of ^e 













Tht speeirum of mmM-daiuierome^ne 431 

apparatus having already been exhausted via the tube Q. The first and 
second condensers were then cooled with ice-water and alcohol-CO} mixture 
respectively, and the flask allowed to warm up and its contents to melt. 
Heavy water in ten times its volume of dioxane was then slowly added from 
the dropping funnel and thoroughly mixed with the Grignard reagent, a 
limited movement of the flask being permitted by the metal flexible joint B. 
The gas evolved was allowed to collect in the flask until the manometer C 
showed a pressure slightly less than atmospheric. The tap D was then turned 
and that particular charge of gas was passed into the first liquid-air trap and 
liquefied. Tap D w&b then closed and the process repeated as long as gas was 
evolved. From the first trap the gas was distilled to a second. Both traps 
contained thermoelements so that the temperature during distillation 
could be watched. From the second trap the gas was distilled into the 
container, and samples could be drawn off into the weighing bottle E or into 
a magnetically controlled micro-balance F.* The latter was useful in that 
it permitted a continuous check on the density. The gas was generated in 
four lots, the total yield being almost exactly 401. N.T.P. which corresponds 
to a 72 % eifioiency. A sample of the gas was drawn off and treated in the 
way already described. Its density was 0-762 + 0-001 g./l. N.T.P. 


The measurements 

The gas was initially examined with the technique described by Childs 
( 1936 ) and plates were successfully obtained of the region 8400-13,000 cm.-^. 
A preliminary account of the measurements was published by Childs and 
Jahn ( 1936 ). A second investigation of this region was then made with a new 
absorption tube 16 ft. 3 in. long in which the light was reflected to and fro 
six times, giving a total path length of 97 ft. With this tube a number of 
faint bands which were just visible on the first series of plates were brought 
up to measurable strength, the band at 9021 om.~^ (already reported on by 
Childs and Jahn 1936 ) by reason of its simple structure standing out 
especially well (see fig. 2 , Plate 27). The measurements of this band are 
presented in Table I. 


* For full details of the oonstruotion of sooh a balance see Stock and Ritter ( 19 x 6 ). 
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The mtenaities are merely eye estimations, 0 indicating lines which are certainly 
present but which are dMoult to measure. For the stronger lines the accuracy ahptdd 
be better than 0*05 cm.*', but for the lines marked 0 only 0*10 cm.”*. A consldcrabte 
mixnber of much fainter lines are present as a background; the measurementa of these 
are still less accurate, and it was felt that no useful purpose would be served by 
including them here. A blend with a line due to water vapour is indicated by 4-w.v. 


Intensity 

Frequency 
m vacuo 

Intensity 

Frequency 
in mouo 

0 

9113*54 

0 

8996*33 

0 

08*84 

0 

94*08 

0 

06*58 

1 

94*26 

1 

00*32 

0 

93*36 

1 

9099*95 

1 

91*81 

0 

98*21 

0 

90*96 

1 

93*48 

0 

90*28 

1 

93-10 

1 

89*19 

2 

86*29 

1 

88*81 

2 

79*39 

0 

87*82 

2 

72*44 

0 

87*31 

3 

65*41 

3 

84*90 

2 

58*19 

1 

83*62 

2 

50*90 

0 

82*81 

1 

43*52 

1 

81*95 

0 

36*05 

0 

81*23 

0 

28*41 

0 

80*43 

1 

27*12 

0 

79*59 

1 

22*91 

1 

78*82 

0 

2M8 

0 

77*82 +W.V. 

0 

20*86 

0 

70*96 

2 

19*88 

1 

76*48 

0 

19*40 

2 

75*86 

1 

18*90 

1 

75*48 

0 

18*50 

2 

74*60 

0 

16*01 

2 

73*54 

0 

14*02 

0 

72*98 

0 

13*27 

0 

72*66 

1 

10*01 

0 

72*49 

1 

05*16 

0 

71*84 

2 

04*lS4w.v. 

1 

71*40 

0 

02*53 

1 

70*42 

1 

01*69 +w.v. 

1 

69*65 

1 

0l*44 + w.v. 

2 

69*34 

0 

00*88 

0 

68*47 

0 

00*48 

0 

67*85 

0 

8998*92+ W.V. 

5 

66*98 

0 

98*50 +w.v. 

5 

06*04 

0 

96*77+ W.V. 

1 

65*30 











Zntenaity 

Frequanicy 
in paouo 

Intensity 

Frequency 
in vacuo 

2 

89e4‘48+w.v. 

4 


0 

63*28 

0 

'4«*i4 

2 

62*64 ^ 

1 

42V96 

2 

6 ) *69 

5 

4l*65 + w.v» 

0 

60*56 

0 

40*94 

2 

69*09 4* w.v. 

0 

40*42 

0 

68*42 

1 

39*78 

1 

67*76+ W.V. 

1 

30*67 

3 

67*09 

4 

38*33 

4 

66*12 +w.v. 

4 

37*17+ W.V, 

2 

56*67 

0 

36*22+ W.V. 

0 

56*07+ W.V. 

2 

35*35 

3 

54*08 

1 

34*66+ W.V. 

1 

63*42 +w.v. 

2 

34*28 

1 

62*76 

2 

33*53+ W.V* 

0 

62*24 

2 

32*93 

0 

51*97 

2 

32*61 +W.V. 

0 

51*45 

1 

31*92 

0 

51*18 

3 

31*16 

2 

60*29 +w.v. 

0 

30*26 

3 

49*73 

3 

29*48 

0 

48*97 

2 

28*46 +w,v. 

1 

48*31 +W.V. 

2 

27*67 

3 

46*88 

2 

27*34 

2 

46*00 

0 

26*64 

0 

44*90 

10 

25*28+ W.V* 


Discussion 

The r^on covered by the measurements shows at the middle (see Plate 
27) what appears to be a narrow Q branch, only partially resolved, with an 
12 branch of approximately equidistantly spaced lines at its high-frequency 
side. Where the P branch should be there are many lines, most of which 
obvionijy belong to other bands. Prom its appearance, and the spacing of 
the lines (7*7 cm."'') in the R branch, this is clearly a parallel type band. The 
B, P''$md Q branch lines must therefore be given by expressions of the form 




434 W. H. J. Childs and H. A. Jahn 

where K is the axial, J the total rotational quantum number and 


Here ™ moment of inertia about tlie C~D axis (figure axis) and - 
moment of inertia about an axis perpendicular to the figure axis. The 
symbols " and ' are used to distinguish the ground and upper vibrational 
states respectively. 

We find that the R branch is best fitted by 

= 9020-84 +7-7()7J--0*048 iJ^ (1) 

and since the line width does not appreciably increase with increasing J 
value, the coefficient of the terra in i.e. [(B" —iS') —(A"' —-d')], must be 
very small. A comparison between the frequencies observed and those 
computed from expression (1) is shown in Table II, cols. 2 and 3, The same 
table shows in cols. 5 and 8 the frequencies computed for the Q and P 
branch lines. Of the Q branch not very much can be said other than that it 
is certainly present and in its proper position, for unfortunately its fine 
structure is mostly just beyond the limit of the resolving power of the grating. 
A search for the P branch, however, shows that either it must be very much 
fainter than one would expect, with only a feAv lines in the region of the 
maximum showing up at all, or else it is strongly perturbed: Precisely this 
phenomenon is showra in an analogous band at 9047 cm.“^ in the spectrum 
of ordinary methar\e. 


TaBLK II. CoMPARISOi^ OF CALCULATED AND OBSERVED FEBQUBNOIBS 


U branch Q branch p branch 




Calc. 

ObH. 



("flic. 

Obs. 



Calc. 

Obs. 

n 

(0) 

9028-60 

9028-41 (0) 

Q 

(1) 

9020*74 

— 

P 

(1) 

9013-08 

— 

B 

(1) 

9036-00 

9036-06 (0) 

Q 

(2) 

9020-56 

— 

P 

(2) 

9005-24 

9006-16(1) 

R 

(2) 

9043-63 

9043-62 (1) 

Q 

(3) 

9020-26 

9020-36 (0) 

P 

(3) 

8997-29 

— 

R 

(3) 

9050-90 

9060-90 (2) 

Q 

(4) 

9019-88 

9019-88 (2) 

P 

(4) 

8989-24 

8989-16(1) 

R 

(4) 

9068-18 

9068-19 (2) 

Q 

(S) 

9019-40 

9019-40 (0) 

P 

(S) 

8981-10 

8981-23 (6) 

R 

(0) 

9066-36 

9066-41 (3) 

Q 

(0) 

9018-82 

9018-90(1) 

P 

(«) 

8972-87 

8972-93 (0) 

R 

(fl) 

9072-43 

9072*44(2) 

Q 

(7) 

9018-16 

9018-50 (0) 

P 

(7) 

8964-63 

8964-48 (2) 

R 

(7) 

9079-42 

9079-39(2) 

Q 

(8) 

9017-38 


P 

(8) 

8956-10 

8966-12(4) 

R 

(«) 

9086-30 

9086-29 (2) 

Q 

(9) 

9016-61 


P 

(9) 

8947-58 

— 

R 

(9) 

9093-10 

9093-10(1) 

Q(10) 

9016-65 

— . 

Pm) 

8938-96 

— 




9093-48 (1) 









*(10) 

9099-80 

9099-96(1) 












9100-32(1) 









*(11) 

9106-41 

9106-68 (0) 
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From expression (I) we are able to calculate the valiife of the moment of 
inertia Since B*" is 3*878 cm.“^, comes out to be 7*202 x g. cm.^. 
To compare with this we have another value of Ij^ obtained from Ginsburg 
and Barker’s ( 1935 )’*' measurements on a band at 2205 cmr They give the 
expression 

^ 2205*25 ±7‘714J-0*0434J‘‘^ 

as best representing their measurements, and from this in a similar way one 
obtains 

B'' ^ 3*879; 4 = 7*200 x 10“^g. cm. 2 , 

a very satisfactory agreement. 

It is now possible to compare the dimensions of the molecule, calculated 
from this moment of inertia, with those of CH 4 . If we assume regular tetra¬ 
hedral structui'e in both cases we arrive at 

C-H distance of CH 3 D = l-OOS^ A, 

C“H distance of 1*092^ A. 

The major part of the difference, which is real, is probably due to the fact 
that no correction has been applied for the anharmonicity of the zero-point 
vibration. 

Adopting a mean value, which we believe to be fairly reliable, of 1*092^ 
for the C-H distance, we have calculated the moments of ipertia of all the 
deuteromethanes. In Table III explicit expressions in terms of the masses 
and the C-H distance are given as well as the numerical values. 

A comparison of the vibrational levels of CH 4 with those of CHgD should 
enable us to form some estimation of the anharmonicity of the vibrations. 
Calculations to tliia end are in progress, but until these are complete the 
assignment of vibrational quantum numbers to the band can only be very 
tentative. It is, however, tempting to believe that it is a parallel com¬ 
ponent of St'j, the second overtone of the perpendicular fundamental at 
.3031 cm.“^. This assignment would preserve the analogy with the CH 4 band 
at 9047 which may be the second overtone of the corresponding CH 4 

fundamental at 3020 cm.”^ 

In conclusion, we wish to thank Sir William Bragg, O.M., P.R.S^ and the 
Managers of the Royal Institution, for the facilities afforded at the Davy- 
Faraday Laboratory where this work was carried out. * 

* Ginsburg and Barker give erroneously 4 = 7*166 x 10“*® g. cm.* or 7*241 x 10“*«, 
if more recent values of the fundamental constants are used. 
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Table III. Moments of inertia of the deutbbomethanes 


Molecule 

Moment of inertia 

Numerical value 
(observed values 
in parentheses) 

X 10“^ g. cm.* 

CH4 

r 0 

^ = - 3 r« 

5*322 (5*318) 

CH5D 


6*322 


Ib = Ic 



1 -h Swig) + nt^{ 6 fni + ^ 

3 nio 4- 3mi 4* rn^ 

7-190 (7-202) 

CHgD* 

_ 1 4m, (2m. 4- 6f) + mo( + 2w •) « 

Ijl =: ----.. .. r* 

3 ^0 + 2mi 4- 2mjj 

6-602 


-^ . r* 

7-978 


j _ 1 4ma(2m.8 + 6wi-i) -f molBmg + 2mi) ^ 

^3 fw,, + 2mj 4- 2m, 

9-168 

CHDa 

Ia^Ib 



_ 14m,( 3m.2 4- Sm-j) + mo( 5m, 4- ^ 

3 mo -f m, 3m, 

8-687 


7c = -™r« 

10-634 

CD4 


10-634 (10-7)* 


m^ = mosB of hydrogen = 1 •00782m. 

m, = moss of deuterium = 2 01373m. 

= mass of carbon =s 12‘0007m. 



m = mass per unit atomic wt = 1-669 x 10"** g. 
r s= C-H distance = 1-0925 A. 


♦ Nielsen and Nielsen, 1938, Phye , Rev. 54 , 118 (recalculated). 


Summary 

The preparation of 40 1. of mono-deuteroraethane (CH^D) is described. 
The purity of the gas was tested by density measurements and by the com¬ 
plete absence of even the strongest absolution lines of ordinary methane on 
the photographic plates obtained. The absorption sj)eQtrum of the gas has 
been investigated from 8400 to 13,000 om.-i in the photographic infm^red, 
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and measurementfl are given of a particularly simple band at 9021 om.~*. 
From this band the moment of inertia of the molecule perpendicular to the 
C-D axis can be deduced and a value of 7-202 x 10 ““g. cm.*i 8 obtained. This 
corresponds (assuming a regular tetrahedral structure) to a C-H distance 
of 1-093 A, to be compared with 1-092 A in the case of CH 4 . The band is 
assigned tentatively as the parallel component of 3i^j, the second overtone 
of the perpendicular fundamental at 3031 cm.~*. 
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Introduction 

During some experiments involving the acceleration and subsequent 
retardation of positive ions of mercury we found that the retarding potential 
had to be twice as great as the accelerating potential in order to stop com¬ 
pletely the flow of ions. Investigation showed that this was due to some ions 
being accelerated as doubly charged ions and retarded as singly charged 

Hg+ ions, the change of charge being due to the Hg*'^ ion capturing an 
electron from a neutral atom with which it collided in the space between the 
accelerating and retarding fields. Since this process of electron transfer in 
mercury vapour had not been previously studied in detail we modified the 
apparatus to enable it to be investigated. 
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Electron transfer between singly charged ions and neutral atoms of the 
type He+-f NeHe 4 “ Ne+ was first observed by Hamwell ( 1927 ) for 
various combinations of the rare gas atoms with each other and with hy* 
drogen and nitrogen. Hogness and Lunn ( 1927 ) simultaneously discovered 
the effect with helium and argon ions in nitric oxide. The process has been 
studied in more detail by Kallmann and Rosen ( 1930 )^ who measured the 
decrease in intensity of beams of singly charged nitrogen and argon ions due 
to electron transfer. 

Electron transfer between dmbly charged ions and neutral atoms has 
been extensively studied for a-particles (Rutherford, Chadwick and Ellis 
1930 ), the effect being first noticed by Henderson ( 1922 ). Although Kall¬ 
mann and Rosen observed the transformations Ar^^-^Ar^^ in argon, and 
Hg 2 +^ Hg+ for Hg^ ions in mercury vapour and nitrogen, the process was 
not investigated in any detail. 

The present paper contains the results of our investigation of the process 
Hg®+-f Hg->Hg^-f-Hg'^ for Hg*^ ions having energies from 140 to 400 
electron-volts. The cross-section for the process is determined over this 
energy range; it is shown that a head-on collision is required, and that one 
of the resulting Hg+ ions is excited by the process. 


Appaeatus 

A scale drawing of the apparatus and a wiring diagram is shown in fig. 1. 
All metal parts with the exception of the filament were constructed from 
out-gassed nickel sheet spot-welded where necessary. In fig. 1 a the cylinder 
C\, which was 2 cm. in diameter and 2 cm in length, was divided into two 
parts by the nickel gauze 0^. The upper part contained the spiral filament F, 
the leads to which passed through two fine quartz tubes in the sides of the 
cylinder. One end of this cylinder w’^as closed by the solid nickel cap 
spot-welded to the cylinder, and the other end was fitted with the 
gauze O 2 * 

The cylinder 6 * 2 , which was 1*5 cm. in diameter and 1*5 cm. in length, was 
closed at each end by the gauzes O^, This was supported on, and insulated 
from, the cylindrical shield of the Faraday cylinder by means of a sindanyo 
ring. contained the gauze 0^ which admitted ions to the Faraday cylinder 
64 which was insulated from the shield C 3 by two sindanyo rings as shown. 
The lead to the Faraday cylinder was enclosed in a fine quartz tube. It is 
evident from the figure that the construction of the lower part of the 
apparatus was such that ions passing at any angle through would 
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received by the Faraday cylinder and recorded by the galvanometer M^. 
It is also clear that ions could reach the Faraday cylinder only from the field- 
free cylinder after passing through 6?3 and 0^, 

The entire apparatus was carried on a 6 cm. ground-glass joint fitting into 
a Pyrex tul>e which was connected to a mercury diffusion pump backed by 
a Hyvac pump, and to a McLeod gauge. The joint was water-cooled to allow 

0 1 2 



Fio. 1. Apparatus and wiring diagram. 

baking of the apparatus by an electric furnace. Apiezon grease of negligible 
vapour pressure was used on all joints and taps in the vacuum system. The 
pressure of mercury vapour in the apparatus was the saturation vapour 
pressure at room temperature, i.e. about 10 “* mm. The pressure of residual 
gas read on the McLeod gauge was less than lO"® mm. of Hg for all runs. 

The modified form of the apparatus shown in fig. 16, obtained by sub¬ 
stituting the single gauze 0^ in place of the cylindrical field-free cylinder 
was used to obtain the energy distribution of the positive ions passing 
through the gauze 0^. 


Expbeimentai, prooedubb 

The energy distribution of the positive ions that would enter the field- 
free cylinder in the main exx)eriment was first obtained by using the 
modified form of the apparatus shown in fig. 16. After the usual baking of 
the apparatus and the flashing and running in of the filament, the potential 
differenoe% between the filament and O'lWassetatBOvolts. The positive ions 
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formed in the field-free space between Oi and 6^^ w'ere accelerated between 
and 0^ by a potential and retarded between and 0^ by a potential 
Those having sufficient energy to pass through 0^ were received by the 
Faraday cylinder and recorded by the galvanometer In order to prevent 
electrons from the filament reaching the Faraday cylinder the values given to 
Vi were always greater than Iq, i.e. greater than 60 volts. All electrons from 
the filament were then reversed between and Og by the potential PJ. For 
a number of fixed values of the accelerating potential Tj the retarding 
potential Pg was varied in small steps from a value several volts below P^ to 
a few volts above The curve representing the positive-ion current to the 
Faraday cylinder as a function of the retarding potential for each fixed 
value of Pi was then diff erentiated to obtain the energy distribution of the 
ions for that value of V\. 

The apparatus was then changed to the form shown in fig. la by sub¬ 
stituting the field-free cylinder in place of the single gauze For each 
of the above fixed values of P^ a curve representing the j>ositive-ion current 
to the Faraday cylinder as a function of the variable retarding potential Pg, 
now placed between and was then obtained and differentiated to give 
the energy distribution of the positive ions now reaching the Faraday 
cylinder. 

For each value of \\ we thus have curves representing (1) the energy dis¬ 
tribution of the positive ions entering the field-free cylinder obtained with 
the apparatus of fig. 1 h, and (2) the energy distribution of the positive ions 
emerging from the field-free cylinder Cg obtained with the apparatus of 
fig. la* We shall call the positive ions entering the incident ionSy and those 
passing out of Cg through G^ the emergent ions. 

Results 

Fig. 2 shows the type of energy distribution curve obtained for the 
emergent ions. We find, as we would expect, a fairly homogeneous group of 
positive ions having an energy Fi equal to the accelerating potential to which 
all the positive ions formed between G^ and (?g are subjected. The stirprising 
and novel feature of the curve is the presence of a second group of ions 
having an energy of 2Fi. The Hg+ ions formed between G^ and ©g are given 
an energy of F^ electron-volts between and 0^, and therefore cannot 
reach the Faraday cylinder when the retarding potential P^ is greater than 
Similarly an ion accelerated between 0^ and G^ by the potential PJ 
would be prevented from reaching the Faraday cylinder by the same 
potential P^ in a retarding direction between (?g and 0^. But suppose the ion 
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was accelerated between and G^ as an Hg®+ ion and retarded between 
and (?4 as an Hg“^ ion, then it would require a retarding potential of 2Vi to 
stop it. The loss of one of the positive chargee of the ion could be brought 
about by an electron transfer during a collision with a neutral atom in the 
field-free cylinder This is the explanation of the peak at 2Vi in the energy 
distribution curves of the emergent ions. 



Energy of Hg+ ions in electron-volts 

Fig. 2. Typo of energy distribution curve obtained for the emergent ions. Fj is 
the potential difference applied to acoelerat/e the incident ions. 

After acceleration by the potential Pj the Hg*+ ion has an energy of 
'Wy electron-volts. If this doubly charged ion now makes a collision with 
a neutral atom in without loss of kinetic energy but with an electron transfer 
between the colliding particles we have 

Hg*+(2Pi electron-volts) + Hg ->• Hg+(21^ electron-volts) •+■ Hg+ 

The extra energy p electron-volts gained in the collision is the difference 
between the ionization potential of the Hg*^ ion and the sum of the ionization 
potentials of the two resulting Hg+ ions. The first ionization potential of 
mercury is 10-89 electron-volts, and the energy required to remove two 
electrons is 29*06 electron-volts (Bacher and Groudsmit 1932 ). Thus 
p a. 29*00-'270-8 a* 8-28 electron-volts. 

If neither of the two Hg+ ions is excited in the process this internal energy 
must be-shared as kinetic energy between the two Hg'*' ions in accordance 
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with the law of conservation of momentum. The mechanics of the collision 
process will be discussed later in connexion with the experimental results 
(see p. 446). At this stage it is only necessary to remark that p is very small 
compared to 21^ which was always greater than 140 electron-volts, and 
therefore, neglecting p, the retarding potential between and 0^ required 
to stop this ion is 21 ^. 

If this is the correct explanation of the peak at 2 Ij in fig. 2 it is clear that 
this peak should be absent if TJ, is reduced below the value necessary to form 
ions, i.e. below 29 volts. Fig. 3 shows the number of fast Hg^ ions as 
a function of PJ,, and it will be seen that the peak does not appear until Vq is 
greater than 29 volts for each value of P^. 



Fio. 8. Showing that fast Hg+ ions due to electron transfer are not produced until 
the energy of the electron stream is greater than the critical potential for the formation 
of Hg*+ ions, 29 volts. 

Fig. 2 is merely a sketch of the type of results obtainetl. The actual results 
for four different values of the accelerating potential Fj are given in fig. 4. 
For each curve Vq was 00 volts, which is below the critical potential, 71 
volts (Bleakney 1930 ), for the formation of Hg®"**, thus ensuring that only 
and Hg® I ions were formed between 0^ and Gg. Since we are concerned only 
with the fast ions resulting from the transformation + Hg Hg'*'+Kg'* 

in the field-free cylinder ( 72 , the energy distribution curves were measured only 
for retardmg potentials greater than Vy The abscissae of these curves repro* 
sent the retarding potential between and Gy and thus give the energy 
in electron-volts of the fast Hg*^ ions resulting from electron transfer* 
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energy distribution curve has its main peak occurring at a value equal to 
electron - volts and a second peak at a value equal to 21^ electron-volts. For 
example, the accelerating potential between Gfj and C?j was = 70 volts for 
the bottom curve of fig. 4. The curve shows one side of the large peak of 
normally accelerated and retarded Hg+ ions at 70 electron-volts, and a 
small peak of ions resulting from electron transfer in at 140 electron- 
volts. The points on the second peak will be referred to later. 



Energy of Hg+ ioiw in electron-volts 

Fio. 4. Experimental energy distribution curves obtained for the emergent ions. F, is 
the potential difference applied to accelerate the incident ions. The points over the 
peaks are taken from the curves of fig. 5, and show that the energy spread of the 
emergent ions is entirely accounted for by the energy spread of the incident ions. 


We have seen that the fast ions depicted in fig. 4 are due to a collision of 
a doubly charged ion in the field-free cylinder Cg with a neutral atom in 
which an electron is transferred from the neutral atom to the ion, leaving 
both particles singly charged. Thus 

Hg»+-fHg-^Hg+-i-Hg+ 

We might expect the kinetic energy of the Hg*+ ion to be shared in a random 
way between the two Hg+ ions. If this were so, we should not obtain a peak 
at Wi but, instead, the ions should appear over a wide range of energy 
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between and 2Fi. A sharp l)6ak at a value 2T^ would mean that the above 
process is far more probable for either a head-on collision or a collision in 
which the ion just grazes the Hg atom. For both of these two types of 
collision one of the Hg*^ ions would carry off all the kinetic energy of the 
incident Hg®^' ion. 

It is therefore of considerable importance to find whether the energy 
spread of the peaks in fig. 4 can be fully accounted for by an energy spread 
in the incident doubly charged ions. If it can be so accounted for, then the 
above process is far more probable for either a head-on or a grazing collision 
than for a collision in which one particle does not carry off all the energy. 
On the other hand, if the energy spread in the peaks of fig. 4 is definitely 
greater than that in the incident Hg^+ ions, then it would be possible to 
determine from this spread the angular distribution of the two Hg"^ ions 
resulting from tlie collision. 


Energy of ions in electron-volts 



Fig. 5. Energy distribution curves for the incident Hg ♦ and Hg*+ ions. 

We have therefore to determine the energy spread of the incident Hg®”** 
ions when they enter the field-free cylinder C\. To do this we used the modi¬ 
fied form of the apparatus shown in fig. 16 and carried out the procedure 
described on p. 439. This gives us the energy distribution of the positive ions 
formed between 0^ and (Jg, 90 % of which are ions and only 10 % Hg®’*’ 
ionsforFo = 60 volts (Bleakney 1930). We cannot separate the Hg®+ions from 
the Hg+ ions, but, since they form only 10 % of the total, the curves obtained 
will represent the energy distribution of the Hg+ ions. These curves, for 
the four different values of the accelerating potential Fj used for the results 
given in fig. 4, ore shown in fig. 5. The factors introducing the inhomogeneity 
into the ions will operate also on the Hg®"^ ions, and thus we may take 
these curves to represent the energy distribution of the Hg®+ ions provided 
we multiply the abscissa scale of energy by the factor 2, since the Hg**** 
ions have twice the energy of the Hg+ ions owing to their double charge. 
Thus the energy spread of the Hg®+ ions is twice that of the Hg+ ions* The 
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lower energy scale in fig. 5 is for the Hg+ ions which do not further concern 
us, while the upper scale is for the ions. 

Points taken from these energy distribution curves for the incident 
ions have been reduced to fit the peaks of fig. 4 at the maxima and are plotted 
on these peaks. We see that for each value of Vx the energy spread of the 
peaks in fig. 4 is fully accounted for by the energy spread in the incident 
Hg*+ ions. As shown above, the meaning of this is that the electron transfer 
process 

* Hg* ^ -f Hg Hg+ -f Hg+ 

is far more probable, or perhaps only possible, for a collision in which one 
of the Hg+ ions carries off all the kinetic energy of the incident Hg^^" ion, 
that is, for either a head-on or a grazing collision. 

Probability of the electron transfer process 

For any one value of 1 ^ let A be the area of the peak of emergent ions shown 
in fig. 4, and let a be the area of the peak of incident Hg^+ ions. From 
Bleakney’s ( 1930 ) results the ratio of the number of Hg’^ * ions formed by 
electrons of (10 electron-volts energy to the number of Hg^ ions is 0 * 10 , and 
therefore a is one-tenth the area of the peaks in fig. 5 which were obtained 
for the incident Hg^ ions. The scale factor for the i>eak 8 of fig. 6 is the 
same as that for the ]>eaks of fig. 4. The areas A and a are those of the 
hatched portion of the peaks in figs. 4 and 5. These cover an energy spread 
of 30 electron-volts in both figures. It should be remembered that the upjjer 
energy scale is the appropriate one in fig. 5 for the Hg^“^ ions. 

The fraction of the total number of incident Hg*"** ions which, on collision 
with neutral atoms, give Hg‘+' -f Hg+ by electron transfer in passing through 
the field-free cylinder is then given by 

N ^(A/a) SIF, ( 1 ) 

where ;S^ - 1/100 is the ratio of the galvanometer shunt factors for the results 
of figs. 4 and 5 respectively, and / =« 1/8 is the ratio of the filament emissions 
for the results of figs. 5 and 4 respectively. The latter was 1 m A for the results 
of fig. 5, and 8 mA for those of fig. 4. The ion current was found to be a linear 
function of the filament emission. The factor JP = 1/0-71 is introduced, since 
the number of gauzes in the apparatus of fig. 1 a which gives the results of 
fig. 4 is one more than in the apparatus of fig. 1 b which gives the results of 
fig. 6 . the transmission area of each gauze being 71 % of its total area. 

The cross-section for the electron transfer process is then 

Q m Njnxp, 


( 2 ) 
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where n = 3*56 x 10^® is the number of atoms per c.c. at a pressure of 1 mm. 
of Hg at C, p = 10”® is the mercury vapour pressure in in mrn. of Hg at 
0® C, a: — 1 *6 cm. is the distance the ions travel in the field-free cylinder 
Cg, and N is given by (1). From (1) and (2) we obtain 

g = 3-3xl0'iM/a. 

The oross-seotion for the electron transfer process H + Hg Hg+ + Hg^ 
as a function of the energy of the incident ions in electron-volts is 
shown in fig. 6. The kinetic theory cross-section for collision of two neutral 
Hg atoms determined from viscosity measurements given in the Landolt- 
Bornstein Tables is 57*7 x 10"^® cm.®. Therefore tlie cross-section for the 
electron transfer process over the energy range shown in fig. 6 is of the order 
of one-tenth the gas-kinetic cross-section for collision. 



Fia. 6. Cross-section for electron transfer as a function of the energy of the incident 
Hg*+ ions. Broken line at 5*77 cm.® is one-tenth the gas-kinetio cross-section for 
collision. 

The mechanics of the collision process 

We have seen from the results given in fig. 4 that the ions resulting from 
electron transfer all occur at a value of the retarding potential almost 
precisely equal to 2Vi, and that the width of this peak is entirely accounted 
for by the energy spread in the incident Hg® ions. These results require 
the effective collision, on the basis of classical mechanics, to be either a 
head-on one or one in which the Hg®+ ion just grazes the neutral atom. We 
shall now investigate the distribution of the internal energy set free in the 
process amongst the two resulting Hg+ ions for these two types of collision. 
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( 1 ) Head-on collision , 

In the process Hg->Hg+ let the velocity of the incident 

Hg*^ ion be ?;o, and that of the two Hg*^ iona resulting from the collision be 
and ^ 2 - The velocity of the neutral Hg atom will be taken as zero, since 
it has only thermal energy. The mass m of all the particles concerned is the 
same. Let p be the intenial energy set free by the electron transfer, which we 
shall first assume is all shared in the form of kinetic energy between the two 
resulting Hg+ ions. For a head-on collision we then have 

\mvl -h jo - \mv\ -f ^mvl, (3) 

mvQ = mvj -f (^) 

Squaring (4) we then have from (3) 

(5) 

From (3) we then obtain 

jmvf = ( 6 ) 

Writing i?= lniv\ and we have from (6) 

E’‘-{E^+p)E+p^l4: = (}, 
and hence E = ^E^ + ± \Ef){\ + 

Since p = 8'28 electron-volts (see p. 441) and E^^ is always greater than 140 
electron-volts we have 


E = lEQ + ^pt^Eoil+plE^). 

The two solutions for E are therefore 

JE.£.+y,l 
E=-0. I 

Thus one of the Hg+ ions travels forward with kinetic energy equal to that 
of the incident Hg*+ ion plus the total internal energy set free in the collision, 
while the other Hg+ ion remains at rest. The energy Eg = 21^. 

(2) Grazing cdlmon. 

When the Hg*+ ion just grazes the Hg atom the internal energy set free 
by the electron transfer will affect the relative motion of the particles only 
in a direction at right angles to the direction of motion of the ion. 
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Let Vi and Wj now be the velocities of the two resulting Hg+ ions in a direotion 
at right angles to the direotion of motion of the Hg*+ ion. We now have 



p = 

( 8 ) 


0 = mvi + mva- 

( 9 ) 

As before, we obtain 

li 

1 


and hence from (8) 


( 10 ) 

Writing E = we 

have from (10) 



E^‘-pE '^p^j4: = 0, 


and hence 

II 

( 11 ) 


Thus the internal energy set free in the process is shared equally between the 
two Hg+ ions, causing motion in a direction at right angles to the direction 
of motion of the incident Hg*^ ion. The internal energy set free does not 
affect the component velocity of the resulting Hg+ ions in the direction of 
motion of the incident Hg“+ ion. 

From (7) and (11) we see that the fast Hg+ ion resulting from the electron 
transfer process should have a component velocity in the direction of the 
retarding field corresponding to an energy of 2Vi +p if the collision is head-on, 
and of only 2Vi if the collision is a grazing one. We should therefore be able 
to decide from the position of the maximum of the peaks in fig. 4 whether 
the effective collision is a head-on one or a grazing one. 

The first column pf Table I contains the seven values of Ij used. The second 
column gives the energy of the fast Hg+ ions resulting from the electron 
transfer process, determined from the position of the maximum of the peaks, 
four of which are shown in fig. 4. The third column gives the energy of these 
ions in excess of 2Vi. 



Table 1 

Energy of 

Energy in 

Vx 

Hg+ ions 

exoesa of 27^ 

volts 

electron-volts 

electron-volts 

70 

140 

0 

90 

183 

3-0 

HO 

222 

2*0 

180 

262-6 

2*6 

160 

301 

1-0 

176 

353-6 

1-6 

200 

402 

2-0 
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It appears from this ^ble that the fast Hg*^ ions have an energy in excess 
of 2Vi by about 2 electron-volts, but definitely not as great as jo = 8*28 
electron-volts. Therefore the collision cannot be a grazing one, nor can it be 
a head-on one in which the whole of the internal energy is converted into 
kinetic energy. We conclude therefore that the effective collision resulting in 
the electron transfer process is a head-on collision in which part of the 8*28 
electron-volts internal energy is employed in exciting one of the resulting 
Hg+ ions, leaving only about 2 electron-volts to be added as kinetic energy 
to the fast Hg’^ ion. The energy available for excitation is thus 8- 28 — 2 = 6- 3 
electron-volts. There are two excited states of the Hg+ ion having an energy 
of about this amount, the 6s®, state of 6*23 electron-volts energy and 
the 5d^®6p, state of 6-35 electron-volts energy. 

One would ex|^ct the greater part of the 8-28 electron-volts internal 
energy to be employed in excitation on grounds other than the experimental 
ones given above, for theoretically an electron transfer process is only 
probable for close resonance. In general, the smaller the amount of internal 
energy to be converted into kinetic energy the greater the probability of 
electron transfer taking place during the collision. 

The process shown to occur in this work can now be visualized as follows. 
An Hg®+ ion collides head-on with a stationary Hg atom. An electron from 
the Hg atom is captured by the Hg®+ ion into an excited state of about 
6*3 electron-volts energy, leaving both particles singly charged. The 
ion formed from the Hg®^ ion remains stationary, and the Hg^ ion formed 
from the neutral atom moves forward in the direction of the incident Hg*+ 
ion. Resulting from the electron transfer an amount of energy equal to the 
difference between the first and second ionization potentials of the Hg atom 
less the energy of the excited state of the Hg^ ion is set free and must be 
shared as kinetic energy between the separating particles. The mechanics 
of the head-on collision shows that this internal energy, which is about 
2 electron-volts, is absorbed entirely by the fast Hg“^ ion, provided it is small 
compared to the kinetic energy of the incident Hg®^ ion. Thus the energy of 
the fast Hg+ ion resulting from the collision is equal to that of the incident 
Hg®+ ion plus about 2 electron-volts. 

We wish to thank our colleague, Dr R. A. Smith, for many enlightening 
discussions during the course of this work. 
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An investigation of the electron transfer process 
Hg*+ + Hg -> Hg+ + Hg+ 

has been made using incident Hg*+ ions having energies firom 140 to 400 
electron-volts. Xh® internal energy set free in the collision by the capture of 
the electronis 8‘®9 electron-volts, of which it is found that about 6-3eleotron- 
vults are exciting one of the resulting Hg+ ions, the balance of 

about 2 ele9||Hfolt8 being shared as kinetic energy between the two 
ions in accoKMjHlpdth the law of conservation of momentum. 

The clastiiCNpvKihanics of the collision process show that the results 
obtained can hh acooiu|j|gd for only by a head-on collision, one of the 
resulting ions remalpilg stationary and the other carrying off the full 
kinetic energy of the incidenitil[g‘+ ion ph^ the total amount of 2 electron- 
volts internal energy availabiBs in kinetic energy. 

The cross-section for the process ||[H|w energy range of li|^ to 400' 
electron-volt^htobeen obtained, and of orosil-fieotion 

with emTgyjUBm incident ion, of va/exfff 

range beiajHBk order of one-tent^ of the 4|j|||||||^ion for 

collision. ' 
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[Plat© 28] 

Intboduction 

In two previous papers (Jahn 1938 ) the perturbations of the rotational 
levels of the low-frequency fundamental vibration of the methane mole¬ 
cule were evaluated. These perturbations were caused by the Coriolis term 
in the vibrational-rotational Hamiltonian which couples the rotational 
levels of this fundamental with the rotational levels of the infra-red inactive 
vibration P 2 - tihe present paper we use this energy spectrum to calculate 
the theoretical infra-red absorption spectrum of the vibration V 4 . For this 
purpose we need the intensities of the rotational fine structure lines and 
these are here calculated, taking into account the nuclear spin weights of 
the states. We do not, however, take into account the effect of the Coriolis 
perturbation itself on the intensities, since the perturbation of the levels 
compared with the diiference of their total vibrational energy is very small 
indeed, so that any intermixture of the wave functions of the two sets of 
levels can be neglected. From the theoretical spectrum so obtained we 
calculate the absorption envelope which would be observed with slit widths 
of approximately 0’5 cm.~^ and compare this with the experimental en¬ 
velope. Attention is drawn to the fact that a third overtone absorption 
band of methane has a complex rotational structure which is very similar 
.indeed to that of the fundamental here under discussion, and the reason 
for this is given. The general importance of Coriolis perturbations in the 
spectra of polyatomic molecules is stressed, and the general nature of the 
problems which will be met with in the rotational analysis of the spectra 
of these molecules is outlined. 

1. Intbnsitibs 

Before we derive the theoretical intensities of the fine structure lines 
arising from transitions to the Coriolis sublevels, we consider the theoretical 
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intensities in a simple absori)tion band of methane where there are no 
interaction effects. It would appear that the theoretical intensities in this 
simple case have not been given correctly before. These intensities depend 
upon three factors: first, upon the transition amplitude or sum of matrix 
elements squared of the electric moment from one single state; secondly, 
upon the statistical weight of the initial energy level, this weight being 
determined by the rotational and nuclear spin degeneracy; finally, upon 
the Boltzmann factor of this level. It is customary to introduce an intensity 
or i-factor defined as the product of the transition amplitude and the degree 
of degeneracy the initial level would have in the absence of nuclear spin. 
This i-factor must then be multiplied by a correcting nuclear spin factor 
and by the Boltzmann factor to give the theoretical line strength. 

The transition amplitudes from a single (J, K, M) state of the symmetrical 
top are well known and are given below (Table I), They are obtained by 
summation of the squares of the matrix elements of the direction cosines 
over the transitions if, if—1 of the magnetic quantum 

number. From these amplitudes we obtain the transition amplitudes of 


Table I 


Traiwition 

Amplitude 

Total 

! 

J 

K A'-l 

(J+K) (J-l+if) 

2J-1 

1 



J^-K* 

J(2J+I) 




{J-K) (J-l-iiC) 
2J{2J+V) 


J^J 

K-^K-l 

IJ+K)(J+1-K) 

2J{J + 1) 

1 


K-^K 

K* 

j{j+i) 



/C /C *+• 1 

(J-K)(J+l-hK) 

2J(J + 1) 


*/ -4--f* 1 


(J-hl-XXJ + Z-K) 

2J^3 

2(J+1)(2J+1) 

2J+1 


K^K 

(J+l)*-K* 

(J+l)(2J+l) 



K-^K+l 

(J+l+K) (J + 2+K) 
2(J+l)(2J+l) 
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the spherical top by summation over the transitions in the quantum number 
K as shown in the table. Since the initial level is {2J 4-1)* fold degenerate 
we obtain the intensity factors for the spherical top shown in Table II. 

Table II. Intensity factors fob spherical top 


7 

R(J) 

Q{J) 

p(j) 


(2J+l)(2J + 3) 

(2J+1)* 

(2J+l)(2J'-l) 

0 

3 

_ 

_ 

1 

15 

9 

3 

2 

35 

26 

16 

3 

63 

49 

35 

4 

99 

81 

63 

5 

143 

121 

99 

6 

195 

169 

143 

7 

265 

225 

105 

a 

323 

289 

265 

9 

399 

361 

323 

10 

483 

441 

399 

11 

675 

629 

483 

12 

676 

626 

676 

13 

783 

729 

676 

14 

899 

841 

783 

16 

1023 

961 

899 


The nuclear spin factors for CH 4 can be obtained in the following manner 
(cf. Bright Wilson 1935 , A.-W. Maue 1937 ). The initial rotational levels 
can be classified according to the irreducible representations F of 

the group T of all those rotations about axes fixed in the molecule which 
liermute the identical hydrogen nuclei. Those rotational states which trans¬ 
form according to the representation A have an extra nuclear spin weight 
of 5, whilst those which transform according to the representations E 
and F have no extra weights. Thus if the reduction of the rotational wave 
functions of the Jth rotational level is given by 

Dj « aA^bE + cF 

with a + 26 + 3c»=2J+l (this reduction being independent of the magnetic 
quantum number M) then the nuclear spin factor of this level is 

6a 4-264-30 

5^“.2JTi.• 

The spin factors g obtained in this way are shown in Table III, together with 
the Boltzmann factors calculated for kT » 200 om.“^ (< <« 16® C) and with 
B" m 5.27 om.-i. 


89-* 
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Table HI. Spin factors and Boltzmann factors fob CH, 


(B' = 6-27 hT = 200 om.-^) 


J 

Term system 

Spin factor g 

E 

g-if/fcr 

gfg-iC/fcT 

0 

A 

5 

0 

1 

6 

1 

F 

1 

10’54 

0-9484 

0-9484 

2 


1 

31-62 

0-8638 

0-8638 

3 

A’^2F 

-V =1-571 

63-24 

0-7290 

1-146 

4 

A+E+2F 

-’/= 1-444 

106-40 

0-6904 

0-8626 

b 

E^3F 

1 

168-10 

0-4633 

0-4533 

6 

2A^E‘^3F 

fj = 1-616 

221-34 

0-3306 

0-5339 

7 ’ 

A^~E^4F 

= 1-267 

296-12 

0-2285 

0-2896 

8 

A -f 2E + 4:F 

^] = 1-236 

379-44 

01500 

0-1863 


2A~^E’^bF 

5^ = 1-421 

474-30 

0-09329 

0-1326 

10 

2A + ^E ■4' bF 1 

|^' = 1-381 

679*70 

0-05608 

0-07607 

1 

11 

A 4* 2E 4“ bF 

i’) = 1-174 

695-64 

0-03087 

0-03624 

12 

:iA^2E^bF 

a-= 1-480 

822-12 

0-01638 

0-02424 

13 

2A-^2E-^1F \ 

P = 1-296 

969-14 

0-008263 

0*01071 

14 1 

2J’i‘3E-h7F , 

|7 = 1-276 

1106*70 

0*003952 

0-005043 

16 

3 A 4* 2E 4 " bF 

J«= 1-387 

1264*80 

0-001793 

0-002487 


From Tables II and III we calculate the theoretical relative line strengths 
shown in Table IV. These relative intensities are shown in fig. 1 for the P 
and R branches. 


Table IV. Theoretical line strengths for CH 4 


J 

R{J) 

Q{J) 

p(j) 

0 

16-00 


_ 

1 

14-23 

8-636 

2*846 

2 

29-88 

21-36 

12-81 

3 

72-14 

66-11 

40*08 

4 

84-40 

69*06 

63-71 

6 

64*82 

54-86 

44-88 

6 

104-1 

90-23 

76*36 

7 

73*82 

66-14 

56-46 

8 

69-85 

53-66 

47-25 

9 

62-91 

47-87 

42-83 

10 

36*74 

33-65 

30*35 

11 

20-84 

19*17 

17-60 

12 

16-36 

16-16 

13-94 

13 

8-386 

7-808 

7-229 

14 

4-634 

4-241 

3-949 

15 

2-644 

2-390 

2-236 
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When the upper state rotational levels are spht by the Coriolis perturba¬ 
tion the total line strength is distributed over the fine structure lines in 
a manner determined by the spin weights of the individual initial symmetry 
sublevels from which they originate. The theoretical intensities of the fine" 
structure lines are thus easy to calculate taking into account the additional 
spin weight of 5 for the sublevels of tyj^e A. (The representations A^ 
of the full tetrahedral group give the same representation A of the tetra¬ 
hedral group T of pure rotations, similarly and of are to be identified 

with F of 2\) When two or more sublevels of the same sjonmetry type occur 
for a given value of J, the corresponding intensity is distributed equally 



15 M i3 12 il 10 9 8 7 5 4 3 2P(1) R(0)1 2 3 4 5 6 7 8 9 10 11 12 1314 15 

P branch R branch 


Fig. L Theoretical line strengths for CH4. 


Tablb V. Theobetioal line steengths for the fine structure lines 


J 

R(J) 

Q(J) 

p(j) 


Ai or 

E 

or 

Ai or 

E 

or Ft 

Ai OT A^ 

E 

Fi or F, 

•0 

1 

16 

— 

14-23 

— 

— 

8-54 


— 

2-86 

2 

— 

11-96 

17-93 

— 

8-54 

12-81 


5-12 

7-69 

3 

32-82 

— 

19-69 

25-52 

— 

16-31 

18-23 

— 

10-94 

4 

32-47 

12-99 

19-48 

26-57 

10-63 

15-94 

20-67 

8-27 

12-40 

6 

— 

11-79 

17-08 

— 

9-97 

14-96 

— 

8*16 

12-24 

6 

24-80 

9-92 

14-88 

21-49 

8-60 

12-89 

18-19 

7-27 

10-91 

7 

19-42 1 

7-77 ' 

11-65 

17-14 

6-86 

10-28. 

14-80 

6-94 

8-91 

8 

14-25 ' 

6-70 

8-55 

12-76 

6-10 

7-66 

11-25 

4-60 

6-75 

9 

9-80 

3-92 

6*88 

8-87 

3*66 

6-32 

7-93 

3*17 

4*76 

10 

6-84 

2-53 

1 

3*80 

6-79 

2-31 

3-47 

6-24 

2-09 

3-14 
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over these. The theoretical intensities for the fine structure lines calculated 
in this manner are shown in Table V, where the division necessitated by the 
occurrence of lines of the same symmetry type is already carried out. 


2. Theoretical srbctrxjm 

To calculate the optical spectrum we need the energies of the rotational 
levels of V 4 . Starting from the energies of Teller's unperturbed CJoriolis 
levels (taking B — 5-27 cm.“V, ^4 = 0*45) and subtracting the perturbations 
evaluated in Part TI, we calculated the energies of the Coriolis sublevels. 




Fio. 2. Below: Envelope of the 1306 cm.'"* fundamental vibrational band of methane 
an observed by Nielsen and Nielsen, Above: Theoretical envelope showing fine 
structurti orismg from the Coriolis perturbation. 

From these energy levels we found the line frequencies given in Table VI, 
where we have taken = 1306*00 and have assumed the same value 
of £(5*27 cm."i) for the upper and ground states. The envelope of these 
fine structure lines obtained by replacing each line by a triangle with base 
of 1 oxar^ (corresponding to slit widths of 0*5 cm.“i) and height proportional 
to the intensity is shown in fig. 2 , the areas of overlapping triangles being 
added together. In the same figure we show the experimental envelope of 
Nielsen and Nielsen ( 1935 ). The agreement between the two is remarkably 
good, particularly in the P branch. Exact agreement can only be expected 
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Table VI. Feequencies of fine stritctuee lines 


Line 

Inten- 

sity 

Frequency 

Lino 

R{0)Ai 

16 

1311-80 

Q(l)Ft 

RWFt 

14 

1317-42 

Q(2) F^ 
Q{2)E 

G(3) A^ 
0(3) 

0(3) F, 

0(4) F, 
Q(4)E 
0(4) F, 
QWA, 

0(5) F['> 
Q{5)E 
0(5) F^ 
0(6) 

0(6) /I, 
0(6) F, 

0(6) n* 

0(6) X, 
0(6) F'? 
0(6) JS 

R(Z)E 

R(2)t\ 

12 

18 

1322-99 

1322-90 

R(3) 

/<(3) 

R(3) A, 

20 

20 

33 

32 

19 

13 

19 

1328-60 

1328-31 

1328-08 

R(A)A^ 
R(i)F, 
R(4) E 
R{4) f\ 

RiCi) 
i?(5) F, 
R{li)E 
R{5) fV’ 

1334-09 

1333-88 

1333-74 

1333-29 

18 

18 

12 

18 

1339*46 

1339-20 

1338-48 

1338-36 

1344-92 

1344-83 

1344-56 

1343-60 

1343-35 

1343-12 

R(a)E 
R(6) F^^> 
R(6)A, 
R(6) FH" 
R(6) F, 
F(6) Ai 

10 

16 

26 

16 

16 

' 26 

0(7).AV’ 
Q(7)E 
0(7) n*’ 
0(7)^, 
0(7) n’* 
0(7) 

0(8) 

0(8) A’"’ 

0(8) .n*’ 

0(8) Ff' 
0(8)A"” 

0(8) n“’ 
0(8)^, 

R(7) Fj,^> 
K(7) F[^' 

m)A, 
R{7) F'^> 
R(7)E 
R{7) F<^' 

12 

12 

19 

12 

8 

12 

1360-36 

1360-21 

1349-02 

1348-68 

1348-34 

1347-97 

R(8)Ai 

R(8)Fi'> 
R{8) JZf'i’ 
R{8) JPi*' 
R{8)Ff' 
R{8)E 
R{8) F^^^ 

14 

9 

6 

9 

9 

6 

9 

1366-86 

1366-76 

1366-69 

1363-99 

1363*30 

1362-81 

1362-64 

0(9)^, 
0(9) n'’ 
0(9) n" 
0(9) 

0(9) F[^> 
0(9) A 
0(9) Fi" 
0(9) FI” 

R{8) 

Jfi(9) F\'' 
R{8) E 
R{9) F?> 
F(9) a, 
R(9) JPV* 
£(9) 

6 

6 

4 

6 

10 

6 

6 

10 

1301-27 

1361-18 

1359-05 

1368-91 

1368-20 

1367-60 

1367-27 

1367-06 


Inten¬ 

sity 

Frequency 

Line 

Inten¬ 

sity 

9 

1306-90 

F(1)F, 

3 

13 

1305-70 

P(2) E 

6 

9 

1305-40 

P(2) F, 

8 

26 

1306-00 

P(3) F, 

11 

16 

1306-25 

P(3) F, 

11 

16 

1304-66 

F(3)^i 

18 

16 

1305-03 

F(4) A^ 

21 

11 

1304-28 

F(4) F, 

12 

16 

1303-83 

P(4} E 

8 

27 

1303-20 

F(4) F, 

12 

16 

1305-31 

F(6) Fi” 

12 

10 

1304-92 

F(6) F, 

12 

15 

1302-82 

P{b)E 

8 

16 

1302-01 

P(5) F.!?’ 

12 

21 

1306-40 

P(6) E 

7 

13 

1304-76 

p(6) 

11 

13 

1304-03 

P(6) A, 

18 

9 

1301-29 

P(6) F?' 

11 

13 

1300-61 

P(6) Fi 

11 

9 

1300-26 

P(6) Ai 

18 

10 

1304-88 

P(7) F^” 

9 

7 

1303-82 

P(7) F'l" 

9 

10 

1303-17 

P(7)^, 

16 

17 

1301*91 

P(7)Fi” 

9 

10 

1298-64 

P(7) E 

6 

10 

1298-11 

P(7) Fi” 

9 

8 

1304-48 

P(8) A, 

11 

6 

1304-01 

P(8) F'l” 

7 

8 

1302-44 

P(8) A’<‘> 

6 

8 

1300-67 

P(8) FS,” 

7 

6 

1295-89 

P(8)F',” 

7 

8 

1296-71 

P(8) A'” 

5 

13 

1296-40 

P(8) Fi” 

7 

9 

1304-44 

P(9) Fi” 

6 

6 

1303-84 

P(9) F\*> 

6 

6 

1303-08 



9 

1301-24 ' 



6 

1299-31 



4 

1298-84 



6 

1292-84 



6 

1292-69 
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Frequmcy 


1300-20 


1294-41 

1294-10 

12B8-48 

1287-97 

1287-33 

1282-81 

1282-32 

1281-97 

1280-91 

1276-64 

1276-04 

1274-48 

1274-19 


1270-62 

1270-44 

1269-88 

1267-88 

1267-36 

1206-89 


1264-66 

1264-24 

1261-81 

1260-91 

1260-43 

1269-68 


1268-61 

1268-40 

1268-27 

1264-83 

1263-66 

1262-42 

1262-09 


1262-47 

1261-99 
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when vibrational and centrifugal changes in the equilibrium configuration 
and other perturbations are taken into account. This will be particularly 
the case for the envelope of the Q branch which is very sensitive to slight 
changes in the levels. It should be pointed out that the CoiioUs coupling 
between the rotational levels of the low frequency fundamental and those 
of the other active fundamental Vg may produce perturbations of the order 
of 1 cm."^ for J = 10 , in spite of the fact that the levels concerned are sepa¬ 
rated by over 1700 cm.“*. Thus an exact treatment would have to take this 
effect into account. 

In fig. 3 (Plate 28) we show also a reproduction of the R branch of the 
9047 cm.~i overtone band of methane as observed in the photographic 
infra-red (Childs 1936 ), together with its corresponding photometer trace. 
The reproduction shows the intensity changes very clearly. It will be seen 
that there is a remarkable similarity between the rotational fine structure 
of this overtone and that of the fundamental here under discussion. This 
can be understood if it is realized that not only is the methane molecule 
a regular tetrahedron in the ground state, but that its vibrational-rotational 
energy levels cannot lose their regular tetrahedral symmetry no matter 
how large or anharmonic the vibrations become. This is a consequence of 
the fact that the total Hamiltonian of the molecule has tetrahedral sym¬ 
metry, so that therefore the anharmonic terms, the centrifugal terms 
and any Coriolis terms can all be regarded as tetrahedrally symmetrical 
perturbations. They cannot therefore remove any further the degeneracy 
of the sublevels considered above. Thus the same type and number of levels 
will be involved in any active overtone of methane. The appearance of the 
band wiU however depend upon the magnitude of the resultant perturbation 
to which the levels are subject. In the simple overtone band we reproduce, 
the perturbations must to a large extent cancel out leaving a small resultant 
perturbation similar to that which the levels of the fundamental band 
imdergo. If the pertimbation is very large, however, the fine structure lines 
can be spread out over the whole band and an apparently complicated 
structure will result. When one realizes that the Coriolis coupling t.<wma can 
give rise to large perturbations,* it is not to be wondered at that some of 
the methane overtone bands have a very complicated structure. It should 
be emphasized however that the levels always remain those of a regular 
tetrahedral spherical top and consequently there will be no occasion to 
consider any further splitting of the levels involved (so long as there is no 

* perturbation of the type considered here oleariy inereases with the vibra¬ 
tional quantum number. Calculations of the rotational structure of overtones and 
combination bands are in progress and will be reported on later. 
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p(^ttrb&tion estema.1 molebule). Thus the haoids shown i 
regarded as typical spedtrh of a regular 4wtrahedral molecule. AppliocdioDs 
to the spectra of the germane and silane molecules have been inenti<^^li^ 
elsewhere (Jahn and Childs 1938 ). > , : 


CONCLtrSION 

It is clear from this investigation that Coriolis perturbations between , 
different bands of polyatomic molecules can have a very important e%ot 
on the observed infra-red (and Raman) spectrum of the moleoule. Suc^ 
perturbations are possible in all molecules which have a threelold or higher 
axis of symmetry. It is a general result also that the nature of the splitting 
of the vibrational-rotational levels of a molecule is determined by the 
symmetry of the molecular equilibrium configuration. Thus the analysis 
of the spectrum of any polyatomic moleoule will involve considerations of 
the same nature as have been here developed for the special case of the 
methane molecule. 

The authors are indebted to the Director and the Managers of the Royal 
Institution for the facilities afforded at the Davy-Faraday Laboratory 
where this research was carried out. 


Sttmmaby 

This paper completes an explanation of the complicated fine structure of 
the infra-red absorption band of methane at 1306 cm.“*, in terms of a tetra¬ 
hedral configuration of the moleoule. In Parts I and II it is shown that the 
rotational levels of this low frequency fundamental p^ are subject to pertur¬ 
bations from the inactive fundamental v, at 1536 cm.~^. These arise because 
the rotational levels of these two vibrations are coupled by a Coriolis term 
in the Hamiltonian. These perturbations were evaluated up to the tenth 
rotational quantum number, and in conjunction with calculations of the 
intensities of the rotatioiud fine structure lines we derive in the present 
paper the theoretical envelope of the absorption band. This theoretical 
spectrum agrees very well with the observations of Nielsen and Nielsen 
(see fig. 2 ). 

An overtone band of methane found at 9047 om.~^ in the photographic 
infra-^red shows a similar complex sfruoture (fig. 3). This is readily understood 
when one reaUzes that the methane molecule cannot lose its tetrahedral 
symmetry no matter how large or anharmonio the vibrations become, so 
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that the same types and number of rotational sublevels will be involved 
in any active overtone of methane. 

This new effect may be expected in the spectra of all polyatomic molecules 
possessing a threefold or higher axis of s)nnmetry and in the Appendix we 
give a general method of calculating for any given molecule which perturbing 
terms of this kind can occur in the Hamiltonian. 


Appendix 

Coriolis terms in polyatomic molecules 

In this and two ])revious papers we have shown that there is a Coriolis 
term in the Hamiltonian of the methane molecule which couples the rota¬ 
tional levels of two different normal modes of vibration and has a very 
important effect on the infra-red absorption spectrum of the molecule. 
The question arises whether one can predict what Coriolis terms are possible 
in the vibrational-rotational Hamiltonian of any given molecule. This 
general problem has indeed been propounded by Eckart ( 1935 ). It can be 
solved immediately by the help of group theory. The Coriolis terms involve 
vibrational angular momenta, which are obtained by combining the vibra¬ 
tional normal co-ordinates with the corresponding impulses. Now these 
nonnal co-ordinates are transformed by the elements of the symmetry 
group of the molecule according to definite irreducible representations of 
the group, in a way which has been investigated by Tisza ( 1933 ). The vibra¬ 
tional impulses are transformed in the same way as the corresponding 
co-ordinates. On the other hand, the transformation properties of the 
components of vibrational angular momentum are determined completely 
by the fact that they are the components of an antisymmetrical tensor 
(or axial vector). Thus knowing the representations of all the normal 
co-ordinates of the molecule, the problem reduces to that of finding which 
products of these representations contain the representation of the anti- 
s)anmetrical tensor. Further the explicit reduction of the product represen¬ 
tations in question will give us the explicit form of the vibrational angular 
momenta which can occur (and in general will occur) in the Hamiltonian 
of the molecule. 

In the case of the methane molecule the nine normal co-ordinates trans¬ 
form in the following way according to irreducible representations of the 
symmetry group (7J|) of the molecule: 





92 « 
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On the other hand, the representation of an antisymmetrical tensor is the 
antisymmetrical product representation {F*} of the representation V of 
a vector. For the tetrahedral group we have 

V - F,, 

Thus the components of angular momentum in the case of methane 
transform according to the representation Fj. The following product 
representations of the normal co-ordinates and their imx>ulses contain the 
representation F^: 

F X Fg = Fj + Fg, 

FgxFg = F + Fj-hFg. 


Denoting quantities which transform according to the representations F, 
Fj, Fg bye,/; X, F, Z; x, y, z respectively, one finds easily that the components 
which transform according to Fj for the above product representations are 
as follows: 


FxFg 






(Z) = -ez. 


1 


(Z) = 

{Y) = 

V2 

(Z) = 

From these explicit reductions one finds the following possible vibrational 
angular momenta for the methane molecule: 
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^24) 


- ?24||i?2c “■ ~2 ~ {iPit ^ ^2/) ?4*| ’ 


= ^2^{~9^2eP^z+V^ei»^> 


= ?34{(5?8vP4»-?a*i>4»)-b3»?4s-l>Jte24v)}. 
^(24) I ^) =: - q^p^) - {p^qt^ - JJa^gJ), 

= ^3i{{q%xPiv~93yPt3^~'^PixitV 2*8y?4*)}» 


/S® 


~ Ca(9syPaz 9.aiPay)y 
Sf = U<l3zPzx-9axPaz)^ 
.aS§' = ^siq^xPsu 9avP<ax)> 


^U9tvPiz-9*zPtv)> 

<S(*) =U9*zPtx-9*xPJ> 

U§> =U9ixPiv-9*yPix)> 

where the p’a are the impulses corresponding to the co-ordinates q, and the 
^8 are numerical factors. 5*® and /S<® are the well-known vibrational 
angular momenta of the threefold degenerate vibrations considered by 
Teller. is the vibrational angular momentum which has been considered 

in this paper and which has an important effect on the spectrum because 
of the fact that the frequencies Vg and Vg of methane lie relatively close to¬ 
gether. It can be verified easily that the remaining angular momenta 
and /S^*® also exist in methane, assuming valency and deformation modes 
of vibration. (The numerical coefficients J depend upon the exact form of 
the vibrations and hence upon the force system. For special force systems 
they may vanish.) For valency and deformation modes we find 



2 mo 

2mo-hM’ 


„ _ 3 ^jm^M 


where mg = mass of carbon atom, M = mass of CHg. The values of ^ 3 , 
^4 and ^34 have been given in our papers. 

Since the product of E with itself does not contain F^: 


ExE ^ Ai-¥A^+E, 


we obtain a very simple proof of the well-known fact that the twofold de¬ 
generate vibration Vy does not possess a vibrational an gnUr momentum. 
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We farther see at once that the totally symmetrical vibratiou cannot 
enter into any Coriolis terms of the molecule. 

Detailed applications to other molecules can be carried out in the same 
way and will be published elsewhere. 
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Correction 

In Table IV, p. 493 of Part I {Proc. Roy. 80 c. 1938 A, 168, 469), in the 
expression for (9io)^ read 17) instead of ^77. 


The emission band spectrum of chlorine. III. Continua 

By THE LATE W. H. B. Cameron, M.Sc. and A. Elliott, Ph.D., D.Sc. 

Physics Department, University of Sheffield 

{Communicated by 8 . R. Milner, F.R. 8 .—Received 5 September 1938) 

[Plate 29] 

Inteodfction 

The work to be described is a continuation of our previous research on 
the molecular spectra of chlorine (Elliott and Cameron 1937 , 1938 ), and 
deals with the ultra-violet continua. These continua were described in 
our earlier paper and the wave-lengths of the maxima of intensity given, 
for the spectrum e 2 :cited by the high-frequency electrical discharge in 
chlorine. Prom the work of Strutt and Fowler ( 1912 ) it was known that 
the spectrum of chlorine excited by active nitrogen differed from that given 
by the high frequency discharge. It seemed worth while to re-examine 
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the chlorine afterglow spectrum and to compare it with the h%h-&eqaen <7 
spectrum; the results, as will be shown, enable a beginning to be made 
in the interpretation of these continua. 


HXPXBIMjBNTAn 

Active nitrogen was prepared in the usual way from cylinder nitrogen. 
The cylinder nitrogen was first stored for some time in large glass vessels 
in contact with moist phosphorus to remove oxygen, and was then drawn 
as required through a very extensive drying system, consisting of a tube 
of soda lime followed by six tubes of phosphorus pentoxide. The total 
length of the latter tubes was 7 m. The purified nitrogen passed into a dis¬ 
charge tube provided with tungsten electrodes, between which a heavy 
condensed spark discharge was passed, forming the active modification 
of nitrogen. This active nitrogen passed into an after-glow tube, and thence 
over soda lime to a large capacity pump. The chlorme was stored as liquid 
in a bulb cooled by solid CO* and could be allowed to flow into the after¬ 
glow tube through a suitably chosen capillary. The spectrum of the 
after-glow was photographed on Ilford Double X-Press plates with a Hilger 
medium quartz spectrograph. 

It was found necessary to use a considerable quantity of chlorine to 
produce a spectrum of sufficient intensity; about 1 c.c. of liquid chlorine 
was employed per hour. No visible glow doe to the admission of chlorine 
was observed, but under the best conditions of working the yellow nitrogen 
after-glow was not entirely quenched. Some trouble was experienced on 
account of stray discharge; this caused the nitrogen second positive System 
to appear on the spectrograms. The stray discharge was reduced sufficiently 
by introducing an earthed electrode between the discharge and after-glow 
tubes, and by working with a fairly high gas pressure (16 mm. of mercury). 
Exposures up to 2 hr. were given. 

The spectrum of chlorine excited by active hydrogen may be seen on fig. 2 , 
Plate 29. The chief feature is the continuum whose maximum of intensity 
is at 2680 A, observed by Strutt and Fowler ( 1912 ). The wave-length of 
this maximum was given as 2564 A in our earlier paper; the difference may 
be due to a small variation in intensity distribution. The miorophotometer 
record shows that all the maxima of the spectrum excited by a high- 
frequency discharge are present in the after-glow chlorine spectrum, tho ugh 
with greatly reduced intensity relative to 2680 A. A further and very 
important difference is that distinct structure is present in the afterglow 
spectrum on the high-frequency aide of the 2680 A maximam; no trace 
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of this can be seen on the spectrum excited by a high-frequency discharge. 
It may, of course, be present but obscured by the other oontinua which 
are superposed upon it.* The structure takes the form of a progression 
of bands, most of them diffuse, and a second shorter progression almost, 
but not exactly, midway between consecutive members of the first pro¬ 
gression. The wave numbers of the maxima of intensity of the bands have 
been measured and are given in Table I along with the intervals between 
successive bands. These intervals are about 240 cm.“^ and must converge 
very slowly, for it is impossible to say in which direction they converge; 
within the rather large experimental error they appear to be constant. 
Although most of the bands are diffuse, a few at the low-frequency end 
seem to show some sharpness; this applies as much to one side of a band 
as to the other. The continuum can be traced at least as far as 2250 A. 

Many photographs of the spectrum have been taken under different 
conditions of pressure, and the effect of cooling the ai'ter-glow tube from 
room temperature down to — 80° C has been examined. No change in the 
intensity distribution within the s|>ectrum was observed on any of the 
plates. Under some circumstances cooling the tube increased the intensity 
of the spectrum as a whole, but this appeared to be due primarily to the 
effect of low temperature on the active nitrogen. The effect was particularly 

* [Footnote added 18 November J 938j. It has boon suggosted that this structure, 
consisting of diffuse bands, might be attributed to NCI rather than to Cl*, since it 
has only been observed in the presence of active nitrogen. Some experiments on the 
excitation of bromine by active nitrogen, carried out since the above was written, 
indicate, however, that this is not the case. 

The spectrum produced when bromine is admitted into active nitrogen consists of: 
(o) A band system in the orange region of the spectrum which consists of sharp 
bands; this system forms the subject of the paper by A. Klliott which follows on 
p* 469 and is, for reasons stated therein, attributed to NBr. 

(b) A continuum with maximiun of intensity at about 2890 A, which appears at 
a considerably higher partial pressiu^ of bromine than the bands attributed to NBr. 
This continuum is doubtless identical in origin with the Br^ continuum whose 
maximum of intensity is at 2880 A, obtained in the Tesla discharge in bromine by 
Ludlom and West ( 19 ^). Recent experiments here have shown that this continuum, 
when excited by active nitrogen, exhibits diffuse bonds, similar in character to those 
obtained with chlorine in active nitrogen, but more closely spaced. 

The magnitudes of the nuclear vibration frequencies in NBr (^' = 786, a>" = 698 
are so much greater than the intervals between consecutive bands (w') in 
the Brg continuum as to make it unlikely that these diffuse bands are due to NBr. 
The intervals between diffuse bands are approximately constant and equal to 
147 which is just about what we should expect for the level in Br». For 

if the vibration frequency in the iX'J* state bears the some rela'tion to that in the normal 
state in Br* as in I,, then to for the state in Br, would be about 136 omrK The 
interpretation of the diffuse bands attributed to in this paper receives support 
from ihmit considerations. 
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Table I. Wave-lengths, wave nitmbbbs and intbevals 

OF THE DIPFITSE BANDS IN THE Cl* SPECTETTM 


Long progression Short progression 


A 

Wave number Interval 

A 

Wavenumber Interval 

A 

cm."^ 


A 


cm."^ 

2581*4 

38727 

203 

214 

267 

246 

239 

236 

235 

245 

236 

230 

231 

266 

228 

220 

2677*3 

38788 

264 

228 

246 

247 
227 
222 
261 

2667*9 

38930 

2659*9 

39052 

2553*9 

39144 

2546*0 

39280 

2637*2 

39401 

2629*2 

39526 

2621*6 

39646 

2513-5 

39773 

2606*4 

39885 

2409*2 

40000 

2491*7 

40121 

2485*4 

40222 

2477*2 

40366 

2470*0 

40473 

2462*2 

40601 

2427*9 

41176 


2448*1 

40836 




2434*3 

41066 




2420*7 

41297 




2406*9 

41662 




2392*8 

41780 




2380*2 

42000 





noticeable when the walls of the tube became contaminated with some 
substance, not yet identified, which quenched the nitrogen after-glow 
when the tube was at room temperature. 

No structure has been observed in any part of the spectrum except that 
shown in the enlargement on the plate. The oontinua in the spectrum 
excited by active nitrogen terminate on the low-frequency side at a wave¬ 
length of about 3160 A, but the termination, though steep, is not sharply 
defined. 

Interpretation 

Unlike the chlorine emission bands in the visible spectrum (Elliott and 
Cameron 1938), which are due to the ionized molecule, the continua here 
considered must be emitted by the neutral chlorine molecule, since active 
nitrogen, which is used to excite them, is not capable of ionizing chlorine. 

The structure in the continuum at 2680 A is certainly vibrational. If 
the continuum and diffuse bands were due to transitions between a stable 
and wholly unstable level, only a single progression of diffuse bands would 
be expected, in addition to the continuum (see for example Kuhn 1930 
and Finkelnburg 1938). From the fact that two progressions, if not more, 
are present, we deduce that both states must be stable over a finite range of 
internuclear distance. This is also indicated by the fact that some of the 
bands appear fairly sharp, as if rotation structure might be present. One 
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state must have only a very shallow minimum in its potential energy- 
intemuolear distance curve. Consideration of the Franck^Condon principle 
together with the fact that the sharpest bands are situated near the 
position of maximum intensity of the continuum suggests that the stable 
region of the less stable state (the lower state, in emission spectra of the 
type considered) lies directly under that part of the upper state which is 
most populated. Although excitation by active nitrogen is frequently 
selective, it does not appear to be markedly so here. For if the greatest 
concentration of molecules were situated in one of the higher vibrational 
levels of the upper state, we should expect to find two maxima of intensity 



Fig. 1. Qualitative diagram of potential energy curves for Clg. 

in the resulting spectrum, in accordance with the Franck-Condon principle. 
Such is not the case here; none of the other maxima in fig. 2, Plate 29 have 
the same upper state as 2d80 A, as is shown by the fact that the ratio of 
the intensity of 2580 A to the intensity of the other maxima is dependent on 
the conditions of excitation. It is not possible to be certain, but it seems 
likely that the lower vibrational levels of the upper electronic state are 
the most populated. The main features of the 2680 A continuum and its 
associated diffuse bands are accounted for qualitatively if we draw the 
potential energy curves for the levels concerned as in fig. 1. The actual 
values of the intemuolear distances are of course not known. 

From the fact that the vibrational levels of the .upper electronic state 
converge very slowly, we know that the energy of dissociation of this state 
must be considerable. At the same time, the vibrational frequency is less 
than half that for the normal state of chlorine. This unusual combination 
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is also found in the “ D level of iodine, which, according to Mulliken (1934)} 
is a ^ 2 !+ state. The correspondence suggests very strongly that the upper 
electronic level of the 26 B 0 continuum is the corresponding state of 
chlorine. The level of iodine is about 6-6 V vertically above the normal 
state, and it is to be expected that for chlorine the level will be some¬ 
what higher. Mulliken (1934) has given reasons for believing that this level 
(in chlorine) is actually more than 7*9 V (vertically) above the normal state. 

With regard to the lower state, we have to find a state of even parity, 
39,000 or 4*8 V below the ^Z^ state and hence more than 3*1 V above 
the normal state, with a potential energy curve having a shallow minimum. 
Reference to Table III of Mulliken’s paper, together with a consideration 
of his description of the properties of these states in iodine, makes it prob¬ 
able that the state in question is the ^/7^, which in iodine is predicted to 
be 2*8 V vertically above the ground state. 

At this stage little can be said about the other continua. Since they are 
relatively weak when excited by active nitrogen, they probably come from 
levels which active nitrogen is Just able to excite (that is, with energies 
relative to the ground state of about 10 V). 

SUMMARV 

The spectrum of chlorine excited by active nitrogen has been photo¬ 
graphed and measured. The continua previously known were recorded, to¬ 
gether with a number of diffuse bands, hitherto unknown, associated with 
the continuum whose maximum of intensity is at a wave-length of 2680 A. 

An interpretation of these bands and associated continuum is given, 
based on the assumption of transitions from a stable upper electronic 
state, probably analogous to the “D"’ state of to a lower electronic 

state which has only a shallow minimum in its potential energy-internuclear 
distance curve. 

A comparison is made between the chlorine spectrum excited by active 
nitrogen and by a high-frequency electrical discharge. 
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Desceiption of Plate 29 

Fio. 2. (a) Microphotometer record of Bpeotrograin showing ultra-violet oontimia 
of Clj excited by high-frequency discharge. 

(6) Record of spectrum of Clj in active nitrogen, on same wave-length scale as (o). 
The diffuse bands are indicated by dots (above the recording line for the long 
progression, below for the short progression). The bands near the maximum 
2580 A cannot be seen, as thon3 the photographic image is too dense. The 
intensities of the maximum at 2580 are comparable in (a) and (6). 

(c) and (d) Shorter exposures of the spectra shown in (a) and (5) respectively, showing 
more detail near the maximum at 2580 A. Note the absence of structure in 
the high fmquency spectrum (c). 

(«) EnJargomont of plate use<i for making record (d), on approximately the same 
wave-length scale as the record. 


A band spectrum attributed to NBr 

By a. Elliott, Ph.D., D.Sc. 

Physics Department, The University of Sheffield 

{Communicated by S. R. Milner, F.R.S.—Received 26 September 1938) 

[Plate 30] 

Introduction 

In the course of an investigation on the 8 [)ectra of the halogens and other 
substances excited by active nitrogen, Strutt and Fowler ( 1912 ) observed 
that, when bromine was admitted into the glowing nitrogen, a feeble 
orange luminosity was developed. Visual observation with a spectroscope 
revealed eight narrow bands in the orange region of the spectrum, at 
intervals of about 28 A. In addition to these bands, a broad symmetrical 
band with ill-defined edges at 2930 and 2890 A was photographed. This 
work does not appear to have been followed up. As the ap|>aratuB used for 
a recent similar investigation with chlorine was available (Cameron and 
Elliott 1938 ), it seemed worth while attempting to photograph the orange 
bands with the rapid panchromatic material now available. This attempt 
has proved successful, and the results will now be described. 
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Experimbntai. 

Liquid bromine was contained in a small bulb immersed in melting ice, 
connected by means of a long fine capillary tube to the after-glow tube 
containing streaming active nitrogen. The bromine vapour paased through 
the capillary tube, and in the after-glow tube the orange glow referred to 
above was produced. The light from the glowing gas mixture was examined 
spectroscopically. A single glass prism Littrow instrument, of which the 


Table I. Wave-lengths and wave numbers of 

BAND HEADS ATTRIBUTED TO 



A 

Wave no. 


A 

Wave no. 


A 

Wave no. 

Band 

A 


Band 

A 

cm. 

Band 

A 

om.'^ 


6544 4 

16276 

7-6 

6196*0 

16135 

* 

6947*2 

16810 

6-6 

0487*6 

16410 

8-7 

6163*6 

16220 

8-6 

5933*8 

16848 

* 

6468*2 

15466 

9-8 

6127*6 

16316 

* 

6919*7 

16888 

* 

6460-2 

16476 

2-0 

6104*4 

16377 

9-7 

6905-0 

16930 

7-7 

6446-7 

16610 

3-1 

6075*9 

J6454 

10-8 

6876-2 

17013 

« 

6418-8 

16576 

« 

6070*0 

16470 

5-8 

6764*4 

17843 

1-0 

6404-8 

16610 

♦ 

6063*0 

16489 

7-4 

5741*9 

17411 

2-1 

0370-1 

15694 

4-2 

6047*9 

16630 

8-6 

6718*6 

17482 

a-6 

6363*6 

16710 

« 

0037*0 

16660 

9-6 

5695*1 

17564 

* 

6362-7 

16737 

6-3 

6019*5 

16608 

10-7 

5671*6 

17627 

3-2 

6335-4 

16780 

4t 

6013*7 

16624 

7-3 

6634*0 

18066 

4-3 

6300-2 

16868 

* 

6007*6 

16641 

8-4 

6616*1 

18127 


6282-4 

16913 

6-4 

5990*7 

16688 

9-5 

6490*e’ 

18188 

5-4 

6266*9 

16966 

* 

5978*5 

16722 

10-6 

5477*9 

18260 

6-6 

623M 

16044 

7-6 

5962*4 

16767 





* Indicates that a band has not been classified. 


dispersion in the region near 6000 A was 30 A/mm., was used. With Ilford 
Hypersensitive Panchromatic plates, a good photograph was obtained 
with an exposure of 6 hr,, using a spectroscope slit width of 0*06 mm. An 
enlargement of this photograph is reproduced in fig, 1, Plate 30. With a slit 
width of 0*025 mm. and the same exposure time (which was the longest it 
was found practicable to employ), the stronger bands were recorded, with 
rather better resolution: this plate was used for the measurement of the 
vibrational isotope separations (see later). Light from a neon tube gave a 
companson spectrum, by reference to which the wave numbers of the band 
heads were measured. The results are given in Table I, and appear to be 
correct to one or two wave numbers. 
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Dkscbiption of thk spectrum 

Fig. 1, Plate 30 shows that Strutt and Fowler's eight bands form part of a 
fairly large system of bands, degraded to the violet. The system extends 
from about 6500 to 6500 A; the latter limit is doubtless due to diminishing 
sensitivity of the.photographic plate. The bands have very well-marked 
heads, which are quite sharp in the neighbourhood of 6300 A, less so near 
5000 A, and from 5700 A towards the violet are clearly double, with about 
equal intensity in the two beads. The photograph taken when the spectro¬ 
graph slit was narrow, referred to above, shows doubling of the band heads 
near 6900 A. 

It is worthy of remark that the bands are decidedly stronger in the 
upper and lower parts of the spectrum than in the middle, showing that 
the light producing them is stronger near the walls of the after-glow tube 
than along its axis. 

Vibrational analysis 

The appearance suggests strongly that the spectrum is of the type with 
well-marked sequences — = constant), rather than that in which 

progressions are prominent, and the analysis, given in Table II, shows this 

Table II. Vibrational scheme for bano heads attributed to 
y 0123456789 

0 

15610 
767 

16377 § 15694 
760 

16464 £ 15780 
760 

16630 I 15868 

740 

16608 I 15965 
736 733 

17343 g 16688 g 16044 § 16410 

722 723 723 

18066 3 17411 I 16767 g 16136 § 16610 

716 716 713 

18127 j 17482 g 16848 | 16220 

706 706 

18188 g 17664 g 16930 g 16316 | 16710 
696 697 098 

18260 i 17627 g 17013 


1 

0 

3 

4 

5 
t) 

7 

8 
9 

10 
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to be the case. This table, like Table I, gives only the less refrangible of 
the double heads, when these are resolved. 

The absolute values of v" are decided by the fact that the sequence 
v' — tj'' = 1 = 1 terminates abruptly at the 1-0 band; no bands in this sequence 
can be observed on the low-frequency side of 1-0. No such criterion is 
available for deciding v\ however. For deciding the v' numbering we have 
two clues, given respectively by the distribution of intensity of the bands 
in the system and by the vibrational isotope effect. In Table II the most 
intense bands in a horizontal row (?/ progression) are printed in heavy 
tyj)e. If a smooth curve is drawn through the middle of the squares 
occupied by these bands, it should, if the numbering is correct, be part of 
a parabola whose axis is inclined at 45“ to the horizontal and passes through 
the 0-0 band (Franck-Condon parabola). The parabola in the present 
instance is of the “closed’’ type, which corresponds to a small difference 
in the moment of inertia of the molecule in the upper and lower electronic 
states, and with the numbering adopted satisfies the above conditions. 
This method of deciding is not, however, very accurate. The evidence 
based on the isotope effect will be considered in the next section. The band 
head formula to which the heads have been fitted is as follows: 

^head = 14791 + 785(v' -f I) ~ 4-45(i;' + if - 693(v" + i) + + if. 


Vibrational isotopk effect: emitter of the speotbitm 

Since the vibrational frequency of Brg in its ground state is 324 cm.“ 
w hereas this constant in the case of the bands under consideration is as 
high as 786 it is evident that these bands cannot be due to Brg. 

Under the circumstances it is natural to consider whether the molecule 
responsible for their production is NBr. 

As bromine has isotopes of masses 79 and 81 respectively, present in 
approximately equal amounts, we should expect all the bands of NBr to 
consist of two components of approximately equal intensity. It has been 
shown that the spectrum contains double-headed bands, and these may be 
ascribed to ^^N’*Br and ^^N®^Br. The isotope displacement coefficient 
p - 1 for these molecules is 0-0019. 

Table III gives the measured isotope separations along wdth those 
calculated on the assumption that the emitter of the bands is NBr. As the 
separations were measured on a plate taken when the spectrograph slit 
was narrow (see above), the results are given to one-tenth of a wave 
number, though it must be remarked that systematic errors are certain to 
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be present in measurements of band bead separations when the heads are 
only just resolved. The agreement of observed and calculated separations 
is as good as can be expected under the circumstances; alteration of the 
v' numbering results in poorer agreement. 

Tablk III. Sepaeation of the band heads attributed to 

AND ^^Ns^Br, in cm."i 


Band 

Obs. separation 

Calc, separation 

6-4 

2*3 

3-4 

7-6 

2-6 

3-6 

8-6 

3 3 

3-7 

9-7 

4*2 

3*8 

7-4 

4*8 

4*7 

8-5 . 

4*8 

4*8 

9-6 

6*3 

4*9 


It may be objected that the accuracy of measurement of the isotope 
effect is insufficient to warrant the assumption that the carrier of the 
spectrum is NBr and not, for instance, OBr (in which case the isotope dis¬ 
placement coefficient would be 0 * 0021 ). Oxygen is known to be a common 
impurity of active nitrogen, and it is necessary to consider whether OBr 
can be excluded on chemical grounds. 

The apparatus for generating active nitrogen was constructed for the 
purpose of observing the siiectrum of chlorine in the ultra-violet region 
(Cameron and Elliott 1938 ). During the earlier stages of this research, the 
bands of NO were found superposed on the Cl^ continuum. Special pre¬ 
cautions wore thereupon taken to eliminate the oxygen responsible for the 
production of these bands. The quantity of phosphorus in the storage 
vessels was increased, and its temperature was maintained at well over 
20® C, since phosphorus is known to become rather inert at temperatures 
below about 16® C. A very extensive drying system, consisting in all of 
about five metres of phosphorus pentoxide tubes, was employed, for 
Strutt ( 1917 ) has shown that water vapour must be removed if the jS bands 
of active nitrogen (NO) are to be suppressed. 

These measures were successful; no trace of the NO bands in the Cl^ 
spectrum was found even when the exposures were of several hours dura¬ 
tion. The same apparatus was used in the experiments described above, 
and it is certain that the oxygen concentration in the active nitrogen 
employed was very low. As a further test, a small dir leak, in the form of a 
needle valve connected to the discharge tube, was introduced. The 
apparatus was run so as to produce the orange glow, and a small quantity 



of sir tnM allowed to flow into tnbe. 

in intensity, thou^ the ywUow after-glow of active nitrogen {dm tO^wia 
first positive bands of N,) m the space between the disoharge t^be ilMS 
after-glow tube was not at this stage materially affected. Iner4Hil|||^ Umi 
rate of flow of air into the discharge tube ultimately reduced ilie ixit|^id|^ 
of the first positive bands of Nj as well as that of the bands pttribsted^O 
NBr. This evidence shows fairly condusively that oxygen is ds t^hne ntiirt 
to the production of the orange bands, and hence OBr may be excilhdad 
as a posfflble carrier of these bands. 


Unclassified bands 

Of the bands in Table 1 which have not been assigned to speoifio vibra¬ 
tional transitions, some may well be members of fragmentary progressions. 
Those bands which are situated approximately midway between oon- 
seoutive members of the sequence in which v' — v" — 2 can hardly be so 
disposed of, however, for they form a sequence with intervals of about the 
same magnitude as those in the sequence referred to, and are probably 
oonnected with it. 

The appearance of these unclassified bands is distinctly different fisom 
that of the classified bands which they accompany. In addition to being 
weaker, their heads are more diffuse and have not that oonoentration of 
intensity which oharaoteiises the classified bands. A possible explanarioa 
is that each strong band is really only a P branch, and that the nestasat 
diffuse band on the short wave side comprises the corresponding brandi. 
This would account for the difference in sharpness of the two heads, for 
the JR branch, in a band degraded to the violet, does not really form a bead 
in the usual sense of the word, but simply starts from the origin of tfie band 
and runs towards the violet with increasing spaces between the lines whiob 
comprise it. If this explanation is correct, the rotation ooaatants for ilie 
upper and lower levels must differ by a very small amount, for (be scpacw* 
tion of the band origin and the P head (wfooh depends on this diffistenoe) 
is unusually large (of the order of 36 om.~^). An objection which mlgli^ be 
lalsed to the proposed explanation is that the intensity of the M faraneb 
appears to be much less than that of the P branch. This diifolMhoe is 
probably only apparent, due to the properiAes of the photQgrapbte pla|ie 
and to the foot that the oonoentration of P lines near the head Ss laritfo 
greater than that of the B lines. Because of their apparent lew 
it is only in the strongest bands that the B branches are c4Merva|de> 
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Summary 

1 , The apeotrum of the after-glow of nitrogen containing bromine vapour 
baa been photographed. 

2 , The vibrational atructure of the band system so observed has been 
analysed, and the band heads fitted to a formula of the usual type. 

3, Considerations based on the isotope effect and on chemical evidence 
support the view that the bands are emitted by the molecule NBr. 
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The general theory of relaxation 'methods 
applied to linear systems 

By G. Tempjlb 

(Communicated by 8. Chapman^ FM,S,—Received 11 October 1938) 

L Introduction and summary 

During the last few years Southwell and his fellow-workers have developed 
a new method for the numerical solution of a very general type of problem 
in mathematical physics and engineering. The method was originally 
devised for the determination of stresses in frameworks, but it has proved to 
be directly applicable to any problem which is reducible to the solution of 
a system of non-homogeneous, linear, simultaneous algebraic equations in 
a finite number of unknown variables.* Southwell’s “relaxation method“ 
is one of successive approximation and, in order to complete the previous 
investigations of this method, it is necessary to prove that the successive 
approximations do actually converge towards the exact solutions. This 
formal proof is given in § 4. 

Southwell’s “relaxation” methods are not directly applicable to con¬ 
tinuous systems, where the number of unknown variables is infinite, but it 
is shown here that simple extensions and modifications of the relaxation 
method render it suitable for application to either discrete or continuous 
systems (§ 5). 

The general theory of relaxation methods is then developed in terms of 
the theory of linear operators (§ 7) and sufficient conditions are prescribed 
for the convergence of the process of approximation (§ 8). 

These general methods are then applied to the solution of non-homo¬ 
geneous, linear integral equations (§10) and to the solution of non- 
homogeneous, linear differential equations (§§ 11, 12). 

Broadly speaking it appears that almost all linear systems of equations, 
algebraic, integral or differential, can be brought within the scope of 
relaxation methods, which seem to constitute one of the most powerful 
methods of computation in mathematical physics and engineering* 

♦ In a paper to be pviblished shortly Southwell has extended the method to 
deal with homogenaous equations such as occur in vibration problems involvmg 
oharacteristio numbers. 


[ 476 ] 
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I, LINEAR ALGEBRAIC EQUATIONS IN n UNKNOWN VARIABLES 

2. ThK problem op stress CAI^CTTLATION IK FRAMEWORKS 

Southweirs method of “Systematic Relaxation of Constraints” was 
originally devised for the determination of stresses in redundant frameworks, 
and, although the method appears to be applicable to any minimal problem, 
it is convenient to retain the notation and terminology of the stress problem. 
We therefore begin by considering an elastic framework whose con¬ 
figuration is completely specified by n co-ordinates, 

Uj, u^f ...» 

which determine the displacements of the joints of the framework from the 
positions of equilibrium which they occupy when there are no external 
forces. In any configuration of the framework which is geometrically 
possible the generalized forces corresiionding to the co-ordinate are 

(i) the internal force exerted by the framework, 

(ii) the external force exerted by the loads, and 

(iii) the residual force which would be required to produce equilibrium, 

"h Rk* 

The principal properties of an elastic framework are the following: 

(i) the internal forces and displacements satisfy a generalized Hooke’s 
Law, 

(ii) the framework forms a conservative system, and 

(iii) the position of equilibrium under prescribed external forces is stable. 
It is upon these properties that relaxation methods depend, and we 

therefore proceed to express them in analytical form. 

(i) In a system which obeys a generalized Hooke’s Law the internal force 
is a homogeneous, linear function of the co-ordinates {%}, i.e. 

Afc = £Aic^u^, 

where the “influence coeflScients”, Ag^p are constants which depend only 
on the form and the material of the framework, and where the summation 
here and elsewhere (in I) is with respect to the repeated suffix and is taken 
over all the joints of the framework. The fundamental problem is to deter¬ 
mine the co-ordinates when the framework is in equilibrium under the 
action of prescribed external forces. In these circumstances there are no 
residual forces and the co-ordinates satisfy the n simultaneous, linear, 
algebraic equations, 


a® 0. 


(2d) 
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In order that these equations should possess a unique solution for any 
system of external forces it is necessary and sufficient that the determinant 
A formed with the influence coefficients should not be zero. We shall denote 
by the cofactor of A^.^ in this determinant. 

(u) Since an elastic framework forms a conservative system the influence 
coefficients satisfy Maxwell’s reciprocal relations, 

and hence there exists a strain energy function 


V{u) = (2-2) 

such that the internal forces are given by 

Ak = at7/8«fc. (2-3) 

The potential energy of the external forces is 

V(u) * (2-4) 

and the total energy of the framework is 

W’(m) = C7(m)+K(«). (2*6) 

(iii) Finally, since the position of equilibrium is stable, the strain energy 
U{u) is necessarily positive for all sets of co-ordinates {«*}, except, of course, 
the null-set, = 0, (k=l,2, i.e., in the terminology of the theory of 

operators, the quadratic form (2-2) is “positive definite”. 

It follows at once that 


(1;= 1,2, ...,n); (2'6) 

and a well-known argument shows that the determinant A is essentially 
positive. The positive character of the strain energy U{u), and, in particular, 
the relations (2'6) also show that in the position of equilibrium the total 
energy W{u) is an absolute minimum, 

Lastly, we note that, if by an orthogonal transformation of the type 

Uk => ^ki^i> 

the strain energy is brought into the form 


while 


U(u )» 
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then we must have Lj^>0 for ifc = 1 ,2, Hence the set of coefficients, 
{Ljfe}, has a positive minimum, say m, and a finite maximum, fi. We can thus 
infer the important relation, required later (§ S), 

0 < m ^ 2U{u)j£ul ^ (2*7) 


for all displacements 


3. The method of sttocessive approximation 

The solution of the system of simultaneous equations ( 2 * 1 ) which deter¬ 
mines the position of equilibrium is excessively laborious save for the very 
simplest frameworks, and, according to Southwell ( 1935 , p. 58), it is effec¬ 
tively impracticable when n, the number of degrees of freedom, exceeds ten 
or twelve. On the other hand the direct problem of calculating the residual 
forces {Cf^ required to give the framework specified co-ordinates is 
extremely simple, the requisite residual forces being given explicitly by the 
equations 

C^iu) == (3-1) 

Now the residual forces are given by the relation 

Cif{u) ’^dWJduif, 

(by equations ( 2 - 2 )-( 2 ' 6 )), and in the position of equilibrium when IT is a 
minimum, 

C*(«) - 0. 

In any other configuration the magnitudes of the residual forces furnish an 
estimate of the deviation of this configuration from that of equilibrium; and, 
moreover, we shall now show that a knowledge of the values of the residual 
force enables us to prescribe displacements which will reduce the value of 
the total energy W. 

To establish this result we observe that if is a displacement to be 
considered in this connexion, then it will also be reasonable to consider the 
whole family of displacements where t is an arbitrary, numerical 
multiplier. We shall describe any displacement of this family as being of 
the “type” (vj),}. Since W is a minimum in the equilibrium configuration 
the best displacement of t 3 rpe is that which reduces W by the maximum 
amount. Tl^ displacement is easily determined as follows: 
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In an obvious notation, the total energy in the configuration specified by 
the co-ordinates + to J is 

W(u + tv) — W{u) + Wit + W^t^, 

where Wi = + = Evi,Cic(u), - (3-2) 

and = \ZAkjVifVf = U(v). 

Hence W{u + to)- W(u) = (< + Wi/Wt)' W^-iWyW^. 

Since is the strain energy for the co-ordinates {r^}, it follows that ITj is 
positive. Therefore the best displacement of type {v;^} is obtained when 

< = (3-3) 

and then W{u. + to) - W(u) = - i ITJ/lTj. (3-4) 

Hence the displacement [tv^] has certainly not increased the total energy. 
Moreover, by {3'1) 

Wi = Iv^C^iu), (3-6) 

so that, unless the initial configuration {m^} is one of equilibrium (when 
C*.(m) = 0 ), we can always choose the type of the displacement {«fe} so that 
Wi does not vanish. Then W^(M 4 -to) will be definitely less than W^(«), and 
the configuration + to^} will be nearer to the position of equilibrium than 
the configuration {w*.}. 

It is clear that, starting from any arbitrary configuration, we can thus 
determine a sequence of configurations in each of which the total energy is 
less than in the preceding configuration. The configuratioQs so determined 
will form successive approximations to the equilibrium position. It only 
remains to show that the sequence of configurations so determined does 
actually converge to the equilibrium position. 

To establish this result, upon which all relaxation methods depend, we 
write .... for the co-ordinates in the pth configuration of the 

sequence, and we denote the corresponding value of the total energy by 
Then 

Hence the sequence {W'(?i<^’))}, (p = l, 2 ,...) converges to a unique limit. 
Now, by (3'4) and (3*6) 

{vjfbeing the type of displacement employed in forming the {p -I- l)th 
configuration of the sequence. Therefore, 

{i:»Sf>C'*(tt(*«)}*/£7(vh»))->0, asp-^-oo. (3-3) 
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We shall consider only those methods of approximations in which all the 
types of displacement employed are such that the relation (3-6) implies 

that 

as for l,2j (3*7) 

When this condition is satisfied the proof of the convergence of the sequence 
{u^^} is easily completed. 

In the notation of § 2 , the solution of equations ( 2 * 1 ), 

ZAkjUk-h = 0 

is Auk - 

Now, in the pth configuration of the sequence, the co-ordinates satisfy 

the equation 

Hence Auf^ = - + ZA'^Cj(ii^^). 

Therefore, by (3-7), 

Au^^-> — I^A'‘^Bf, as/)->-oo, for A-= 1 , 2 , 

i . 6 . the sequence of configurations converges to the equilibrium configuration. 

We have therefore shown that the co-ordinates in the position of equi¬ 
librium, in which W is a minimum, can be determined by a method of 
successive approximation in which each step in the process de[)ends upon 
the “direct” problem of the calculation of the residual forces in terms of 
prescribed co-ordinates. It is perhaps desirable to emphasize that it is the 
total energy W and not the strain energy U which converges to an extreme 
value in this process. In Southwell’s first paper ( 1935 , §7) attention was 
focused on changes in the strain energy, but it is easy to see from simple 
examples that no general statement can be made about the direction of 
changes in the strain energy.*" 

The proof of the convergence of the successive approximations given by 
Black and Southwell ( 1938 , § 3) is not quite complete as it assumes that the 
convergence of the sequence always implies the convergence of 

the sequence This assumption is easily verified for Southwell’s method 
of successive relaxation, and an elementary formal proof is given in § 4. 

* If nasi, write Uja:«, Vissy, U(z)=:iAx*, V{x)~Bx, Then 
W{x + ty)-W(x)s: (Axy + Bi/)t + iAyH*, 

and the right-hand side is a minimum when t « —{Ax+By{Ay). The change in the 
straia energy is 

and this can be either positive or negative according to the vadue of «. 
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4, The method oe succfEssrvE rbi^xation 


The preceding section gives the general theory of all relaxation methods 
for elastic frameworks. Special methods of approximation can now be 
obtained by particularizing the types of displacement to be employed 
at each stage of the process. There appear to be two general methods— 
Southwell’s method of successive relaxation in which the type of displace¬ 
ment is dependent on the co-ordinate system adopted to describe the 
configuration of the framework, and the method given in the next section 
in which the type of displacement is determined by the intrinsic properties 
of the framework as expressed in the total energy function W{u), 

In Southwell’s original method ( 1935 ) the displacement affects 
only one co-ordinate, namely that for which the absolute value of the 
residual force is a maximum; and the magnitude of the change in this co¬ 
ordinate is adjusted so as to reduce the corresponding residual force to zero. 
The method therefore proceeds by a successive relaxation of the constraints 
represented by the residual forces. In symbols, if 

11 < 1 1 for 1, 2 , (4.1) 

then ifij + m, 

or 1 ifA=«m. 

It is easily verified that the magnitude of the displacement prescribed by 
Southwell’s method is the best displacement of this type, i.e. that which 
reduces the total energy by the greatest amount. In the notation of equation 
(3*2) we have for Southwell’s method, 

t » -iWJW, - ~CJvfP>)IA^^, (4-2) 

and the residual force corresponding to the mth oo-ordinate is thus reduced to 

^CJu(P^) + tA^^O. by (4*2), 

in agreement with the value of the displacement prescribed by Southwell. 


and 

Hence, by (3'3), 
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It only remains to verify that this type of displacement satisfies the 
condition that the convergence of the sequence implies the con¬ 

vergence of the sequence We have that 

= (4-3) 

Now form = 1,2, by (2-6), and 

I I < I 1. for ^” = 1 . 2 , by (4-1). 

Hence it follows from (4-3) that 

-> 0, as p oo, 

whence C^(u^'>) ->0, as p oo, for I; = 1,2,..., n. 

The condition (3-7) is therefore satisfied, and it follows that the sequence 
of approximation actually converges to the co-ordinates in the 

equilibrium configuration. 


5. The method ok steepest descents 

The second general method of successive approximation is must easily 
visualized by considering the simple example in which there are only two 
co-ordinates, say x and y, while 

X] = ^(ox® + 2hxy-fi»y*), 

and V = gx+fy, with |/|<|g|. 

Then the components of the residual force are 

Ciix, y) = ox -f- Ay + g, C^Xx, y) = Ax •+• by +/. 

If we regard the total energy, XJ -t- F, as a third co-ordinate z, the expression 
for the total energy, 

2 = C/-f F = |(ax*-h2Axy-t-6y*-t-2grx-i-2/y), (6'1) 

can be regarded as the equation to a surface in ordinary space. The position 
of equilibrium, given by 6\ = 0, Cj = 0, is stable by hypothesis, and therefore 
corresponds to the bottom of the valley represented by (6*1). 

In Southwell’s method of approximation the successive displacements 
which converge to the valley bottom are alternately In the direction of the 
axes qf« and of y, i.e. their direction is determined by the co-ordinate system 
employed. In the method to be developed in this section each displacement 
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is in the direction of the line of steepest descent at the point reached by the 
previous displacement. In symbols, Southwell’s type of displacement ficom 
the position (0,0) is 

x=l, y = 0 (since |/1 <|y|), 

while the type of displacement in the method of steepest descents is 
a; = 6\(0,0) = y, y = (4(0,0) = /. 

A few numerical calculations with this example are suifiioient to show that 
Southwell’s method is undoubtedly simpler in practical computation, but 
the method of steepest descents is theoreticaUy better, and, as we shtdl see 
later (II), it is easily extended to continuous systems with an infinite number 
of degrees of freedom to which Southwell’s method cannot be applied 
directly* 

For the general framework with n degrees of freedom the direction of 
“steepest descent ” will be given by a displacement of the type 

The direction of this displacement is that in which the total energy W 
changes most rapidly. It is independent of the co-ordinate system employed, 
and is organically connected with the intrinsic properties of the framework 
as expressed in the form of W. In Southwell’s method the displacement 
affects only one co-ordinate, viz. that for which the magnitude of the 
residual force is a maximum. In the method of steepest descents the displace¬ 
ment affects ail co-ordinates and affects them in the ratio of their residual forces. 

In the notation of § 3, (3-2), 


Ifi = 


and 

Hence, by (3>3), 


and, by (3'4), 






-i:[C4(«w)]» 


IF(m<»’'-«)-1F(w0'>) = 


on writing for Cifu^')). 




* It should be added tlrnt Southwell liae ehown that his method oan be adapted 
to oontinuoue systems if these are flrat replaced (approximately) by appropriate 
discrete systems. Thus, for example, differential equations must be replaced by 
differonoo equations (Bradfleld and Southwell 1937; Atkinson, Bradfield and South- 
well 1937), 
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To verify that this type of displacement satisfies the general condition 
postulated in § 3, we note that by the inequalities (2-7), 


0<m< 




Hence If - If («<»>) > 

Now the sequence (p = 1 , 2 ,...) converges to a limit. Therefore 

as 

and therefore, 

~ for 4= 1 , 2 ,w. 

Thus the successive approximations determined by the method of steepest 
descents converge to the equilibrium co-ordinates. 

In the terminology introduced by Richards ( 1937 ), the type of displace¬ 
ment in the method of steepest descents is a “group displacjt^ment and it 
is clear that, in theory, it is the best possible displacement, although in 
practice SouthwelFs methods will probably be quicker for numerical 
computation. 


6. Gvrostatio systems 

The relaxation methods described above are essentially methods of 
successive approximation for the solution of a system of simultaneous, 
linear, algebraic equations 

= 0 , 

in the canonical form in which 

and ( 6 * 2 ) 

for all {wj^} except — 0 . It has been shown by Black and Southwell ( 1938 , 
§§ 16-20) that the relaxation method is easily extended to “gyrostatic^ 
systems of equations in which neither the relation ( 6 * 1 ) nor ( 6 * 2 ) is fulfilled. 
In fact any system of equations 

«= 0, (6*3) 

such that det + 0 , 

is exactly equivalent to a system in the canonical form. For, let 

and (6-4) 


31-9 
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Then, it follows from (6*3) that 


— 0, (6*5) 

and, conversely, since det 4= 0, the original equations (6*3) can be deduced 

from (6*6). 

Now, it is clear from (6*4) that 


and that 






S % — S Pii Pik 

i,k ij.k 


^ i 


The sign of equality holds only if 

= 0 forf = l,2,...,», 

i 

and these equations are consistent only if «, = 0, (js= 1,2,Hence 
equations (6-5) are in the canonical form. They are, in fact, the familiar 
conditions that 

should be a minimum. 


II. LINEAR OPERATIONAL EQUATIONS 
7. The problem of linear operational equations 

So far we have applied relaxation methods only to systems with a finite 
number of degrees of freedom, but the extension to continuous systems with 
an infinite number of degrees of freedom is immediate, and the necessary 
generalizations are discovered at once when the problem is stated in terms 
of the theory of linear operators. In this part of the paper we shall therefore 
study the general operational problem and in Parts III and IV apply our 
results to linear integral equations and linear differential equations. 

In Part I we dealt with two classes of entities—sets of co-ordinates {«*} 
and sets of influence coefficients In this part we replace these by the 
more general concepts of vectors a,... in a Hilbert space 1^, and linear 
operators A,... acting in this space. These concepts are d^ned by the 
following axioms; 
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The Hilbert space (an abstract, complex, Euclidean space) is lipear, 
metrio and complete: 

(i) It is linear in the sense that if a, are vectors belonging to so also 

is where x, y are any complex numbers. 

(ii) It is a ^ne^nc space in the sense that there exists a function (>?, a) for 
any two vectors, which is a complex number such that 

{y,x<x^~yP) = a:(7,a) + 3/(y,yy); 

a) and (a,^) are conjugate complex numbers; and (a, a) ^ 0.* 

(iii) It is a complete space in the sense that, if {ap} is an infinite sequence 
of vectors with the property that 

as w,w~>oo, 

then there exists a vector a such that 

I a — oCp I 0 as p oo. 

1} may have an infinite number of dimensions in the sense that for any 
positive integer n there exists n linearly independent vectors, aa,..., a„. 

For any operator A and any vector a in there exists a "‘product"’ Aa, 
which is also a vector in 1^. The operators are linear in the sense that 

A{xa-^yfi) == xAoi-VyAfi, 

for all complex numbers x, y and all vectors a, yS in t). The quadratic forms 
are now replaced by expressions of the form (/?, Ja). The most 
important classes of these forms are defined as follows: 

If ifi.Aa) - {Afiya) for all a, fi in A is said to be “self-adjoint” (sym¬ 
metric or Hermitian). 

If I (a, Aa) I ^i(a,a) for all a in 1^, ^ is said to be “bounded 
If (<x, Aa) > 0 for all a in 1^, the sign of equality holding only if ] a) =0, 
A is said to be “positive definite”. 

The set of linear equations in canonical form, 

=w 0, 

is now replaced by the operational equation 

(7-1) 

♦ (fiy a) is called the “scalar product” of ct by and |a| the pfwitive value of 
(a, a)*, is called the “length” of a. We make considerable iiso of the inequality 
fi) (A a)<(a, at) (p, P), which is derived from the principle that (« + </?, ct’^tfi) m 
non-negative for all complex ntunbera t* The “distance function” for the two vectors 
at and /? is j dc - |. It is assumed that there is a unique null - vector o, such that | o 1 3 = 0. 
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where is a prescribed vector and a is the unknown vector. The generaliza¬ 
tion of Maxwell's reciprocal relations is provided by the equation 

(fi,Aa) = iA/i,ct) (7-2) 

which implies that the ‘‘influence ” operator A is self-adjoint. The condition 
of stability, viz. 

UAjjgUjUjf ^ 0 

now becomes (a,Aa)>0 unless [aj «= 0, so that is a positive definite 
operator. 

There is, however, an important difference between the operational 
problem and the problem of a finite number of linear, algebraic equations. 
In the latter case we showed (equation (2*7)) that the positive definite 
character of the strain energy U{u) implied that 

0 < m ^ 2U{u)l£ul ^ fi. 

But it is not true that, because A is positive definite, then 


0<m< 


(c(.,Aa) 
(a, a) 




(7-3) 


where m is positive and [i is finite. In fact m may be zero and may be 
infinite. We shall, however, discuss only the case in which the inequalities 
(7-3) are satisfied. Then A is bounded and may be described as strictly 
positive* 


8. Thb method of steepest dbsoents 

Since vectors in a Hilbert space have infinitely many components it is 
no longer possible to apply the method to successive relaxation, in which 
only one component of the vector approximating to a is changed at each 
stage of the process. The method of steepest descents can, however, be 
extended at onoo to the operational problem. 

The analogue of the total energy W{u) in the framework problem is now 

W"(a) = i(a,^a) + 4(a,/?)+ (8-1) 

From the axioms of the last section it follows that W{a) is a real function 
of X, and we shall now prove that it has a finite lower bound for all vectors 

• Since we have assumed that Ax exists for all « in f>. the inequalities 
(»,Aa)4.nla,») and |^a|</t|al 
will always hold if ^ is wparabh. 
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a when ^ is pxescribed. Since (a,^) and (/},a) axe conjugate otnnplex 
numbers, and A is positive definite, it follows that 



{(a, Aa) + (a, fi)) {(a, Aa) + {fi, a)} > 0, 


i*e. 

2(a, Aa) If (a) + (a, fi) (fi, a) > 0. 


Now 

0 < (a, /?) (yff, a) < (a, a) (/?, /?), 


and 

(a,Aa)>m(a,a). 


Hence 

W{oc)> -{/ijym. 

(8-2) 

The right-hand side of this inequality is independent of a, 

SO that W{<x) 


has a finite lower bound. 

Next we consider the problem of improving any approximation a to the 
solution of the equation .4 a+/? = 0, by replacing a by a +where ^5 is a 
prescribed vector and t an arbitrary real number. We have that 

where Wj = ^{a, A4>) + .4a) + J(/?, 4>) + fi) 

y = Atx,+p, 

and W^=‘\(^,A^). 

As before the best value of t, giving the greatest decrease in W, is 

and then W''(a) - If (a + t^)=l If f/lf*. 

As in the framework problem we shall take the vector ^ to be determined 
by y which now corresponds to the residual forces. In this case, = y), 

= (r.y), 

and Wa=i(r.'^r)* 

Hence the next approximation derived from a is 


a + t<^ = a— 


(y.y) 


r. 


and the decrease in the total energy is 
W{(t)-W(a-¥Ul>) 


(y>y)* 

2(y.^y)‘ 
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Starting with any arbitrary vector aj, we therefore oonatruot a seqneiioe 
of vectors, aj.such that 



a - a y 

(8-8) 

where 

rv^Aotp+fi. 

(8-4) 

Then 


(8-5) 

It follows that the sequence {W(ap)} is monotonic and decreasing. Now by 
(8'2) it has a finite lower bound. Hence this sequence must conVerge to a 
unique limit. Therefore 


W(a.p)-W{a.p^i)-^0 as p->oo, 


i.e. by (8-5) 

h{yp>yv?liypyAyp)^Q as p-*co. 


Now 

{yp,Ayp)^li(yp,yp), 


whence 

(Yp, Yp) < MYp. YpfKyp. Ayp). 


Therefore 

(7p.7p)-^0 as p->Q0. 

(8-6) 

The sequence thus converges to the null-vector. To establish the 

convergence of the sequence {a^,} we note that 


l7p-7<,l^0 as p,q-*co. 


Now, by (8-4), 

1 

II 

1 

(8-7) 

Hence 

|,4(ap-a,)|^0 as p,q-*co. 

(8-8) 

But 






Tlierefore 



and 

m|ap-aJ<|^(aj,-a,)|. 


Henc«, by (8*7), 

as p,q-^<x>. 



Therefore the sequence {a^,} converges to a limit vector a. 

It is not necessarily true that the sequence {Aoip} should converge to 
{Aa,}, but a sufficient condition for the truth of this statement is clearly that 

|,da|</t|a|, (8*9) 

—a more stringent form of the condition («, Aa) < /t(a, a), assumed in (7*3). 
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We sheU assume that the relation (8‘9) is verified. Then 
\Aa+(}\^\Aaj,+^\ + \A{a-a^)\ 

<lrp I+/*!«-«, I- 

Hence 

i.e. the limit vector a does satisfy the original equation (7*1), 

The significance of the restrictions (7*3) and (8*9) upon the operator A can 
be exhibited by introducing the proper vectors and the proper values 
Aj^j of this oi)erat6r. Then 

Air^ = 

whence Ar/r^yiifr^, = A^, 

and , 

The conditions therefore imply that all the proper values Aj^. lie in a finite 
range 

0<m^A;fc^/^<oo, 

and, conversely, it can be shown that this restriction on the proper values 
is sufficient to ensure that the conditions imposed on A are fulfilled. 


9. Gyrostatic systems 

Similar methods of solution can be applied to any operational equation, 
* Pa-f-/? = 0, 


even if P is not self-adjoint, provided that it satisfies the conditions 
0 < m(^, ^i) < J I {<j>, P^) + (P<f>, d>) I 

and (9-1) 

for all vectors <j>, m and /i being two jwsitive numbers. We write 

lF(a) = i|Pa + yS|*«J(Pa.Pa) + i{Pa,/?) + i(Ai'a) + i(/?,/?). (9-2) 

and define a sequence of approximations by the relations 


«p+i 


Pyp) + ^(Pyp » yp) 
(Pyp.Pyp) ■ 


(9-3) 


where 


yp* P«p+/^- 




[ i(yp» ^Yp) \(Ryp> yp)3* 

2(Py,, Pjj,) 


Then 


(9-4) 



it foUowa £roin <9'2) that IF(aj,) > 0. and from (9'4) that 

Hence the sequence {)r(ap)) converges to a unique limit as H^oe 

IF(ap)—as p->-co. 


Then, by (9'4) 
Now, by (9-1) 
m 


[{yp,j^yp)+{^7„,7v)r 

{Pyp, Pyp) 


► 0 as p-*-oo. 




V 12 _ ^^yp>ypf ^ I (T p. Pyp)+iPyp,yp) \‘ 

, 2 . 7^1 ,. 2 ,.. 12 (Py^,Py^) 


t^^\yp\^ 


Hence as p-^co. 

To establish the convergence of the sequence {a^} we note that, since 
I a + </? j*® (a, a) + + t(J}, a) + 

is non-negative for all real t, therefore 


l(a.y?) + (Aa)]*<4(a,a)(^,/?). 

By using (9-1), we therefore find that 

^ 1 I* 1 P94 I Vm*. 

Hence | ?! | < | P?i |/m. 

Therefore | a^-aj « | Pa^-PaJ 

“l72.-r«|. by (9-3). 

But the sequence {7,,} is convergent. Hence the sequence {«_} is also con¬ 
vergent. 

It ac is the limit of the sequence {a^} then, as in § 8, Pa is the Umit of the 
sequence {Pa^j, and 

lP<x+fil<jPap+/JI + lPa-Pa^} 

^|7,|+p|a-a,|. 

Hence Pa-t-/l»o, 

i.e. a satisfies the equation originally proposed. 



In. LINEAR INTEGRAL EQUATIONS 

10. FeBDHOLM’S SQtTATION OF THB FIRST KIND 

One of the simplest examples of a Hilbert space ^ is furnished by the set 
of all real, measurable functions f(x) of a variable x, defined in an interval 
a^x^b, and such that the integral 

jP{x)dx 

exists as a Lebesgue integral. A function of this set can be regarded as a 
vector with a continuously infinite number of components, and two such 
functions must be regarded as equivalent if they are equal almost everywhere 
in (a, 6). The ‘‘scalar product of two functions a(a:) and fi{x) is given by 

ifi.ac) = (xj) a(x)fi(x)dx. 

The space of these functions is “complete”, for, by a well-known theorem 
due to r. Riesz, the condition 





as 


is sufficient to ensure the existence of a limit a(x) such that 


[a(a:) - a^{x}]^dx-^ 0 

a 


as p-^ 00 , 


whence Xp{x) -*■ a(x) almost everywhere in {a, b). 

In this realization of the abstract Hilbert space 1) a linear operator A can 
be defined by the equation 



A{x,8)a(s)d8, 


where the nucleus A{x,a) is a measurable function defined in the region 
a < X, 8 < 6. The operational equation (7-1) now takes the form 


j A{x,s)a{8)ds+^(x) = 0, (lO*!) 

where fi(x) and A{x,9) are prescribed functions and a{x) is unknown. This 
is an integral equation of Fredholm’s t3rpe and of the first kind. 
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The oonditions to which we have subjected the operator equations 
(7*3) and (8*9), now imply that, for all functions a(x) considered, 


and 


f a{x)dx{ A(x,s)x{8)d8>m{ a®(a:)d!a:,'| 
Ja Ja Ja | 

(x^(x)dx!^ 


( 10 * 2 ) 


A(x,s)a(8)ds} dx^/i 


where m is a })ositive number and /i is finite. 

We shall first consider the case when A is self-adjoint. It is easily seen 
that this implies that the nucleus A(x,8) is symmetric in x and 8, In these 
circumstances the analogue of the total energy is given by 


f A(x,8)a{x)a(8)dxd8’h ( a{x)Ji{x)dx, (10*3) 
J aj a J a 

and the sequence of approximations by the methods of steepest descents is 
given by the formulae— 


and 


Jpix) = r A(x,8)aj,(8)d8-\-P(x), 

J a 

Yp(^)jjp{s)d8 


ap+i(«) = S(*)-7Fr6 


n b 

% 


(10-4) 


The general argument of § 8 then shows that the sequence of functions 
[Xpix)} converges almost everywhere to a function a(x) which satisfies the 
equation (10*1) almost everywhere. 

If A is not self-adjoint the formulae are slightly more complicated. Using 
the method of § 9, and defining y.p(x) as in (10*4), we now define the sequence 
of approximations by the formula— 


rp(*) 


rb 12 

A{x,8)yj,{8)d8\ dx 


The sequence {aj,(x)} then converges in the same way as before. 


(10*5) 
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IV, LINEAB DIFFERENTIAL EQUATIONS 


11, The kedxtction of a lineak differential system to an 

INFINITE SYSTEM OF LINEAR ALGEBRAIC EQUATIONS 

Although the application of the general operational theory of Part II to 
linear integral equations in Part III is so simple and direct, there are un¬ 
avoidable difficulties in the application to linear differential equations. 
These difficulties arise from the fact that, if J is a “formal linear differential 
operator*’ (Stone 1932 , p. 112 ) the class of functions ^ to which A can be 
applied is necessarily restricted by conditions of continuity and differenti¬ 
ability, and, moreover, even if the function a belongs to the class 2 r, this is 
by no means necessarily true of the function Aa. To avoid the difficulties of 
the direct application of the methods of Part II we shall therefore begin by 
replacing the proposed differential equation by a system of linear algebraic 
equations in an infinite number of unknown variables. 

We consider a formal linear differential operator A of the form 

n 

^ (o < a: < 6 ), 

with which we associate a set of linear boundary operators of the form 


where P{z) == dp{x)jdx, and 6 *, are numerical constants. The funda¬ 
mental problem is then to solve the difiPerential equation 


Aa(x)+fi{x) = 0, 

subject to the homogeneous boundary conditions 

■Mfc(a)« 0, 


(IM) 


^(x) being a prescribed function of x. 

We shall assume that the diiferential system ( 11 * 1 ) satisfies conditions 
analogous to (7-3), which are most conveniently taken in the form 

0 <mf P{x)dx4 f {Af(x)}*dx€,/i{ P(x)dx, (11’2) 

Ja Ja Ja 

for all functions/(«) satisfying the boundary conditions 

M,(f) - 0 . 

m being a positive number and ft being finite. 
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To define a space for operator A we introduce an infinite set of 
functions with the following properties: 

(i) Each function satisfies the boundary conditions 


A;*= 1,2,w; 

(ii) The functions are orthogonal and normal for the range (a, 6), 




0 if j + h, 
1 = 


(iii) The set of functions is complete, i.e. if 

J = fi for w- 1,2__ 

then/(x) is zero almost everywhere in (a, b ); 

(iv) For each function exists; 

00 pb 

(v) The series S {A<j>„)’^dx is convergent. 

n-lja 

We then define the space b© fb® of functions f{x) which can be 
represented by series of the form 


in such a way that 





as p-^cx), 


(11-3) 


and we write f(x)~ S 

n-1 

The series which represents f(x) will converge to f{x) almost everywhere 
in (a, b). 

As in Part III we shall take the scalar product of any two functions 
fix), g(x) to be 

if>9) = igj) = jjix) 0ix)dx, 

and we shall write | / | for the positive square root of (/, /). 

We require three properties of the representation of functions by seriies 
of the form (11 -3).* Let the sum of the first terms in the series representing 
f{x) be denoted by/j,(a:), so that 

/,(*) = S cM^), 

n-l 


• Hobson ( 1936 , 2 , 246-49). The series considered in this section have “strong 
convergence” with exponent 2 . 
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and 

iZ-ZuKO. asp-^oD. 


Then (i) 

l/pl-^l/1. asp-^oo; 

(11*4) 

(ii) 

asp ^ 00 , 

(11*6) 

if g belongs to ^; and 



(iii) 


(11*6) 


The first and second results are well known. To establish the third result 
we note that, by (11-2), 

whence | Af —Af^ | ->0, as p->QO, 

. ^ 1 * 
i.e. J |.d/(a:)-S c„i4?4„(ir)| dat^O, a8p-»-co. 

We now look for solutions of the differential system (ll-l) of the form 


CL{x)~ S a„^„(x). 

n«l 

Since Aa(x} + /?(x) ~ira„^^4„(x)+/?(x), 

it follows from (ll’l) that 


We shall write 


and 

Then (11*7) becomes 


rbf p 

J j a„i4^„(x) + /?(a;)| dx-»-0 asp-^oo. 
Ajk ’^^^A<pf{x)A<l>k(x)dx 
bic = J^/?(a;)^^fc(x)dx. 


p p rb 

2 2 2 1 A&p’ 

y.ik-l k^l Ja 


^00. 


(11-7) 

( 11 - 8 ) 


Thus if we write W(a) = 4 S -S * (11**) 

y.ifc-i k-i 

itfollows from (11*4), (11*6) and (11*6) that the quadratic form ir(a)attains 
its minimum value, viz. 

when the constants ai,a„... have the values appropriate to the repre- 

00 

sentation of et{x) in the form «(*) ~ 2 ®tt^»(®)* 

n-l 
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The conditions that W{(t) should be a minimum are dearly 

(IMO) 

The original dififerential system (11*1) has therefore been replaced by an 
infinite set of linear algebraic equations in the variables a^, ag,.... 

Finally we show that this set of equations is in canonical form. It is 
obvious from (11*8) that 

' t&i. 


Ajfc Ai^j, 


Moreover, 


Now 


p rtfj p \2 

2 = 2 ^'»A<^Jx)\ dx 

= j^Wp{x)}^dx, say. 

f {Af^(x)}'^dx^m( f^(x)dx by (11-2), 
J a J a 

P \2 

dx 


m| 

p 

m S o». 

n—1 


since the functions {?i„(a:)} form an orthonormal system, Henoe 

CO GO 

m S 0 * $ S 

n»l n»l 

i = r {Afp(x)}*dx 

n-l Ja 


Also, 


by (11-2), 


“ S ^n> ^ before. 

n**l 


(IMl) 


Therefore 


S S ot 

n«»l 


( 11 - 12 ) 


12. The solution of the infinite system of 

EQUATIONS BY RELAXATION METHODS 

Since the inhnite system of equations (11-10) is in canonical form we can 
apply the method of steepest descents as given in § 8, The vector space 1^ now 
consists of all sets of numbers, 

« = K.«».«».-) 
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to 

Buoh that the seriea a* is convergent. The scalar product of the vector a 

tt-i 


by the vector 


fi ~ (hi> hj,.,., ...) 


00 

is now (/?,a) = (a,/?) = 2 «»*» = cc(x)fi(x)dx, 

n~l J a 

since the functions form an orthonormal system. The operator A is 

specified by the infinite set of numbers as defined in (11*7). 

Hence to solve the equations (11*10) we start with any arbitrary vector 

--M ...) 

and form the sequence of vectors defined by the recurrence relation 


where 


^pw 


iTp^Y p) y 

iy 


Y^^AoCj,^/i. 


By reasoiiing based on the quadratic form lF(a) of equation (11*9) we can 
show, as in § 8, that, as p -> oo, 

(i) converges to a unique limit, 

(ii) lypKO, 

(iii) Uj, converges to a limit vector a. 

It is not necessary to employ the condition (8*9) utilized before, for we 
can now proceed as follows. Let 

oo 

and S(x)~i:a‘X>9>„(*). 

n-l 

■Now \Aa,-Aa.p\<,id\a.-(Xj,\, by (11-2). 

Therefore, \Aa — A(x,p\-*0 asp-^-oo, 

and Aaj, converges to Aa. almost everywhere in (a, 6). It now follows as in 
§ 8 that the limit function ct{x) must satisfy the equation Aa{x) +/^(x) =■ 0 
almost everywhere. Finally since <x(x) is represented t)y a series of which 
each term, aj.{&j,(a;), satisfies the boundary conditions (IM), so also must 
«(*) itself. We have thus obtained a complete solution of the problem. 


3* 


Vo). CLXTX. A. 
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13. Conclusion 

We have given a general account of the application of relaxation methods 
to the solution of linear equations. Southwell’s original method for linear 
algebraic equations in a finite number of unknown variables has been the 
inspiration of the whole investigation. By replacing his method of suc¬ 
cessive relaxation by our method of steepest descents we have been able to 
attack linear operational equations, linear integral equations and linear 
differential equations. In each case our methods give successive approxi¬ 
mations which converge to the accurate solution of the problem. Two 
outstanding problems must be left for future investigation—the numerical 
solution of particular problems of physics and engineering, and the extension 
of the methods to non-linear equations. 
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The absorption spectra of carbon dioxide and carbon 
oxysulphide in the vacuum ultra-violet 

By W. C. Prkjk"' and (Miss) D. M. Simpson 
Physiml Chemistry Laboratory, Cambridge 

{Communicated by R, 0, W. Norrish, F,R.8.—Received 21 October 1938 ) 

, [Plate 31] 

\ 

The present work follows upon an investigation of the absorption spectrum 
of carbon disulpliide (Price and Simpson 1938 ) which yielded a spectro¬ 
scopic value of the ionization potential and certain information about the 
electronic structure of this molecule. Since the three triatomic molecules 
COj, COS and CSj are closely related, similarities might be expected to 
occur in their spectra which would facilitate and help to confirm any 
analysis suggested for the spectrum of a particular molecule. This expecta¬ 
tion has to some extent been realized. It will be convenient first to discuss 
the spectrum of each molecule separately, and then subsequently to draw 
comparisons between them. The experimental details by which the spectra 
were obtained have been described in previous articles. They wore photo¬ 
graphed with a grazing incidence vacuum spectrograph, the Lyman 
continuum being used as the continuous background against which the 
absorption was observed. 

The absorption spectkitm of carbon dioxidb 

The absorption spectrum of carbon dioxide in the vacuum ultra-violet 
has previously been investigated by Leifson ( 1926 ), Henning ( 1932 ) and 
Rathenau ( 1934 ) with varying degrees of success. The new material which 
will be presented here consists mainly in the discovery of a system of 
bands in the region 1400-1260 A, and in the identification of the members, 
of the electronic series converging to the first photo-ionization limit, whicli 
thus yields a spectroscopic value for the minimum ionization potential of 
the molecule. The dispersion used in the present work is four times as great 
os that employed by previous investigators, and the amount of detail 
observable has been correspondingly increased. 

At the highest pressures (about 3 mm. Hg in a path length of 80 cm.) 

* Fellow of Trinity College. 

[ 601 1 la-a 
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carbon dioxide starts to absorb below 1700 A (see Plate 31). Here some 
very diffuse bands appear. At 1620 A they merge into continuous absorp¬ 
tion, and apart from some narrow regions of transparency between 1260 
and 1170 A this extends to all shorter wave-lengths. As the pressure is 
reduced to a few tenths of a mm. the continuous absorption below 1620 A 
weakens, and between 1390 and 1240 A a set of distinct bands appears. 
These are shaded towards the red. On account of the regular intensity 
distribution of the bands, i.e. the uniform rise to a maximum --1330 A 
followed by gradual falling away towards short wave-lengths, it is clear 
that they must correspond either to a single electronic state or to two 
states rather close together. Although a first glance at the system suggests 
a single vibrational progression with a single vibration frequency of from 
600 to 600 cm."^, the intervals are too irregular for this to be accepted. The 
most plausible interpretation we have been able to arrive at is that the 
bands consist of two progressions starting at 1380 A (72,480 cm.”^), and 
1368 A (73,100 cm.-^), each with frequency intervals of about 1226 cm.-^ 
(varying from 1080 to 1350 cm.”^) which probably corresponds to the 
symmetrical valence frequency iq. However, on account of their diffuse- 
ness, it is doubtful whether the frequencies of the bands can be determined 
accurately enough to justify completely any one particular analysis. The 
system is nevertheless important because, as will be seen later, it represents 
a transition to one of the lower antibonding orbitals of the molecule. One 
or two of the bands seem to possess double heads, but the majority are 
too strongly predissociated for this to become apparent. 

Below 1290 A each band splits up into two well-separated components. 
This splitting probably arises from the fact that for vibrational states 
built up from many quanta, there is a considerable probability that another 
combination of different vibrations will have the right symmetry and 
energy to cause a resonance splitting of the levels. This explanation has 
already been put forward to explain splitting at the high frequency end of 
certain long progressions in CS^ and 80^ (Price and Simpson 1938 ). 

The strongest bands of carbon dioxide lie within the region 1160-690 A. 
These still give rise to intense absorption even when pressures of only a 
hundredth of a mm. are present in the spectrograph. Henning ( 1932 ) has 
shown that, in the lower half of this region (830-690 A), the main bands 
conform approximately to a doublet Rydberg series converging to an 
ionization potential at 18*00 + 0*02 V. The bands in the upper region from 
1160 to 830 A have not been previously analysed. The new light thrown 
upon this sys^m in the course of the present work has enabled the following 
analysis to be given. 
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At 1130 and 1120 A there occur two extremely strong bands. These, 
because of their predominance in intensity over all the neighbouring bands, 
are certainly vibrationless electronic transitions and represent the tran¬ 
sition of a non-bonding electron between atomic-like orbitals. The band 
which comes next in intensity occurs around 995 A. At fairly low pressures 
this shows up as two bands close together. Since the first ionization poten¬ 
tial of CO 2 is known from electron impact experiments to be about 14 V, 
a short calculation indicates that this band might contain the second 
Rydberg series members of the bands at 1130 and 1 120 A, the separation 
of the doublet rapidly diminishing in the expected way as the ionization 
potential is approached. This was confirmed by the finding of higher 
members of the series corresponding to the Rydberg formula, calculated 
by taking as first members the mean of the 1130 and 1120 A bands and as 
second the centre of the 996 A band. Tlie subsequent members satisfied 
in appearance, intensity and position the usual requirements necessary in 
order that they might be classed as members of the same Rydberg series. 
They are best represented by the following formula: 

lll,2r)0-^/{n + 0‘21)2, w-2, 3, 4, etc. (1) 

The degree of accuracy with which this formula holds is shown in Table I. 
The error involved in the extrapolation to the'limit is probably not greater 
than 200 om.'^ The ionization potential is thus 13-73 ± 0 01 V. It has been 


Table I, Table showing observed and calculated 

FREQUENCIES FOR THE COg BANDS OF SERIES (1) 


n 

/ 

A obs. 

V obs. 

u calc. 

2 

10 

11261* 

88,800* 

88,780 

3 

7 

994-0* 

100,600* 

100,600 

4 

5 

962-1 

106060 

106,068 

6 

3 

033-3 

107,160 

107,207 

6 


Obscured 


108,406 

7 

1 

916-1 

109,160 

109,140 

8 

1 

912-1 

109,640 

109,621 


♦ Centre of doublet taken. 


shown by the work of Mulliken ( 1935 ) that the minimum ionization poten¬ 
tial of COg corresponds to the removal of a 2 jp 7 rQ electron resulting in the 
formation of the ^Flg state of CO^. The accuracy of our measurements is 
not sufficient to distinguish the two limits corresponding to the two com¬ 
ponents of the doublet state of the molecular ion, but it is significant that 
near the limit many bands were found with a separation of --160 cm.^^ 
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which is close to the expected separation. In fact, even the 1130 and the 
1120 A bands seemed to be doublets with about this separation. 

The value of the ionization potential of CO^ obtained from series ( 1 ) is 
in excellent agreement with Mulliken’s predicted value of 13*72 ±0-03 V 
(Mulliken 1935 ). This prediction is based upon the identification of the 
2900 A emission band (Schmid 1933 ; Smyth 1931 ) as being the 
transition of CO^ and upon the assumption that Henning’s Rydberg series 
corresponds to ionization to the state. Hence ionization to the state 
of CO^ must require 18*00-4*28 == 13*72 V (4*28 V being the of the 
2900 A system). This agrees with the limit we obtain to within the eiror 
involved in the extrapolation of the electronic series. The analysis of the 
COJ emission bands also involves the assumption that both the states of 
CO^ ore linear. This postulate receives some support from the fact that we 
find no transverse vibrations among the excited states which lead up to 
either the ionization potential at 13*73 or that at 18 V. If in the molecular 
ion the configuration were a bent one, then it might be expected on the 
Franck-Condon principle that transverse vibrations would accompany the 
higher states of excitation. The appearance of those vibrations would be 
allowed by the selection rules appropriate to the altered symmetry, and, 
moreover, it would be favoured by the change in position of the nuclei. 
Their non-appearance justifies the assumption that these particular states 
of the molecular ion are linear. 

Two other series similar to ( 1 ) were found. They are weaker and less 
well developed and can roughly be represented by changing the denomin¬ 
ator in (1) to (a) (w-f 0*43)® ..., n-3, 4, etc,, and ( 6 ) (rn-0‘03)^ ..., n«3, 4, 
etc. There is a certain amount of confusion towards the limit because of 
the fact that the first bands of Henning’s series seem to fall in the region 
around 900 A. Hemiing has only observed the members from w^3 up¬ 
wards. The w = 2 members can be predicted to be within the range 940- 
850 A, and we find much strong absorption corresponding to them in this 
region. The difficulty in assigning particular wave-lengths to these bands 
is that they split up in a complex way and, moreover, they are super¬ 
imposed on the convergence limit of series ( 1 ). It should further be remarked 
that Henning has chosen the wrong component of the doublet for the first 
member (n = 3) of his published series. Prom our plates it is clear that it 
should be about 130,390 instead of the 132,840 cm.“' which he gives. This 
makes the Rydberg formula fit much better and also leaves 132,840 free 
for the shorter wave-length series of which it is obviously a member. As 
Henning does not give the formula for the latter series though he mentions 
its existence we give it as p = 146,800-jR/(?i + 0 * 95 )*, which fits the higher 
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members fairly well. It is also interesting to note that nitrogen is the only 
other molecule for which the limits of two different molecular Rydberg 
series occurring in absorption in the vacuum ultra-violet have been Unked 
up with two states appearing in the emission spectra of the molecular ion. 
The Hopfield series (Hopfield 1930; Takamine, Suga and Tanaka 1938) 
goes to the upper state, and the series recently found by Worley and 
Jenkins (1938) goes to the lower state of N^, the transition between 
these two states giving rise to the well-known negative bands. It may 
perhaps be of some significance also that nitrogen occupies a position among 
diatomic molecules somewhat analogous to the position of carbon dioxide 
among linear triatomic molecules, namely, that both correspond to closed 
shell configurations of molecular orbitals. 

At low pressures most of the bands lying between 1160 and 900 A appear 
t/O be slightly shaded towards long wave-lengths, though in many cases it 
is difficult to decide this with cex’tainty. The 1130 and 1120 A bands are 
apparent exceptions to this general behaviour, since at medium pressures 
they appear to spread a little more to short than to long wave-lengths. 
However, this may be illusory and really due to the presence of some weak 
bands lying slightly to the short wave-length side of the main bands. The 
Henning bands between 860 and 690 A are in most cases shaded towards 
the red, though here again the shading is not very pronounced. Since 
highly excited molecular states are expected to have nearly the same 
characteristics as the state of the molecular ion produced by the complete 
removal of the excited electron, it is to be ex}>eoted that both the ionic 
states at 13*7 and 18*0 V should have slightly greater moments of inertia 
than that of the ground state. This is in agreement with Mulliken’s inter¬ 
pretation of the emission data on CO^. 

Apart from the bands of a Rydberg type there occurs in the region 
1100-900 A a number of w eaker bands which form vibrational progressions. 
Rathenau ( 1934 ) reports three such progressions which he calls the 
'"Starke”, the "Scbwache” and the “Breite” series. Our results support 
the **Starke” and the ‘‘Schwache” series. However, it is diffictdt to make 
exact measurements on these bands, because under high dispersion they 
show multiple heads and consequently some uncertainty arises in trying 
to set on the middle of the band. It is not possible to accept Rathenau’s 
‘"Breite” progression, since some of the strong bands it contains are 
required as Rydberg series members. The reality of the other two series is 
supported by the intensity distribution. Their frequency differences 
(-^1180 for the “Starke” and *--1230 cm.*^ for the “Schwache”) 

most probably correspond to the totally symmetrical valence frequency of 




COt^ich ha»a of 1286 om."*' gtouad state. ISie broad 
pressure bands fidling within a range of 60 A to the long wave-lengthi sMfe 
of 1130 A are transitions from vibrating ground states, I Because of the 
difrioulty of getting very accurate measurements on them KtUe progress 
has been made in their classification. 


The absorption spectrum of carbon oxysuLPHiDEf 

The only previous investigation of the ultra-violet absorption spectrum 
of COS has been made by Lochte-Holtgreven and Bawn ( 1932 ). Using a 
quartz spectrograph and the Hj continuum, they foimd that with pres¬ 
sures of a few tenths of a mm. in a path length of 50 cm., all wave-lengths 
below 2400 A right down to the limit of transmission of quartz were 
absorbed. With higher pressures the onset of the absorption moved to¬ 
wards longer wave-lengths eventually reaching a long wave-length limit 

Table II. Table giving the frequencies of bands of the diffuse 
(760 cm.“l) PROGRESSION OF CARBON OXYSULPHIDE LYING IN THE 
RANGE 1566-1410 A 


I 

V om.“* 


I 

p om.-^ 


2 

64,020 

— 

2 

67,070 

760 

4 

64,790 

770 

3 

67,860 

790 

6 

66,680 

700 

1 

68,600 

740 

5 

66,310 

730 

1 

69,370 

770 


* The frequenoies given are estimates of the centres of very wide diffuse bands. 

around 2560 A. In the present work the absorption in the region 2400- 
1000 A has been investigated with the vacuum spectrograph. It is found 
that the continuous absorption mentioned above spreads towards shorter 
wavedengths as far as 1600 A. At very low pressures, however (~ 0 * 0 I mm.), 
it breaks up into several wide diffuse bands apparently involving a number 
of different electronic transitions. The first, for example, extends from 
about 2880 to 2160 A, the second from 2120 to 2080 A, the third from 2060 
to 1860 A, etc. This continuous absorption weakens and fades out towards 
1600 A, where there is a definite break in the absorption. At shorter wave¬ 
lengths (~ 1650 A) a new electronic transition appears as a group cff some 
seven diffuse bands. The apparent maxima form a progression with, a 
common difference of about 780 cm.-^ (Table II). This is no doubt to be 

t The name carbon oxysulphide has been used for COS in preferenoe to the alter- 
native carbonyl milphide because it is clear frmn thermal data (Pauling and Sfbe«w>*a, 
1933 ) that the 00 bond is not in the carbonyl state, and that it has a oonsidBSMbie 

amount of resonance energy with respeot to carbonyl CO. - 
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Kttiibtlted to the Vt (symmetrioal valenoe) frequency which ha« a value of 
850 cin.~^ iti the ground state. Both the selection rules and the fact that 
as the electron is excited from a closed shell of molecular orbitals, the 
vibration frequencies are likely to be somewhat diminished by the excita¬ 
tion, support this assignment. 

To the short wave-length side of these bands in the range 1410-1215 A 
there appears a new set of very sharp bands. They are not as strong as the 
1550 A bands and require rather higher pressures in order to bring out all 
their structure. 

The individual bands consist of a large number of very sharp com¬ 
ponents which show the same wide spacing that has proved to be such a 
puzzling feature of certain similar bands of CS*. On the low-pressure 
plates only the strongest components of each band are present. As the 
pressure increases numerous other weaker components join them. A closer 
inspection of these bands shows that they fall into two systems; (1) 
stretching from 1410 to 1310 A, and (II) from 1300 to 1216 A. The first 


Table III. Pbogrbssions in the sharp 1410-1310 A 

BAND .SYSTEM OF CARBON OXYSDLPHIDB 


I 

V 

dv 

I 

V 

Jp 

I 

P 

Ap 

6 

70,920 

— 

8 

71,460 

— 

1 

71,662* 


6 

71,640 

720 

8 

72,186 

726 

0 

72,267* 

715 

6 

72,366 

716 

8 

72,900 

716 

6 

72,980 

713 

6 

73.060 

706 

8 

73,010 

710 

6 

73,680 

700 

9t 

73,766 

706 

8 

74,310 

700 

6 t 

74,410 

730 

t 

Obscured 

7 

76,000 

690 




5 

76,190 

712x2 

7 

76,680 

680 




2 

76,900 

710 

6 

76,360 

670 





* Weighted means of a narrow doublet, 
t Overlaid with emission lines. 


group coxuusts of nine bands, each complex, with from four to nine sharp 
components. The components themselves show line-like sharpness at low 
pressures. At higher pressures they are shaded very slightly towards long 
wave-lengths indicating some slight increase in the OCS distances as a 
result of the excitation (probably accompanied by some weakening of the 
OCS bands and diminutions in the associated frequencies). It has been 
possible to arrange certain of the strong components, which from their 
appearance seqm to be related to one another, into vibrational progressions 
involving only a single vibrational frequency. Three, fairly long prqgres- 
siont hai^e been found throughout the range 1410-1310 A, togetW with a 
number of shorter ones among the weaker components (Table lU). The 



508 W, C. Price and D. M. Simpson 

frequency diflFerence is fairly constant the average being ~710 for 

the three main series. While the above result shows that a single vibration 
of around 710 cm.“^ is the basis of the progression, it is not put forward as 
being in any manner a complete analysis. It must be emphasized that the 
complicated structure of these bands and also similar complexities in 
many of the bands of CS 2 and COg is something for which there is no 
analogue in the spectra of diatomic molecules. While it has been suggested 
in the article on CSg that the structure may be rotational in origin due to 
the molecule becoming slightly bent in the excited state there ore objec¬ 
tions to this explanation. In the case of the bands between 1420 and 1300 A 
the first band at 1417 A is a single narrow band, the second 1400 A) has 
two, the third (-1385 A) three, and the fourth four predominant com¬ 
ponents. Weaker additional components come out at higher pressures. 

Just below 1300 A another strong vibrational progression is apparent. 
On the low-pressure plates it appears as three bands, the first being at 
1294 A, the second at 1282 A and the third at 1270 A. This main progres¬ 
sion has a separation of -715 which does not differ greatly from 

that of the 1420-1300 A bands. However, the intensity distribution in the 
progression is somewhat different as in this case the first member is the 
strongest, there being a rapid diminution in intensity in going to the 
second and third (this is best seen on the low pressure pictures). This 
intensity distribution is consistent with the correlation of the 715 cra.^^ 
difference with the 859 cm,"”' vibration of the ground state indicating as it 
does a relatively small change in the associated ftequency. With increase 
in pressure many components appear around the main bands. A large 
number of them can be fitted into short progressions with differences of 
710 ± 15 cm.”', and it is fairly sure that a vibration of about this magnitude 
is the only one involved in the excitation. 


Tablk IV. Progressions in the 1300-1250 A 

BAND SYSTEM OF CARBON OXYSULPHIDE 


I 


Av 

I 

V 

Av 

I 

V 

Av 

10 

77,296 

— 

6 

77,420 

— 

4 

77,800 

— 

7 

78,010 

716 

4 

78,160 

730 

2 

78,500 

700 

4 

78,730 

720 

2 

78.866 

715 

1 

79,210 

710 


Several other weaker progressions of single bands were found in this 
neighbourhood. These are sufficiently removed from the main progression 
to be recognizable as different electronic states. They all had the separa¬ 
tion of — 710 cm,"*' and were composed of three or four members slightly 
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shaded towards the red. In all cases the first band was the strongest and 
the subsequent members rapidly diminished in intensity. The frequencies 
of the first bands of these progressions together with arbitrary intensities 
referred to the band at 77,295 (1293*7 A) as ( 100 ) are 76,830 ( 6 ), 

77,790 (7), 79,270 ( 10 ), 80,830 ( 6 ), 81,240 ( 8 ). Unlike carbon dioxide and 
carbon disulphide the spectrum of COS does not contain strong single 
isolated bands which can be interpreted as transitions between atomic 
orbitals. The nearest approaches to such transitions are the short vibrational 
progressions cited above. Possibly the reason for this is that on account 
of the modified electronic structure resulting from the lack of symmetry 
(MuUiken 1935 ), all the excited orbitals, even of relatively non-bonding 
electrons, have to be a mixture of O, S and C atomic orbitals. 

Between about 1200 and 1160 A there appear a set of moderately strong 
diffuse bands. The difference of ^ 700 cm.’"^ is again evident, but little can 
be done with the bands because of this diffuseness. It does appear, how¬ 
ever, that the group may form the next Rydberg series member of the set 
around 1520 A. This would make the ionization potential of COS about 
12 V, value which is intermediate between the values 10*1 V for CSj. and 
13-7 V for COg. Extending down from about 1110 A towards shorter wave¬ 
lengths, there occur a variety of stronger diffuse bands. These seem to be 
due to the excitation of a different electron. The wave-lengths at which 
they appear suggest an ionization potential of --15 V. 


Discussion 

MuUiken ( 1935 ) has already suggested that the first absorption bands of 
CO 2 (A max. 1600 A) and CSj (A max. 3200 A) are analogous and corre¬ 
spond to the forbidden transition: 

This is supported by the fact that the absorption maxima of the excited 
states have similar term values both being - 6*2 V (MuUiken’s predictions 
apply to vertical processes and hence the term values to be used are those 
of the absorption maxima). The bands represent the transition correspond¬ 
ing to the least change of energy, and thus it appears most probable that 
they involve the excitation of the non-bonding pn electrons (which corre¬ 
spond to the minimum ionization potential of the molecule) to some anti¬ 
bonding molecular orbital. Particularly good agreement of the term 
values would not be expected if bonding electrons were involved in the 
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transitions. The diffuse COS absorption below 2500 A (A max. 2300 A) 
corresponds roughly to the above-mentioned absorption in CO^ and CS 2 
and occupies an intermediate position. The electronic configuration of this 
molecule is slightly different on account of the lack of symmetry. As the 
g-^u electron rule which makes the transition forbidden in COg and CS^ 
does not apply to COS, the absorption is expected to be very much stronger 
for the unsymmetrical molecule and this is actually found to be so. In 
the case of CS^ it will be remembered that the forbidden nature of the 
3200 A bands is indicated by the fact that more than a single vibration 
frequency appears to be present in the excited state, whereas CS 2 possesses 
only one which is totally symmetrical. The relative weakness of the bands 
is of course additional evidence. Since for this molecule the longest wave¬ 
length bands are discrete, their energy of excitation is probably less than 
that required for the process CSg-^-CS-fS (Henri 1931 ). Only at 2800 A or 
4-4 V does predissociation set in. In COS and COj the longest wave-length 
bands are very diffuse indicating that their energy of excitation already 
exceeds that necessary for the processes COS-^CO-f S and COa->CO-fO. 
Thus upper limits of 4-8 V (2550 A) and 7*3 V (1700 A) can be set for the 
energies necessary to produce such dissociation. 

The (A max. 1335 A) COg bands seem to correspond to the (A max. 
1970 A) CSg system, the respective term values of the absorption maxima 
being 4*5 and 3-8 V, That the CSg term value is somewhat less than the 
COg seems to fit in with what might be expected from a consideration of 
the atomic term values of 0(1) and S(I), e.g. the term values of the 
states of 0(1) and S(I) which are closest to the term values of the molecular 
states considered, differ by about 0*6 V, the oxygen term value being the 
greater (»S^ 4-44 - 3-82 = 0*62 V; 4-07--348 = 0-69 V). Thus these 
COg and CSg bands are probably to be related to one another and also to 
the system of COS (A max. 1610 A) which occupies an intermediate posi¬ 
tion, The character of the carbon dioxide system together with the 
moderately high pressures at which it appears suggests that it is to some 
extent forbidden. The selection rule involved must have little or no effect 
on the transitions in CSg and COS as these are very strong. 

The weak CSg progression (A max. 1720 A) does not seem to have any 
counterpart in the COg spectrum, though it would be difficult to observe 
since it might be expected to fall in the neighbourhood of the strong 
1130-1120 A bands. Carbon oxysulphide, however, appears to have a 
corresponding system of bands in the set between 1400 and 1300 A. These 
are obviously “less forbidden” than the CSg system, since they come out 
at moderately low pressures. 
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Additional analogies on the basis of term values are rather hard to find. 
The CSj band (1696 A) seems possibly related to the strong COj bands at 
1130 and 1120 A, the term values being 2*4 and 2*9 V respectively, i.e, the 
COj term value exceeds that of CSg by an amount not very different from 
the difference of comparable 0(1) and S(I) terms; ®P, 2-86-2-48 = 0*38 
and *P, 2*62 — 2*30 = 0*32. However, it is difficult to see why a siv^le band 
in CSjj should be related to a double band in CO2. 

It should be mentioned also that the series we have found in CO2 has 
roughly similar term values to the AB series in water (Price 1936), also to 
the bands below 1350 A in SO2 (Price and Simpson 1938). These seem pos¬ 
sibly related to the series of 0(1). In CS^ the bands at 1815 and 1595 A 
may possibly be related to atomic terms of the type (*S) 4s, and 
(^S) 4p, ®P. The molecular term values are about 26,400 and 18,740 as 
compared with atomic ones of 28,228 and 20,100 cm.“^ 

In conclusion we wish to thank the Royal Society Grants Committee 
(W. C. P.) and the Goldsmiths Company (D. M. S.) for financial aid in 
connexion with this work. 


Summary 

The absorption spectra of COj and COS have been investigated in the 
vacuum ultra-violet. In the case of COg, the electronic series converging 
to the lowest state of COg^ have been identified and the ionization 
potential corresponding to this state has been established directly as 
13*73 ± 0*01 V. This is in excellent agreement with Mulliken’s prediction of 
13*72 + 0*03 V, which is based upon the identification of the 2900 A emis¬ 
sion band as being *77^ of (yO^, and upon the assumption that the 

photo-ionization at 685 A is to the state. Certain weaker bands not of 
a Rydberg type have also been found. They are attributed to transitions 
to anti-bonding molecular orbitals. 

The spectrum of COS has been found to be intermediate between that 
of COa and Certain differences are attributed to the lack of symmetry 
of this molecule. The corresponding electronic states of the three molecules 
are identified by the criterion of the rough agreement of their molecular 
term values. 
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Statistical theory of the adsorption of double molecules 
By T. S. C^ANG, Fitzwilliam House 
{Communicated by It. H. Fowler, F.R.8.—Received 24 October 1938) 

1 . Introduction 

The adsorption of gaseous atoms upon a solid surface where the sites of 
accommodation are regularly arranged has been studied extensively by 
statistical methods, first without interactions between the adsorbed atoms 
(Fowler 1935 ) and later with the interactions jjroperly included. The first 
approach to include the interactions is made by Fowler, using the Bragg 
and Williams’s approximation (Fowler 1936 ), and subsequently by Peierls, 
using Bethe’s approximation (Peierls 1936 ), both methods having been 
first employed to investigate the order-disorder transitions in alloys. The 
main results of these calculations are the same. When the forces between 
the adsorbed atoms are attractive, there are two different types of isotherms 
separated by a certain temperature called the critical temperature. For 
isotherms with lower temperature there exists a range of pressure p where 
several values of the fraction of adsorption d may correspond to one value 
of p. Evidently, all these values correspond to stationary values of the 
free energy, but only one gives the absolute lowest free energy. So when 
the point for the lowest free energy shifts from one branch 6 « di{p) to 
another branch 6 = d^ip), the measured 0 will have a discontinuity. 

Physically it is as follows. The presence of adsorbed atoms will tend to 
draw more atoms from the gas to the solid surface, owing to the attractive 
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forces existing between them. After having drawn some atoms to the 
surface^ the attractive forces to draw further atoms are bigger, and more 
atoms will be drawn. It is possible that when the fraction of adsorption d 
is sufficiently large, this process will cumulate so quickly that d suddenly 
becomes much larger, behaving like a discontinuity. This process of accumu¬ 
lation will occur only at low temperature, for at high temperatures the rate 
of evaporation is large, and a statistical equilibrium is reached before any 
such accumulation takes place. 

In some oases an adsorbed particle may need to take up two adjacent 
sites of accommodation instead of one. An example nearly of this nature 
is provided by experiments on the competitive adsorption of bivalent copper 
and univalent sodium on a film of stearate ions on water, where each 
adsorbed copper ion will displace two adsorbed sodium ions. If there is 
only one layer of adsorbed copper, say, the mechanism of adsorption will 
be similar to that of the adsorj)tion of one layer of double molecules B 2 
upon a solid surface, 

( 1 ) with each molecule B 2 lying completely in the layer, 

( 2 ) with each atom B associated with one site of accommodation, and 

(3) without dissociation, i.e. the sites of accommodation for two B atoms 
belonging to the same molecule fig are nearest neighbours. 

In this paper we shall study the adsorption of gases consisting of 
molecules only (i.e. with no single atoms B in the gas) under the above 
conditions. In actual adsorptions, there is always a partial dissociation 
on adsorption (if the dissociation is nearly complete as in most actual 
oases, we can start with the approximation of complete dissociation, see 
Wang 1937 ); there are usually several layers of adsorbed molecules; and 
even when there are only a few adsorbed molecules so that the adsorption 
approximates to the ideal case of mono-layer adsorption, the adsorbed 
molecules may not tend to lie completely in the plane of adsorption, but 
rather to have one end in the plane and the other end higher up above the 
plane. All these possibilities are contrary to the assumptions ( 1 ), ( 2 ), and (3) 
used in our calculations. Nevertheless, it is not without interest to investi¬ 
gate this ideal case owing to its connexion with the stearate films. The 
interest of competitive adsorption of bivalent and univalent ions on the 
films was stressed by Dr Langmuir in conversation with Professor Fowler. 

The calculations below hold also for adsorption with the adsorbed 
molecules forming many layers, if we assume that the sites of accommo¬ 
dation for the higher layers, together with those in the bottom layer, form 
a regular array like a crystal, that each B of the adsorbed molecules is 
associated with one site, that the sites of accommodation occupied by two 
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J 5 ’b of the same molecule are nearest neighbours, and further that the heat 
of adsorption of a molecule is the same, whatever its position and orien¬ 
tation may be. These assumptions evidently do not correspond strictly 
to any actual example. 

The main result of the calculations is that if the forces between the 
adsorbed molecules are attractive, there is also a critical temperature, of 
the nature described above, and that this critical temperature is higher 
than that for the adsorption of single atoms, if the interaction potential 
energy between two JS’s, situated as nearest neighbours, and belonging to 
two different molecules, is the same as that between two single atoms, 
occupying also a pair of nearest neighbours, in the adsorption of single 
atoms. This means that at some temperature the adsorption of double 
molecules has a discontinuity, while the adsorption of single atoms has not. 
As can be seen later, this arises from the various orientations which a double 
molecule may have, making the probability of adsorption larger than it 
would otherwise be. 

In the course of the calculations, by studying the adsorption of molecules 
with no forces between them we have obtained the number of ways of 
arranging \N6 double molecules on N sites. This result may be useful in 
some other connexions {e.g. regular solutions with double molef)| 46 ^), and 
will be discussed in detail below. f r 


2. Bkthe’s approximation 

In using statistical methods we have to find the grand partition function 
of the adsorbed layer (Fowler 1938 ). Let x b© the energy of desorption of 
a molecule when its neighbouring sites are all unoccupied, V the inter¬ 
action potential energy between two B’s belonging to two different molecules 
and occupying two sites which are nearest neighbours, and let the interaction 
of two belonging to the same molecule be included in x^ os write 

( 1 ) 

where is the pressure in the gaseous phaae, the mass of the molecule 
B^, Vg the factor in the partition function of a molecule in the gaseous phase 
allowing for its rotation and internal oscillations, and h, k, T Planck’s 
constant, Boltzmann’s constant, and the absolute temperature respectively. 
Let Vg be the partition function of an adsorbed molecule occupying two 
definite sites. therefore contains no part connected with the orientation 
of the double molecule. We write further 
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then the grand partition function for the adsorbed layer is 

S/(«.X)A»v^, (8) 

n,X 

where n is the number of B'a in the layer, X the number of pairs of nearest 
neighbours BB, including both those belonging to the same molecule and 
those belonging to different molecules, and/(«, X) the corresponding number 
of ways of arrangements. 

We shall now make use of Bethe’s approximation. Let us consider a 
typical aggregate of sites, with one in the centre, say /)(, for short, and 
its z nearest neighbours, say 2)j, i),,..., D^. Let us introduce 6^, 6^, d,,..., d, 
to denote the state of occupation of D^, Dj,..., D^, (9© = 1 corresponding to 
occupied, 6^ = 0 corresponding to unoccupied, = 1 to occupied, 
6*1 = 0 to Z>i unoccupied, etc. Any configuration of this aggregate can 

therefore be denoted by 0^, 6^ . 0^). The grand partition function for 

the configuration ( 0 ; O^, 6^ .<9^) is then 

(4) 

where the function y arises from summing over the various configurations 
of the molecules outside the aggregate. The essence of Bethe’s approxima¬ 
tion lies in assuming an appropriate form for this function, and determining 
it afterwards. Here we must be extremely careful, for the result of calcula¬ 
tions depends very much upon the approximate function we assume for 

this y. In contrast with the adsorption of single atoms, the <9i,(9j.d, 

are correlated with the molecules outside in two ways; 

(1) if any of the neighbours, say Df, is occupied by a B, the other end of 
the molecule to which this B belongs must find itself somewhere among the 
2-1 neighbours of outside the aggregate, and 

( 2 ) the other a - 2 nearest neighbours of may be occupied by some B’a 
and interactions exist between the B at Df and them. 

The second effect corresponds to a similar effect in the adsorption of 
single atoms, i.e. the existence of interactions between adsorbed atoms 
among the neighbours and the outeide, but there is nothing in the adsorption 
of single atoms parallel to the first. Taking the case in which there is no 
interaction between the adsorbed particles, and thus leaving ( 2 ) out of 
account, we see that for the adsorption of single atoms, y will be independent 
of dj, 9 ,, dg, whereas for the adsorption of double molecules, due to the 
correlation ( 1 ), the function y will still depend upon dj... d,. In the following 
we shall take y to be 

(6) 
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and assume that this form of y is good enough when both correlaticms axe 
present. It seems worth while to study first the particular case F «= 0 
to see if the fonn of y is good enough when only the first correlation is present. 

For this special case, the g.p.f. (short for grand partition function) for 
(0; 6i,6^,...,dg) will be c{Af(6 ) 

Next, let us consider the configuration in which the centre is occupied. 
The other end of the molecule to which the B at belongs, must find 
itself at one of the z neighbours, let us say, D^ for definiteness. The g.p.f. 
for this case will be 


cXi+0i+-+0i-i+(H.i+-+0,y^{e^ .. 0 ,), 


( 7 ) 


where y^ is again a certain function arising from summing all different 
possible configurations outside the aggregate. By considering the connexion 
of the neighbours with the outside for this configuration, we see at once 


that 


^s) ~ y{^x . 


( 8 ) 


and is, according to our assumption for y, equal to c^«++*». In 
other words, the B and behaves to the Outside as an unoccupied site. 
The complete g.p.f, is therefore given by 

S c(Af)»i+-+»* + cS S (9) 

(9|+,...aJ 

the first term corresponding to D, imoccupied, and the second to 
occupied. The summation over “t” in the second sum corresponds to the 
summation of various orientations, which the molecule whose one end is 
the B at may take. The g.p.f. reduces easily to 

c(l + e)*+c«A>{l + e)^^, (10) 

where e *= A^. To determine f or e, we employ the condition that the 
probability for the centre and the neighboius to be occupied is the same, i.e. 
The average fraction of adsorption 6 


- (l/g.p.f,){c2: S A*(AC)»i+" +®‘-i+^<+>+-+**} (11) 

i (9,...9(_,\ 

U+....9J 

- s-Ml/g.p.f.){c2’(0i +...+0,) (Aa®*+-+®* 

+cS S (l+^i + ... + d<_,+0<+i+...+0,)A*(AC)®i+-+®<-»+®<«+-+^‘}, 

which gives 


aA*(l+e)*-^ * e{l + e)*-i + A*(l+6)«-i + (a-l)A<e(l+«)*"*- 
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The final result is A* « {z -1)^^ e(l -h e), 

which, upon eliminating £, gives 

1 (z^d)d 

We have not proved that we can replace 7 (^ 1 ...in (4) by 
where 7 depends upon through the fact that corresponding to each 

adsorbed B among the z neighbours there must be one B belonging to the 
molecule of this B outside the aggregate, as the centre is unoccupied. The 
only way of justifying this assumption is to apply the same assumption 
to a bigger aggregate, where the error due to the inappropriateness of the 
assumption will be less important, and to compare the results. For this 
purpose we consider an aggregate consisting of two nearest neighbours 
Dq, Dq in the centre, with neighbours 

-Dg, being the neighbours of and Dq, being those of Dq, 

Any B among these neighbours may have its other end among the central 
sites, or outside the aggregate, or among the other neighbours, as the — 2 
sites Dg, may form pairs of nearest neighbours among 

themselves. We will exclude the third possibility from our calculations, 
since this involves explicitly the correlations between two neighbours, and 
will complicate calculations. As before, the grand partition function for any 
configuration of this aggregate wiU contain a factor, which arises from sum¬ 
ming the various configurations of the molecules outside, and will be 
assumed to be 

C(^)" (14) 

wbeie the summation is taken over all ^’s whose other ends are outside 
the aggregate, and c is a certain constant, c and c are different owing to the 
difference between the sizes of the two different types of aggregates, but 
. their value is of no importance here. The reason of summing over only those 
whose other ends are outside the aggregate is obviously the same as 
before, i.e. those JB’s whose other ends are among the central sites behave 
to the outside as unoccupied sites. The complete grand partition fimction 
for our chosen aggregate is found to be 

o{ 1 + ?)*»-«+ B2(z -1) A»( 1 + ?)**-»+cA«( 1 + €)**-»+c(« -1 )* A«( 1 + e)**-*>, 

where 2 «> A^. In the above expression, the first term is for the configuration 
$0 ^ « 0, the second for the configuration « 1, the third for the 


( 12 ) 

(13) 


33-a 
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configuration in which and are occupied by a molecule, and the fourth 
for the configuration in which and are occupied by two B’% belonging 
to two difiPerent moleculea. Using our condition to determine ^ or e, we have 

0 = (i)(g.p.f.)~H2c(z-l)A*(H-e)®‘-» + 2cA*(l+€)*‘»-w 

+ 2c(z-l)*A*(l+e)**-»} 


= (22 - 2)-» (g.p.f. )~H2c(z - 1) e( 1 + e)**-® + 2c(2 - 1) A»( 1+ 

+ 2c(2 - 1) A*(22 - 3) e(l + + 2cA*(2 -1) (1 +e)**-» 

+ 2 c (2 - 1 )* A*(l + + c (2 - 1)* (22 - 4) A«g(l +e)**-»}, (16) 

of which the solution is again (12), with e in place of e. This agreement suffices 
to show that our assumption for y will not be seriously wrong. 

It is obvious that the above result can be used to find the number of ways 
of arranging ^Nd double molecules on N sites. Let the number of con¬ 
figurations of arranging ^Nd double molecules upon N sites be g(N,d). 
We may safely assume that g{N,6) = where g*(6) is a function of 

6 alone, for roughly speaking, if N is doubled and 6 is unohang^, g(N, d) 
will be squared. The free energy of the adsorbed phase will be 


- kT(Ng*{e) mxIkT) + ^Nd log Vg), 
and the free energy of the gaseous phase will be 




(17) 


(18) 


where ie the number of gaseous moleouies and V is the volume of the gas, 
not to be confused with the interaction energy F. At equilibrium at constant 
temperature and volume, the free energy is minimum, hence 

Wm ‘ ^ - 8 ^ ( -‘^.[ 1085 ?=^^^ + ,]) . 0 

( 19 ) 


or 


,dg*(e) 


^ +logA*, = 0, 


( 20 ) 


We can now substitute the value of A^, from (13) into the above equation, 
and obtain 


. wp (z-em . 


(21) 
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Since g{N, 0) ■» 1, g*(0) « 0, we have 



= — log * — (a — 0) log (« — 0) + 0 log <? + 2( 1 — 0) log (1 — 0) — 20 log z]. 

( 22 ) 

We shall leave discussion of this result to § 5, in connexion with the Bragg 
and Williams’s approximation. 


3. Bethe’s approximation (oontinited) 


We consider now the case in which there are interactions between 
adsorbed molecules. We take as usual an aggregate with one in the centre, 
and its z nearest neighbours. When the centre is unoccupied, the g.p.f. will be 


A'»*+-+»*r(0i,0s . 

(23) 

and we shall assume that 


y{di,dt . 

(24) 

Summing over 0i,..., 0„ we get 


c(l+AC^ 

(26) 


When the centre and its ith neighbour are occupied by a molecule B,, the 
g.p.f. will be ' 

It is evident that yi(0i.0<_i,0<+i, ...,0,) is no longer y(0i, ...,0<-i.O,0,+„ 

..., 0,), because when is occupied it exerts forces on the molecules outside, 
whereas when is unoccupied no force will be exerted; It is also impossible 

to take to be y(0i.0<_i, l,0<+i, ---,0,), because the B at does not 

join to another B outside to form a molecule, whereas the other B’s among 
the neighbours do. In other words, the role played by the B at in regard 
to the relation with the outside is not the same as an unoccupied site, nor 
the same as the other B’s. 

To bridge over the trouble we adopt the following procedure. When 
Bg and Bj are occupied by a molecule, we consider the aggregate with 
Bq and Di in the centre and their 2z — 2 neighbours,* as in the above section, 
here taking the place of Bg there. We exclude as before the possibility 

* The assumption of 2s -> 2 neighbours for the pair restricts the disouasion tacitly 
to arrays in which the nearest neighbours of a site are not nearest neighbours of 
each other. 
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for a pair of neighbours to be occupied by a molecule in our calculalaons, 
to avoid complications. As Do and Dj are occupied by a molecule, it follows 
that if any of the neighbours is occupied by a D its other end must be outside 
the aggregate. Under such conditions the g.p.f. for various states of occupa¬ 
tion of the neighbours will be 

(26) 

Summing over (Jj... 6 ,, we get 

cA*i/(l+Ai?a*‘*-w. (27) 

Similarly, when Do and Dj are both unoccupied, the g.p.f. for various 
states of occupation of the neighbours will be 

(28) 

Summing over 62 ... d*, we get 

c(H-A0*»-w. (29) 

The complete grand partition function is the sum of the expression (26), 
and z times the expression (27), the first corresponding to Dq unoccupied, 
and the second to Do occupied. It is therefore 

c( 1 + A^)* -f- c 2 A® 9(1 + Ai/g)»<*-«. (30) 

To proceed further, we must get the relation between c which 
can be obtained as follows. Let us take the case in which Do as4#i 
unoccupied. Under such conditions, the g.p.f. for the configuration (0; 0, 
$ 2 , dj,..., Of) is the expression (23) with dj put to be zero, 

i.e. c(A0®»+"+®». 

It is also (23) after summing over dg,...,9., 
i.e. c( 1 + A^)*“^(A^)*>+—+**. 

They should be the same for all dj.d,. 

Hence and c-c(l+Af)^». (31) 

These are all the relations required. 

Making use of the condition that the probability of adsorption is tiie 
same at the centre Do and its neighbours, we obtain 

d = (g.p.f.)-H«A>i;(l-|-A)?^)*<*-«} 

» z-J(g.p.f.)-» |c*A»j/(l -I-A?)g)*<»-w+c^^(I +Af)* 

+ 45f^*A*7(l-fA7?)*-»j. 

where care must be taken not to differentiate e and c. 
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Using (31) we get 


Q z 6(1+ 7e) 
l~&’^(z~l) (1+e) ’ 


(32) 


A*J? 


€ (l + e)*<*-« 
(*-l)(l+ 9 e)*-«’ 


(33) 


giving 6 in terms of i/ and Xhj through the parameter e, which is short 
for A^. For f) = \, (32), (33) reduce to the result above for no interactions. 

Before discussing the equations (32), (33), it may be found interesting 
to deduce a similar formula by kinetic considerations (for kinetic con¬ 
siderations of the adsorption of single atoms and double molecules vdth 
complete dissociation on ad 8 oi 7 )tion see J. K. Roberts *937)- The kinetic 
consideration cannot dispense with the arbitrary quantities like ^ or e, 
but it makes no use of A, which is essentially a statistical quantity. First, 
we consider an aggregate with one central site and its z neighbours. So far 
as the dependence upon 6 ^...dg is concerned, the probability for the 

configuration ( 0 ;<?i, ^2 .0 ^) may be assumed to be proportional to 

where ^ is some quantity to be determined later. The proba¬ 
bility for one of the neighbours to be occupied when is unoccupied 
is therefore <p/(l+^). The probability for D^...D^ to be occupied when 
i>o i>i are both unoccupied is also roughly <j)j{\ + ^). Next, we consider 
the aggregate with D^, in the centre, and 22-2 neighbours Dj... D*, 
Dj... For this aggregate, the probabilities for various states of occupa¬ 

tion of 2)2 • • • with i>o> ^1 unoccupied may be assumed to bq proportional 
to (5i)9i+ "+9«+»«'+ - +^/, where ^ is a quantity similar in nature to and then 
the probability for 2)j... to be occupied when and Dj are both un¬ 
occupied is ^/(l-l-^). Comparing with the expression ^/(l-f-^), we get 

B Finally, the probabilities for various states of occupation of 
with Dq,D-^ occupied by a molecule, will be proportional to 
(jj^^)«t+-+0f+«a'+" +**', and the probability for i), •••■£>* to be occupied when 
Z>Q and Di are occupied by a molecule is Our condition gives 

•us at once 




l2 2 


-Ji— 

( 1 +#); 


or 


6 z ^(1-t-^^i) 

l-^“(2-l) I+'4' 


(36) 


This is essentially the same procedure as before, but we have avoided the 
use of A. To go further, we shall consider the rate of evaporation and that of 
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oondensation. The rate of evaporation of all moleoulee whose one end is 
at Dq “ given by 


Ade.-xlkT 




(36) 


where -4 is a certain constant, and the factor inserted to take 

account of the fact that the effective heat of evaporation is decreased or 
increased by the amount of interactions with the neighbours. The rate of 
condensation resulting in adsorbed molecules whose one end is at Dq is 




(37) 


where ... + ^ number of unoccupied sites among the z neigh¬ 

bours of i>o» and corresponds to the number of ways of possible adsorptionfi, 
a is the condensation coefficient, the pressure, and /i some function of T, 
depending upon the rotations and internal oscillations of the gaseous 
molecules. This reduces immediately to 


^PSt 

A 


(i-e)z 


1 

1 +^’ 


Equating (36) and (38), we get 


0 

l-d 




exiifT 


*(!+#)*»-• 

(l+^)*»-‘ 


( 88 ) 


(39) 


which, together with (36), gives 


“Pfe exikT „ _L_ 0(1 + ^)**' 

fiA (*-l) (H-^i/)»«-»’ 


We see that the formulas (36) and (40) agree with (32), (33) exoept that 
has taken the place of A*^, which is simply and the 
place of e. Of course, we can get the rate of evaporation of molecules at two 
definite sites, say Og and Oj, and also the rate of condensation of molecules 
upon Dg and Dy, and equate them, but both are l/z times the corresponding 
expressions above, so the result is unaffected. 


4. AdSOHPTION isotherms and THB second ARFBOXtUATION 

The equations (32), (33) are plotted below, with 6 as abscissa and log|,A«, 
as ordinate, for various temperatures, for molecules with attractive forces 
in fig. 1, and for molecules with repulsive forces in fig. 2 . We see that for the 
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case of attraotive forces there are two kinds of isotherms, separated by the 
dritioal temperature Tg. For those isotherms whose temperature is lower 
than Tg, the actual 9 will trace that branch of the function 9 » 9{p) from 
where it comes, until the state of the absolute minimum of the free energy 



Fig. 1 Fig. 2 

Fia. 1. Curves showing log^gAg, against S for attractive interactions between 
adsorbed molecules. Curves t {l)^ssl{T^ oo), (2) ^s 1'50, (3) i; =:2-04, (4) i; = 2‘97(9,), 
(6) 9 « 4-00, (6) V*8 00- 

Fio. 2. Curves showing log^g against 6 for repulsive interactions between adsorbed 

molecules. Curves: (1) i;sa0'4, (2) ^=s0-7, (3) 7=l-0(r=oo). 


-shifts to another branch, whereupon a discontinuity results. The critical 
temperature can be determined by 


dAg, d«Aj, 

d$ d9» ^ 


(41) 


10 tiiat idide > 0. Hence (41) is equivalent to 

dhsjde m d^XgJd^ ■■ 0 . 
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At dAflj/de * 0, 

l/e + (2z-l)/(l+6)-(22-3)9/(1+76) = 0. 

This is a quadratic equation showing that there are either two points, rar 
none, on the isotherm at which dXgJdd = 0. Prom this equation and 
d^XgJde* = 0 we find that the critical temperature is given by 

= ^{(22* - 62 + 4 ) + 2 ( 22 * - 52 + 3)*}/(2 - 2 )*. ( 42 ) 

We give a table below showing the values of 9^ JJ, for various values of z, 

including also the values for the adsorption of single atoms for comparison. 


z = 3 


z = 4 


* = 6 


2=8 


2 00 



Adsorption of single atoms 

V V F F 4 

9-00 ----0-456 4 00 --0*721 2-25 - - 1-23 1*78 --1-74 1 +- 

k k k k z 


Adsorption of double molecules 

V V V V 3 + 2^2 

5-95 - 2*97 ---0*919 1*85 - ^1*63 1*54 - — 2*32 1+ 

k k k k 2z 


T. 


Fz 

ki 

V 2z 
k 3+2^2 


It can be seen that the critical temperature here obtained is higher than 
that for the adsorption of single atoms, if F is the same. We have not plotted 
the isotherms for the adsorption of single atoms, but from the equations* 

f - (A3\ 

^“( 1 + 96 )*-!’ 1 - 0 “ 1+6 ’ ' ' 

where | = c»*^{p/(*]^/( 27 r»»)*(Jk 7 ')*l^} 

(see Peierls 1936), we know that at the points 0 and 1—0 the value of 
d log iidd is the same, and in particular, if the isotherms have stationary 
values, the maximum is equally far from 0 » 0 as the minimum from 0 » 1. 
Here, on the other hand, if 0 is fairly small, the value of (dlogXgJdff) at 
the point (1-0) is larger than that at 0, and the maximum is nearer to 
0 K 0 than the minimum to 0 = 1. This is due to the fact that when 0 is 

small each adsorbed molecule has z possible orientations, and when 0 is 

large each adsorbed molecule has fewer possible ways of orientation due 
to the interference with the orientations with the neighbouring molecules. 

* These equations are obtained by Peierls by luing an aggregate with one oentnd 
site, but they can also be obtained by considering aggregates with two central ritea> 
as in the later part of § 2, or by considering two aggregates, one with one central 
site, and one with two, as in S 3. 
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Thus at large 6 the probability of adsorption, apart from the effeot of inter, 
actions, is smaller, and d log ^jjJdd is larger. 

We describe roughly below calculations with a higher approximation 
for the case z •= i. We choose four sites forming a square as the central 
group of sites, each of them having two neighbours among the other sites 
of the group and two other neighbours outside the central group. These 
neighbours, eight in number, constitute the shell of neighbours surrounding 
the central group of sites. We first construct the g.p.f. for various configura¬ 
tions of the central group of sites exactly. For the two neighbours in the 
shell adjacent to a central site which is occupied by a whose other end is 
among the central sites, we introduce a factor (1 + into the g.p.f. For 
the two neighbours in the shell adjacent to an unoccupied site, we introduce 
a factor (1 + A^)*. For the two neighbours adjacent to a central site 
which is occupied by a £ whose other end is not among the other central 
sites, we introduce a factor ) + A^f), corresponding to the fact that 
one of these neighbours must be occupied by the other end, and each 
possibility should be counted as a distinct state. It will be noted that we 
have put the same factor f into the g.p.f. for those B’s in the shell whose 
other end is among the central sites, and for those whose other ends are 
outside the aggregate, and we have also excluded the possibility that a pair 
of neighbours in the-shell be occupied by a molecule. Both approximations 
introduce errors into the results of the calculations, but we believe that the 
errors will not be serious in the present approximation. 

We tabulate the various grand partition functions for future reference. 
Let F{ni, tig) be the grand partition function for the configuration in which 
nJ2 is the number of molecules Bg lying entirely among the central sites, 
and tig the number of molecules with one end among the central sites, and 
the other end among the shell of neighbours. Then, writing e » A^, we have 


F(4,0) = 2AV(l + ’?e)*, 

F(2, 2) - 4AY(1 +^e)*[2i7e(l +9e)]*, 

F(2, 1 ) » 8 A» 17 *( 1 + t/e)* (1 + e)» [2y€(l + ye)], 

F(2,0)-4AYl+7e)‘(l+«)*, 

F(0,4) <- AV[2ife(l + 5?e)]*. 

F(0,3) - 4AV[2ve(l+7e)]»(l + e)*, 

F(0,2) - A*[2 + iy]il+ e)* t27e(l + 

F(0,1) - 4A(1 +e)« [ 276(1 +ye)], 
J’(0,0)-(l + c)». 


(44) 
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The equations concerned are 

j 0 j 0 

The result of solving (46) numerically is plotted below, with log Xhj * log A*, 
as the ordinate, and 6 as abscissa. For the adsorption of single atoms we 
need only replace the factor 2i;e(l+i/e) in (44) by (1 + ^)*, and in the 
Buxnmation in (45) we exclude all F except those whose is zero, everything 
else being the same. This has been done by G. P, Dube, who shows that the 
critical temperature is lower than that given by the first approximation, 



Fia. 3. Curves showing logj^A^^ against 0 (obtained by second approximation) for 
attractive interactions. Curves; (1) 17 = 1*50, (2) rj =; 2*04, (3) == 2*7B, ( 4 ) i;s= 4'06. 

i.e. IJ. » "" {log[ 2/(2 —2)]*}“i. For our case, the critical temperature 
is given nearly enough by = 2*78, a value agreeing fairly well with the 
value 2*97 of the first approximation. Comparison of corresponding iso¬ 
therms for the two approximations reveals that the isotherms behave 
generally in the same manner, with the tendency that here log is larger 
at small and smaller at 6^*e nearly unity. 

We have not plotted the isotherms obtained by the present approximation 
which corresponds to repulsive interactions between the adsorbed molecules, 
as the curves are essentially monotonic, and so comparatively uninteresting. 
However, if the forces between the adsorbed molecules are repulsive, it is 
possible that the molecules arrange themselvesregularly with the unoocupied 
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sites, forming something like a superlattice, and thus the assumption 
employed throughout that the probability of adsorption is the same every¬ 
where may not be valid (for superlattioe formation of an adsorbed layer 
formed by single atoms, see Chang 1938 ). A special investigation into 
a particular type of superlattioe shows that the temperature required for 
this to occur is comparatively low, so that this phenomena may be neglected 
for ordinary temperatures. 


5. Bbago and Williams’s appeoximation 

Before applying Bragg and Williams’s approximation to the present 
problem, we shall return first to our formula ( 22 ) for 9 f*( 0 ) obtained in § 2 . 
In view of its importance and extreme simplicity of form, it is worth while 
to plot it and examine it roughly. At g*{6) varies as — |01og0 and 
at ^ m , varies as ~ ( 1 — 61) log (1 “ 0). It increases from zero at 0 = 0, 
with an infinite slope, reaches a maximum where 6{z — d)/(l — 6)^ « and 
decreases to a finite value -^[(2 — 2 )log 2 -( 2 ;— l)log( 2 -~l)] at 0 = 1 , also 
with an infinite slope. 

For 2 > 2 the exact value of g'^iO) has been found only for i9 = 0 , and 61« 1 
(Fowler and Rushbrooke 1937 ). In our notation, the exact formula is 

jyr! 

9 {^> <9) = I (7) » ( =^1) 

where <r is a symmetry number and is equal to 2 here, and z" is a certain 
constant, depending upon the co-ordination number z only. Using Stirling’s 
theorem we get 

g*{e) ^-idlogd-^{l-e)log{l-d) + id\ogz, (di= 0 ) \ 

g*(e)^-eiog0-(i~-d)iog{i-d)+idiog{z”i2), 

Here again, the most important part of the variation of g*(d) is — \6\ag6 
at and -(l- 6 >)log(l -d) at 1 . The value ofjf*(d) at d = 1 is given 
by |log(z'*'/ 2 ). Fowler and Rushbrooke have found that z *'/2 » 1>686 for 
* » 4, and 2'38 for z = 6 , and thus g*{d) « log* 10 x 0‘1133 for z * 4, and 
logf 10 X 0*1888 for z 6 , Formula ( 22 ) gives us 

g(l) --J[(*- 2 )logz-(z-l)log(z-.l)], 

which takes the value log^lO x 0*1136 for z =« 4, log^ 10 x 0*1611 for z 6 , 
and Iqg, 10 x 0*2486 for z <■ 8 . In other words, the number of ways of 
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arranging double molecules upon N sites is given by Fowler and Rush- 
brookeas (l' 686 )*^for 2 = 4, and (2-38)*'''^for2 = 6 ; and is given by formula 
(22) to be (l' 688 )i*^ for z = 4, (2-41)*^ for z =• 6 , and (3*14)*^ for z »« 8 . 
The agreement is certainly satisfactory, in view of the simplicity of our 
formula, and the way in which it is obtained. 



0 0-2 0-4 0-6 0-8 10 
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Fig . 4. Curves showing the number of ways, of arranging ^NO double molecules 

upon^sites, with g'*(d) plotted against 0: (1) upper curve for zs 8, (2) lower curve 
forz=;4. 

A rough idea of the validity of (22) for intermediate v^ues of 6 can be 
obtained from comparing (22) and the exact values of g*(d) for the case 
z = 2, which can be obtained. In fact, for z *= 2 we have 

g(N,e) = (N-m+^m)\i(N ~Ne)\^Ne\, 

which is exact for all 6. Using Stirling’s theorem, we get 

l 7 *(d) = (l-i(9)log(l-i(9)-(l-(?)log(l-0)-i<?logJ<?. (47) 

This is precisely (22) when z » 2. This agreement and the comparison in 
the above paragraph by no means establishes the validity of (22) for 
z different from 2, and all values of 6, At the same time, the approximation 
on which formula (22) is based seems to be equally reliable for all values of 
z and 6. 

For clarity, we give the application of Bragg and Williams’s approxima; 
tion in detail. When there are molecules adsorbed, the partition 
function of the adsorbed phase is given by 

'EfiiNe, X) e-xvikT^ (48) 

where X is the number of pairs of B-B nesurest neighbours, belongiiig td 
different molecules, and f{iN6, X) the corresponding number of configure- 
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tians* According to the epirit of Bragg and Williams's approximations, 
wb replace (48) by 

in Am ^)} \ 

X [ ( 49 ) 

and assume that X =» N{z— 1) 0®/2, j 

since only z—l neighbours are available to atoms of different molecules. 
To proceed further, we must know which is simply g{N,d). 

The free energy of the adsorbed phase is 

kT{logg{N, 6) + \Nd(xlkT) + ^Nd log Vs-N(z^\) dWj2kT}, (50) 

The free energy of the gaseous phase is 

- +1 j. (61) 

Adding the.free energies together, and taking the minimum with respect 
to variations of or we get 

logA«. + 2^-g-^ logg(N,d)-(z-1)26^ = 0. (62) 

By using the limiting forms of Fowler and Rushbrooke, this reduces to 

logXB^-{z-l)2dV/kT-logmi~&)z]^0, (^=0) I 
logAfl,-(s-l)2dF/iT-log[2^»/(l-^)*2*'] = 0. (0=1)/ 

By using the formula (22), it reduces to 

log Aa, - (2 -1) 2dVlkT - log [(z - 6) d/z»{ 1 - 0)*1 = 0. (54) 

It is easy to see that, as given by (64), the isotherms for positive and negative 
V and for various temperatures are not much different from those given by 
(32), (33). The critical temperature is, as before, determined by dXgJ^ = 0 
and d^XgJdff* = 0, which gives 7J, = —1*08 Vjk for « = 4', — 1-76 Vjk for 
*■*6, -2-76F/ifc for * = 8, and —{Vlk)2z{9 + 2^2)-^ for z-*co. Com¬ 
parisons with the results in § 3 shows that the value of is higher here, and 
the two values of become the same a»z-*-oo. 

It is impossible to get the complete isotherm from (53). But it is easily 
seen that the parts of isotherms near 0^0, and 0^ 1, as given by (63) are 
similar to those given by (32), (33). We can also see roughly from (53) that 
the critical temperature is higher than - J(*— l)(F/fc). For if we take tke 
isotherm to be represented by the first of (63) for the whole range of 0, we 
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get, from using the equations dAjgJdd « d*XsJd0* = 0, 3^ =» — — 1) (F/4), 

and if we take the isotherm to be represented by the second of (63) for the 
whole range of 6, we get JJ, = — J(« — 1) (V/k). We have reasons to believe 
that the actual value is between the two, and is therefore greater than 
-l(z-l)(Vlk). 

For completeness we may add that the adsorption isotherms with a 
partial dissociation among the adsorbed molecules behave intermediately 
between the isotherms with complete dissociation and those with no 
dissociations. For the particular case of no interactions between the 
adsorbed particles, equations (12) or (13) may remain with ( 1 — ^) replaced by 

where W is the heat of dissociation. This really amounts to a distribution 
of those sites not occupied by double molecules into sites occupied by the 
dissociated atoms and unoccupied sites. The same result is obtained by 
enumerating different possible configurations of our typical aggregates, 
now with dissociated atoms, and proceeding exactly as in § 2. There will 
be no difficulty in so doing, as we need to introduce f only for those atoms 
among the neighbours which form molecules with atoms outside, all other 
atoms behaving to the outside as unoccupied sites. 

Finally, we may add that the above calculations hold for the competitive 
adsorptions between double molecules and single atoms A, under the 
condition that the whole surface is covered by them. The equations are 
unchanged, but i) will be replaced by , and A by a quantity 

proportional to {pBt)*lpA involvir^ and Vaa- The details are un¬ 
interesting, and can be easily completed. 

In concluding, the writer wishes to thank Professor R. H. Fowler for 
suggesting the problem and help given during the preparation of the paper, 
and G. S. Rushbrooke for discussions during the earlier developments. 

[JVo<e added in proof.] In a paper in preparation, the number of ways of 
arranging Nd B^ molecules upon N sites with given number of pairs of 
nearest neighbours formed by two R’s of different molecules is found from 
(32) and (33). It is found to agree with the exact value for z—2. This means 
that (32) and (33) are exact for z = 2 and justifies partly the procedure we 
adopt in § 3. The number of ways of arranging N$ single R atoms upon 
sites with given number of nearest neighbours is also found there by 
making use of (43). 
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Concerning the scattering of fast electrons and 
of cosmic-ray particles 

By E. J. Williams, University GoUege of WeUes, Aberystivyth 

Formerly Leverhulme Foundation Fellow and Lecturer, 

Physics Department, University of Liverpool 

{Communicated by J. Chadwick, F.R.S.—Received 25 October 1938) 

When a particle, as the result of passing through a thickness of matter, 
is “scattered” through an angle, a, the scattering may be the result of the 
accumulated effect of a number of small deflexions produced by different 
atomic nuclei in the matter traversed, or it may be due to a single deflexion 
through an angle a produced by some one nucleus. The first t 3 rpe of scattering 
is spoken of as “multiple” or “plural”, according as the number of con¬ 
tributing collisions is large or small. The second type is referred to as 
“single” scattering. Which process is mainly operative depends on the 
nature and velocity of the scattered particle, the matter traversed, and 
the scattering angle. Under the conditions of single scattering the experi¬ 
mental results may be readily compared with the theory of the scattering 
by a single nucleus or atom, and they have in that way a direct fundamental 
significance. The theory of multiple and plural scattering, in addition to 
the (teduotion of the single scattering formula, involves a statistical problem. 
An accurate treatment of the latter is in general not possible, and to the 
extent that this is so the corresponding experimental results are lacking 
in fundif.niental interest. 
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Muoh work has been done on the problem in connexion with the small- 
angle scattering of a-particles and also the scattering of yfif-partioles. In 
these oases it has been shown that if thin foils are used aa soatteieis tiiere 
is a region of single scattering even at small angles, though at very small 
angles the scattering is generally multiple or at least plural. The theory 
appropriate to the conditions of these experiments has been developed by 
Bothe ( 1929 ) and by Wentzel ( 1922 ), the ctdculations being based on a 
classical theory of collisions. These investigations, however, do not make 
possible an accxirate quantitative interpretation of the observations (other 
than in the region of single scattering). 

In the experiments on the scattering of cosmic-ray particles (Anderson 
1933 ; Blackett and Wilson 1938 ), the scattering material is a metal plate 
a centimetre or so thick (placed in the path of the cosmic-ray particles in 
a Wilson chamber), while the particles have one electronic charge and 
a velocity very close to that of light. Under these conditions the scattering, 
as I have shown in an earlier note (Williams 1935 a), is mainly multiple. 
This also applies to the recent ex{>eriments of Fowler and Oppenheimer 
( 1938 ), and of Crane and Slawsky ( 1938 ), on the scattering gf fast electrons 
(~ 1-20 million V energy) by thin metal foils. In view qC^^e importance of 
a knowledge of the interaction of such high-energjr j^l^cles wdth atomic 
nuclei it is very desirable to develop the statistical theory of the scattering 
sufficiently to enable an accurate interpretation of the results of the experi¬ 
ments to be made, which is not possible on the basis of existing treatments. 
The conditions of the experiments permit this to be done satisfactorily, 
and the purpose of this paper is, in the first place, to develop the theory in 
this respect, basing the statistical calculations on a qiuuitum-mechanical 
theory of collisions. The main simplifying features of the experiments which 
make this possible are, (a) the average deflexion is chiefly contributed to 
by scattering through small angles, ( 6 ) the gaussian distribution representing 
the multiple scattering through small angles is nearly complete before the 
region of plural and single scattering is reached, (c) the scattering measured 
is the projection of the deflexion of the particle on a plane perpendicular 
to the line of sight and containing the initial direction. The arithmetic mean 
deflexion, which is the quantity most readily obtained in the experiments, 
may in fact be accurately evaluated irrespective of ( 6 ), though ( 6 ) is very 
helpful. The calculations are given in § 2 of this paper. In § 3 the results ore 
used for a discussion of the experimental data. In this discussion reference 
is also made to the bearing of the cosmic-ray experiments on the existence 
of mesotrons (“ heavy electrons ”). 

An approximate treatment along the present lines was given in the note 
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cited above. The formula then obtained for the arithmetic mean deflexion 
(which was the quantity considered by Anderson) could be in error by 
10-20 %* but it was accurate enough for discussing the cosmic-ray results 
available at that time. The recent experiments of Blackett and Wilson 
have, however, greatly increased the scope and accuracy of the data, and 
the present calculations were undertaken chiefly in view of their work. 

In the first part of this pa^r (§ 1 ) a brief discussion of the elements of the 
relativistic theory of scattering is given, and certain points are discussed 
in some detail. These include the effects of the shielding of the nucleus by 
the atomic electrons, and of the finite size of the nucleus. The first of these 
plays an essential part in multiple scattering, while under the conditions 
of the cosmic-ray experiments the second, rather unexpectedly, is almost 
equally important. It is found that observations on the scattering of cosmic- 
ray particles may also provide information about the non-electric inter¬ 
actions between these particles and the protons and neutrons in atomic 
nuclei. The data already available are in fact of some value in this respect. 

The details of some of the calculations have been relegated to appendices. 


1. Relativistic scattkrino (effect of shielding, etc.) 

(a) General 

The scattering of fast electrons by a Coulombian field according to Dirac’s 
relativistic theory has been calculated by Mott ( 1929 ). We require here the 
effect on the'scattering of the shielding of the nucleus by the atomic electrons 
and of the finite size of the nucleus, and also the scattering arising from 
non-electrical interaction with the nucleus (both elastic and inelastic). 

As we have already stated the angles of scattering involved are very small, 
especially in the cosmic-ray experiments where they are only of the order of 
a degree or so. We therefore only require the above modifications in the region 
of small angles, and this can be done fairly simply. Shielding in any case only 
oonoems small angles for the high-energy particles under consideration. 

In a field-free space a particle moving with velocity v parallel to a direction 
X may be represented by the infinite plane wave where 2nA is the de 

Broglie wave-length. In the presence of a scattering field (electrostatic) 
in which the potential of the particle is V{r), the solution will be of the form 
}/r » + ^ly where represents the effect of the field. For low velocities 

is determined by the non-relativistic wave equation of Schrodinger, viz. 

-h (23f/«*) Ef^ - (2Mlh^) F(A«»w 
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If the scattering field is sufiiciently weak that the term in may be neg¬ 
lected (Bom's approximation) the solution for at large distances 
from the scattering field, is given by 

nm = 5 ^2 J(2) 

This means that the scattered wave at R be obtained by supposing 
that every element of volume dr, of the field scatters waves of amplitude 
(M j2nh^) VdrJR, the phase of the secondary wave being the same as that 
of the primary wave at the point of scattering r. For a field that is spherically 
symmetrical the probability I{d) of scattering through an angle d, per unit 
solid angle (per inddent particle per unit area), according to (2) is 

1(8) » I ifi(R,d) I*- (2Jlf/MW. 
f=jv(r)rsin/irdr, fi = 2eia^6jA. 

For the scattering of a particle of charge c by a nucleus of charge Ze, (3) 
conforms to Rutherford’s formula, viz. 

1(6) = Z*eV4J/V8in*J(?, (4) 

and if the field deviates from Coulombian the modified scattering may be 
obtained by evaluating (3) for the modified field. These are well known 
results in the non-relativistic theory of scattering. 

The requirements of relativistic theory cannot in general be so simply 
expressed. However, for scattering through small angles, in which we are 
here primarily interested, it may be shown that the simple formula (3) 
maj^ still be used if we insert the relativistic expression for the mass. Even 
for large angles, apart from spin effects, an expression of the type of (3) 
may be used. 

Let us first consider the Schrodinger relativistic equation. For motion 
in an electrostatic field with a potential V, this eqtiation is 

+ h-»c-*{(E - F)* - if «c*} - 0, (5) 

E =* ifc*(l -/?*)“*, p »= vjc, V = velocity in free space (i.e. where the scat¬ 
tering field F «<* 0). Written in terms of the de Broglie wave-length, 
27rA •* 2rr/l(l — p*)^/Mv, and substituting ^ for (1 — fi*)-^ it becomes 

[V* + i-*- (2ifg/i*) (F- F«/2pf<;*)] iJ- - 0. (6®) 

In similar terms the non-relativistic equation is 

[V* + K-» ~(2if/«») F] f - 0. (la) 
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The only diffeorence in form is the appearance of F - (V^I2^Md) for V, The 
new term V^/2^Mc^ arises from the variation of mass with velocity, and is 
the term responsible for the fine structure of spectral lines. In Dirac's 
relativistic theory for electrons there is, in addition to the term, a term 
representing the effect of spin. The second order wave equation in Dirac's 
theory is 

[V8 + - (2M^/h^) (F - FV2gifc») - (iW]dr/hcr) p{(r, r)] r/r ^ 0, (6) 

the last term being the extra one due to spin (cf. Mott 1929 ). At distances 
from the nucleus large compared with A the new terms—F* and spin—are 
small compared with the F term, and it is this circumstance which simplifies 
the theory of scattering for small angles. 

For a Coulombian field the ratio of the F* term to the F term is actually 

(V/2^Mc^) - (Ze^lr2^Md) = fi(Ze^/li€)(h/Mv^r) = (/?Z/137) (A/r). 

Thus even for the heaviest nuclei the ratio is always less than A/r. In the 
region of r > A the F* term can therefore be neglected. This also applies to 
modified “Coulombian" fields provided the modification does not consist 
in an increase in the order of magnitude of F. As regards the spin term its 
ratio to the F term depends only on the distance r, and it follows from 
Mott's calculation that it is very small for A. 

For a Coulombian field the scattering through an angle 6 is due to the 
field at r--A/ 6 ^.* Accordingly the scattering through small angles is due to 
the field at r>A. We have seen that at such r the spin term and the F^ 
term in the relativistic equations are very small in comparison with the 
F term. The Coulombian scattering through small angles, and any modi¬ 
fications of it due to departures from a Coulombian field, may therefore be 
obtained by considering the effect of the F term only. Leaving out the other 
terms the relativistic equations reduce to 

[V» -f A -2 ^ (7) 

which is identical in form with the non-relativistic equation (la). The 
scattering, in Bom’s approximation, by analogy with the non-relativistic 
results (3), is therefore given by 

m - ( 8 a) 

/ s=r jF(r) r sin /^r dr. (86) 

It is of interest to compare, for a Coulombian field, the relative effects 
of the different terms in the relativistic equations iii terms of the “scat- 

♦ This assumed a, = ZjlSlfit to be less than unity (of. equ. (10)). For fast particles 
this is satiafiod for aJl Z, 
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tered” amplitudes to which they give rise. Denoting the amplitude of the 
incident wave by unity, the V term gives secondary waves of amplitude at 
unit distance from the nucleus (Rutherford formula) of 

A 1 - (Ze^jMv^^) cosec® \d ^ coseca ^6. (9) 

The amplitude due to the F* term may be obtained by substituting 
(V^I2Mc^^) for F in (8). This gives, denoting Ze^jHv by a, 

A^ = ^'(7r/2)ayffacosec-bordera,a*,...), (11) 


the terms of order a, a*,... in brackets denoting the uncertainty arising from 
the use of Born’s approximation. As regards the spin term we find, working 
backwards from Mott’s results for the scattering according to Dirac’s 
theory and neglecting second order quantities, that it gives a scattered 
amplitude of . 




( 12 ) 


The resj^ective amplitudes are thus in the ratio 1: jTra sin \d : sin* ^6, 

which shows that for small angles the F* term and spin term have little 
effect, in conformity with what we have already pointed out. 

The intensity of scattering is given by the square of the resultant ampli¬ 
tude. Thus for small angles 

1(6) - Af - (Z*eV4if*gVBin40), « It, say. (13) 

The scattering according to Sohrodinger’s relativistic equation (all angles) is 
1 ( 6 ) = (A^-hAg)® ~ J?{1-f Tray?* sin ^^(1 -border a,a*, ,..)}, (14a) 

and according to Dirac’s theory, as given by Mott, it is 

1 ( 6 ) = i?{l-y?*sin®^0 +Tray?*sin^0(1—sin®-bordera,a*,...)}. (146)* 


(6) Effect of shielding 

The potential field of an atom is little affected by the atomic electrons 
for distances, r, from the nucleus appreciably less than a, where 

a = = Z-'l(ftc/€a)*(e*/mc®) - 137*Z“l(e®/mc*). (15) 

a^, is the radius of the first Bohr orbit of the hydrogen atom. For r^a the 
nuclear field is completely neutralized by the electrons. An approximate 
expression sometimes used for the shielded field is 

F-(2fe*/r)e-^/«. (16) 

We see that apart from the term ( ^ 6 ) Mott's scattering formula follows 
in the main from the simple integration of (86) with (F—F*/2fJ!kfc*) for F, where 
V = Ze*lr, 
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Substituting this in the simplified formula (8) for the relativistic scattering 
gives/ at 1 -f- and hence 

I{e) = R{1 4* {^/Basin (17) 

The shielding thus little affects the scattering for where 

(18) 

and greatly reduces it for This of course is an immediate conse¬ 

quence of the use of Bom’s approximation in which the scattering through an 
angle 6 depends on the field at distances from the nucleus of the order of A/d. 

The above result (equ. 17) involves the use of Born’s approximation^ 
which is justified in this connexion provided the quantity 

a ^ ( 10 ) 

is appreciably less than unity.* For the heaviest elements a is not very 
small being about 0*6 for fast particles and appreciable errors might 

be expected to follow the use of Born’s approximation under these con¬ 
ditions. This, however, is not so, because, whatever the value of a, the 
scattering by a pure Ooulombian field, i.e, a === cxd in ( 16 ) , is exactly the same 
as that given by (17) when a = oo. Accordingly the error of order a due to 
the use of Bom’s approximation concerns only the exact form of the falling 
off of the scattering in the region of 0 = A/a.f 

• This condition may bo deduced as follows. The nwiius of the region around the 
nucleus responsible for the scattering of particles through angles greater than 6 is 
of the order of Kj6 in Born's approximation. Thus, if there is one incident particle 
per unit area, the number of incident particles traversing the scattering region is 
about (wA*/^*), The number of particles scattered through angles greater than 0 is 
less than the numlier scattered by an unshielded nucleus wliioh, from the Rutherford 
formula, is For Bowi’s approximation to be valid the number of 

particles scattered by a given region (which measures in equ. 1) must be small 
compared with the number of particles incident on that region (which measiires 

1. This result also means 

that the condition underlying Born’s approximation is essentially satisfied in the 
scattering by a pure Ooulombian field if a 1. However a mathematically rigorous 
treatment of the problem requires more general methods than that repi esented by 
Bom’s approximation. 

t If a wore appreciably greater than unity the classical method of orbits would be 
valid for calculating the effect of shielding. Its application makes the scattering fall 
off at “ 0L(kja). In the region of transition from the conditions 

of Bom’s approximation to those of classical orbits we have a ^ 1, and the two methods 
give the same value of This merging of the Bom wave treatment with the classical 

method depends on the wave-length. A, being much less than the dimensions of the 
scattering region. If the reverse is the case as for instance in the oollisiona of slow 
neutrons with atomic nuclei the alternative to the simple wave treatment is of course 
that of Faxen and Holtsmark in which the incident wave is analysed into spherical 
harmonics. 



538 


E. X. WaUams 


For the calculation of the multiple scattering of cosmic^ray particles the 
approximate expression (16) for the atomic field is not quite accurate enough. 
The necessary degree of accuracy may be obtained by using the potential 
field given by the Thomas-Fermi distribution of atomic electrons. The 
non-relativistic scattering by such a field has been calculated by Bullard and 
Massey ( 1930 ). Since the relativistic equation we are using (equ. (7)) is of 
exactly the same form as the non-relativistic one (equ. (la)) the results of 
Bullard and Massey may be used without further calculation. The scattering 
by a Thomas-Fermi atom may be expressed in the form 

I{d) = i?x F(2a8in|^/A). (19) 

There is no analytical expression for the function F. Bullard and Massey 
have calculated it numerically for various values of the parameter, and the 
tabulated results given by them will be used when required in § 2 . 

The atomic electrons, besides shielding the nuclear field, give rise to an 
independent scattering in collisions in which they are ejected out of the 
atom or raised to a higher level. The intensity of such inelastic scattering 
is at the most only of the order of of the elastic scattering given by (13), 
and it may therefore be neglected.* 


(c) Effect of finite size of nucleus 

The charge of an atomic nucleus is distributed amongst a number of 
centres, viz. the protons in the nucleus. If the scattering angle is sufficiently 
small that th^re is no interference between secondary waves from these 
different centres the scattering by the whole nucleus is the same as it would 
be if the charge were all concentrated at one point. However, if this is 
not so, i.e. if (A/d) ^ b where b represents nuclear dimensions, there is a phase 
difference between the secondary waves from the different centres within 
the nucleus and the scattering is thereby reduced. To calculate the scattering 
(elastic) under these conditions the distribution of charge may to a first 

♦ The intensity of this electronic scattering follows readily from the theories of 
energy loss due to Bethe and Meller. For angles greater than A/a', where a' is the radius 
of the “orbit’* of the atomic electron, the latter scatters as if it were free. Under 
these conditions it will scatter like a nucleus of tmit charge up to angles for which it 
acquires a velocity comparable with that of the scattered particle. This limi t is 
of the order of for the scattering of electrons, and of the order of mjM for the 
scattering of heavy particles of mass Jkf, w being the electronic mass. There is no 
scattering through greater angles. For angles less than A/a' the scatteriig may be 
shown to be negligible compared with that by a free electron, i.e. by a nucleus of unit 
charge. 
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approximation be assumed to be spherical and uniform. The electrical poten¬ 
tial is then Ze^jr outside the radius b of this sphere, and (Ze^jb) r®/26*) 
inside the sphere. A single expression which is roughly equivalent to this is 

F(r) - (Ze^jr) (1 -- (20a) 

Substituting this potential in (8) and integrating we have 

1 ( 6 ) == ie{l -f (hsin (206)* 

The deviation from a Coulombian field thus reduces the scattering by the 
factor within brackets. If A is large compared with the nuclear dimensions 
represented by 6, the factor is nearly unity for all For high-energy 
particles such as are met with in cosmic-rays A is, however, much less than 
nuclear dimensions, and the correction is appreciable even for small angles 
of scattering. 

It will be seen that whereas the correction for nuclear size reduces the 
scattering for 0 of the order of and greater than A/6, the shielding reduces 
it for angles of the order of and less than A/a, where a represents atomic 
dimensions. Since a>6 there exists accordingly an extensive range of 0 
which obeys the Rutherford-like expression R given by (13). The corrections 
thus apply to regions which do not overlap. We shall, however, have occasion 
to consider cases where 6 has a different meaning and fnay be comparable 
with a. In that case we want the scattering by a field of the form 
(Ze*/r) — e“^/*). The solution is 

l{d) « i?{(l + AV4a2sin4d)-i-{l-l-A2(a-i + 26-i)a/4sin4^)-i}». (21) 

Inside the nucleus there may be other than electric forces acting on the 
moving particle. Let us assume that these have an effective potential for 
the moving particle of the form 

F(f) = Fe”**^*, = p(Zc*/6)e“'*/* say, (22) 

* It is of interest to observe that if the potential is taken equal to zero inside 
r = and to bo Coulombian outside this radius the theoretical scattering is comparable 
.with that for a pure Coulombian field for all angles, including the region of 
Actually such a sudden out off reduces the scattering by a factor cos* a?, where 
a? 5= 26sin ^lA'^hBjK, This factor oscillates. It has an average value for 6 > A/6 of 1 /2, 
while the reducing factor according to (206) for such 6 is (A/^6)*. This result arises 
from the suddenness of the out off, and reveals a certain arbitrariness in attributing 
scattering through & to the region T'^AjO. Analogous effects actually exist in optics 
such as for instance the illumination in the centre of the shadow oast by a circular 
disk* There is of course no very sharp cutting off (or rise) in the potential field of the 
nucleus and the results obtained using exponential expressions to represent the effect 
of the nucleus are quite valid in so far as this point is concerned, 

t 'Ulider these conditions the correction is actually of a smaller order of magnitude 
thwa the effect of the F* term in (6), which we are already neglecting. 
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where g is iK)Bitive or negative according as the electric and nuclear forces 
have the same or opposite sign. Adding this to the electric potential 
(equ. ( 20 a)) we have a resultant (Ze^fr) (1 giving 

m - i2{( 1 + + 2gx^ 1 + (23) 

where z — 26sin|6?/A. 


(d) Inelastic nuclear scaUering 

Nuclear collisions in which the scattering angle 6 is much greater than 
kjS, where S represents the dimensions of the cell occupied by each nuclear 
particle, result in the excitation or disintegration of the nucleus, the collisions 
being then “inelastic’*. In such collisions the nuclear particles scatter os 
if they were “free”, and within the accuracy of the Bom approximation 
this scattering is over and above the elastic scattering we have been con¬ 
sidering, and does not take place at the expense of the latter. For 
the inelastic scattering is much less than if the nuclear particles were free. 
These points will be discussed more fully elsewhere. 

Let us assume that the interaction between the incident particle and 
a nuclear particle is 

V{r) « 17e‘^/^-f^)(e7r)(l(24a) 

where p = 0 for a neutron, p = ± 1 for a proton (according to, the sign of the 
charge of the incident particle). Then for a nucleus of atomic number Z 
and mass number A the intensity of inelastic scattering through dpAjd, 
using the above result, is 

m « (/?/Z){2tty2(l + y«)-*+p(l + iy2)~i}2 

+ {{AIZ) ^ 1} (RIZ) {2uy^(l (246) 

where u ~ (f/a/c®) and y = 2 €rsin For the scattering is much 

less than is given by this expression. 

The use of Bom’s approximation in the above calculations of the effect 
of the size of the nucleus, and the effect of nuclear forces, is justified only if 
the wave function in the scattering region does not differ appreciably 
from the undisturbed incident wave.* Assuming that the interaction 

* In a recent treatment of inelastic collisions of fast particles with atomic nuclei 
Heisenberg (1937) assumes that Bom’s approximation is valid provided the energy of 
the incident particle is large compared with the binding energy of a nuclear particle. 
This of course is well satisfied when the incident portiolo is a cosmic-ray particle, but 
the condition given by Heisenberg is not,the correct one for the validity of Bom’s 
approximation. The condition given above is much more stringent and is not paces- 
sarily satisfied even though the energy of the incident particle be irifinitaly large. 
In fact, for high-energy particles 1 ) the energy is irrelevant. 
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enex^eg do not exceed those between slow protons and neutrons, which 
are known approximately from the binding of light nuclei, we find that the 
condition is fairly well satisfied for the inelastic collisions, but is rather 
strained for the elastic scattering arising from the nuclear forces. The 
representation of the non-electrioal interaction in terms of a simple potential 
(Wigner interaction) in the foregoing calculations is of course also not 
rigorous. The results are, however, sufficient for an approximate estimate of 
the effect of these forces on the multiple scattering of cosmic-ray particles 
and of fast electrons. 


2. Multiple scattering op past electrons and 

COSMIC-RAY PARTICLES 

(a) General 

In the lost section we have given formulae for the scattering of fast 
particles through small angles. In the calculations the approximations 
2 sin ^6^6 and cos have not been used, because actually they would 
effect no simplification. In the problem of multiple scattering these approxi¬ 
mations, however, make a difference and are essential to the present calcula¬ 
tions. The errors they incur are negligible, being less than 1 % for the 
maximum angles involved, viz. 6^-10°. Introducing them into the 
Rutherford-like expression for the scattering (equ. (13)) it becomes 

P(d)dd^2kdd/0^ (25) 

k = (26) 

t is the thickness of plate traversed, and N the number of nuclei per o.c. 
If the particle loses an appreciable fraction of its energy in traversing the 
plate so that and g are not constant the effective value of is its 

average value in the plate. In the oases that ore considered in this paper, 
in which the loss of energy is small and takes place at a uniform rate the 
mean of the ''incident” and "emergent” values of may be taken, 

or even the reciprocal of the square of the mean values of 

A circumstance of the experiments is that it is the projection of the 
deflexion of the particles on the plane at right angles to the line of sight that 
is measured, this plane containing the initial direction. It is shown later 
(Appendix A) that if the distribution of 6 is given by (26) the distribution 
of this projected deflexion, which we shall denote by is 


( 27 ) 
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We now define an angle such that in traversing the plate the particle 
experiences, on the average, one collision which deflects it through more 

than ^ 1 , i.e. | P{<j>)d<j> == 1. P{^)y = decreases rapidly with so that 

J^i 

the upper limit does not enter as long as <l>^ is small. Thus 

<j>\ - i*. (28a) 

Owing to the rapid variation of P(<P) with collisions giving deflexions 
through angles appreciably less than will take place in large numbers. 
These deflexions may be in the same or opposite direction, and it follows 
from the general theory of errors that the resultant deflexion, aj, due to 
<j> < will conform very nearly to a gaussian distribution.* This may be 
written 

P^{a^)doLi = (29) 

where aj is the arithmetic mean value of ^ is (2/;r) times the mean square 
of The latter is the sum of the squares of the individual deflexions which 

build up aj, and is accordingly equal to j ?l®P(i4) d^. Using the Rutherford- 

Jo 

like expression (27) for P{^) this gives 

2 2 2Jfc "1 

af = r 6iP{6)d(f> = - kdi>l(f> - - log^i . (SOa) 

wjo njo n o\_ J 

The integral becomes infinite if we take ^ = 0 as lower limit, and it is here 

that the shielding of the nuclear field by the atomic electrons comes in. 
This shielding makes the scattering negligible compared with the above 
Rutherford-like formula for angles appreciably less than (®qu- 

(IS)). This acts as an effective lower limit to the integral in (30a), and we 
havef 

Sf = (2fc/7r) log {<f>il4>taxn) = ^!(4/7r) log (^j ajK), (306) 

= (4Z*eW</if*cW)log(M«AV2»rma/ff«ca). (30c) 

For the scattering of cosmic-ray particles (/ff 1) by 1 cm. of lead, ^ 
about 300 times making about three times <j>y Thus the combined 
effect of the large number of deflexions through gives an average 

• It is shown in Ai)pendix B that this representation of the effect of ^ is accurate 

within a few parts in a thousand. 

f It is important to notice that since the shielding radius of the atom is much 
less than the interatomic distances even in a solid, these distances and the arrangement 
of the atdms have a negligible effect on the scattering. The main crystal diffraction 
maxima take place at angles much smaller than aj, where the atomic scattering is 
greatly reduced by shielding. 
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resultant much greater than It is this which signifies the multiple nature 

of the scattering in this region. The gaussian distribution Pi(ai) and the 
single scattering distribution P({&) are plotted together in fig. 1 . In this 
plot we take as unit of angle 

S = ^{k/n) = 2 yliNt) Ze^jMc'fi^g, (31) 

so that = VPog(?^iMLB))W» . (30**) 

<P,=^{nl2){S). (286) 



Fio. 1. A represents multiple scattering dw to (equ. 29); Sx = 3-23. B repre¬ 

sents single scattering formula P{^)anl^*. Abscissae represent angles in terms of 

3 as unit. 

The scatteripg is single only for angles appreciably greater than where 
the second intersection of the two curves takes place, and which in terms of S 
as unit is given by 

( 32 ) 
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The gaiissian curve is practically complete before this angle is reached, which 
again shows that the average deflexion is almost entirely determined by 
multiple scattering."' This circumstance also greatly simplifies the analysis. 
The condition fur this state of affairs, viz. that > Sx, and Sx > ^x> 
log term in (30c) be appreciably greater than unity. This requires 

i.e. M (h^l 2 nmic^) > I. (320) 

In the case we have considered, viz. scattering by 1 cm. of lead (y? = 1 ) 3f 
is of the order of 10 ®. In the experiments of Fowler and Oppenheimer on 
the scattering of “artificial** high energy electrons the thickness of lead 
is only 0-013 cm. Even so Jtf is still very large and the average deflexion 
is determined by multiple scattering. In the units chosen the curve for 
Pi(ai) for 0*01 cm. is indeed much the same as that shown for 1 cm. of lead. 
In these units P(0) is independent of the thickness. 

, The gaussian distribution Pi(ax) represents the effect of nj^^ear deflexions 
through (f> < The occasional scattering through ^> 5^1 the average) 

will contribute a little to the average deflexion, wlj^>^ therefore be 
greater than Sj. This contribution was left out in ,;^?^rlier calculations 
( 193 s a) and the expression (30c) for was givein as the measure of the 
average deflexion. The order of magnitude of the additional effect of<f>><f>i 
is (af + ( 0 i/ai)* X a^, BO that the fractional error vanishes under 

the limiting condition of In the cosmic-ray experiments however, 

(?ii/ax)*~ 10 %, and it is thus not inappreciable. This neglect of the effect 
of and the approximate treatment of the shielding factor, represent 
the two chief sources of error in the approximate value of the average 
deflexion given in the earlier treatment, and which is represented by (30c). 

It is important to notice that the “ mean square deflexion”, a*, as distinct 
from the linear mean (a), is in practice not free from an element of ambiguity 
if the nuclear field is Coulombian for the closest distances of approach to 
the centre of the nucleus concerned in the scattering. The mean square 
deflexion, arising from single scattering through ^ < fi', if is small, is 


—# 

a* asj 5i*p(0)d0. 


♦ The average deflexion due to single tfcattering between and 




The convergence of this integral as the upper limit, is increased is important. It 
means that though the xipper limit is actually ?r, only the region olose to is important. 
This is in contrast with the mean square deflexion represented by the inteigrai 

I which does not so converge. This is further discussed below. 
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It is of interest that, with the assumption of small angles, this expression 
is exact (whether the resultant distribution is gaussian or not).* This is so 
because a projected deflexion ^ produced in a nuclear ooUision is as likely 
to be in one direction as in the opposite, so that, on the average, cross 
products have zero value when we square the algebraic sum of a number of 
deflexions <f>. 

Allowing for the effect of shielding in the approximate way already 

rr 

described, the integral in (33) becomes I ^*(ifc/^6*)rf^ = /fclog(5S7^min)- 

J ^mtn 

This does not converge to a definite value as fp'" is increased, and it is this 
that introduces some ambiguity into This lack of convergence is con¬ 
nected with the 1 distribution of single scattering through small angles. 
If P(^) decreased more rapidly with increasing <f> the above integral would 
converge. It is here that the finite size of the nucleus plays an interesting 
part. The distribution refers to a point charge. For a nucleus of radius b 
we have seen (equ. (206)) that the scattering is very much less than is given 
by this expression for ^ greater than about A/6. If therefore A/6 is small. 
as it is for cosmic-ray particles, it will act as an effective upper limit to 
the integral and we have 

a® = I (kl<l>^) = k log (t I = wlog (a/6) <5*. (34) 

J \ 

Thus when A/6^ 1, which for electrons is satisfied if their energy exceeds 
about 10® V, the mean square deflexion is determined by the ratio of the 
size of the atom (a) to the size of the nucleus (6). This state of affairs is repre¬ 
sented diagrammatically in fig. 2, where the abscissae represent log tj> and 
the ordinates represent ^*P(^5). The area under the curve represents the mean 
square deflexion, and is seen to be limited by the ‘‘ cut-offs of the scattering 
effected by the shielding and by the finiteness of the nucleus. 

♦ I am indebted to Dr H, Hulme for drawing my attention to this important 
‘ point. 

t In actual experiments an approximate effective upper limit for could be made 
from a knowledge of the number of scattered particles observed, and the maximum 
observed deflexion, but the procedure would not be very straightforward. Of course 
thwe is no real ambiguity in a* since cannot exceed ?r, but the use of a value of a* 
which is appreciably contributed to by single scattering through large angles ( ^n) 
would be manifeetly wrong if, as in the experiments concerned, the maximum 
deflexion—single or multiple—is only a few degrees. Such an expression would also be 
very diffioult to estimate as the approximations sin ^ etc. could not be made, and 
it would be of use only when the number of observations is sufficient for all angles of 
soat^iering to be re|>resented. 
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In the more exact calculations to follow, the various effects axe oonsideied 
in the following order: §2(6) effect of shielding; (c) contribution of 
to the mean deflexion for point nucleus; (d) effect of size of nucleus and 
evaluation of mean square deflexion; (e) effect of non-electric interaction 
with the nucleus; (/) distribution of scattering. 


j- 

0 



~>cyb 

logiofi < +arbitrary constant) 


7 


Fio. 2. Effect of shielding of nucleus and of its finite size on the sinf^e scattering. 
.... Unshielded point nucleus. -Finite shielded nuctous. 


(6) Effect of shielding 

We require the value of J ^^P{^)d<p, In the appro^l^^ate treatment 

described in the last section P(^4) is taken equal to z«ro for {4 < A/a, and 
equal to {k/^^) for (f> > A/a. Actually of course the cutoff due to the shielding 
is spread over a range of angles in the neighbourhood of A/a. The form of 
this cut-off is expressed by (19) where the function F can be obtained from 
tables given by Bullard and Massey. Since their calculations refer to the 
actual angle of scattering 6, and not its projection (fi, we first evaluate 

I 6*P{d)dd using their values of P(2asin J(?/A), and then convwt back 
Jo 

into (/>, The details of the calculation are described in Appendix A. The 
result obtained corresponds to a value of the effective lower limit to ^ of 

^mtn » l-76(A/a), (38) 

giving 2ef = (2/ff)J^ ^*{k/^^)d<^2log(^ia/l-75A)S* (36) 

The difference between this and the earlier approximate estimate (equ. (806)) 
is represented by the factor 1'76, which decreases Sj by about 4 %. 

(c) Allowance for scattering thirotigh^>^i 

This is considered in detail in Appendix B. The final formula obtained 
for the arithmetic mean deflexion with the above value of is 

5 - {3-60 -f. 0-28 logiJ^&fA/Wfi*)) S. (37) 
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p « (tensity of scattering plate, W « atomic weight of material of plate. 
The earlier approximate formula (equ. (30)), which may be expressed in 
the form 

= {3-04 +0-34 logio(Z^p</W'A®)}^ (30e) 

is about 20 % less. The computational error in (37) (see Appendix C) does 
not exceed aboqt 1 % provided a is of the order of or less than about 10 ®, 
and provided that {Z^ptjW/P), which is about 20 for 1 cm. of lead and P — \y 
lies between about 0*1 and 10 * (which covers the etitire experimental 
region).’*' 

(d) Effect of size of nucleus, and the root-mean-square deflexion 

Equation (37) is based on the assumption of a point nucleus, i.e. a 
Coulombian field down to r = 0 . We have seen that the finite size of the 
nucleus (radius 6 ) makes the scattering through angles of the order of and 
greater than A/b very small compared with the pure Coulombian scattering 
for such angles. If Ajb is appreciably greater than the angle ^2 (^g* 1)» 
the average angle of scattering is however little affected and is practically 
the same as that for a point nucleus given by (37). The reason for this 
is that the contribution, to the average deflexion, of single scattering through 
angles appreciably greater than is negligible. In fact the whole region 
above ^2 ©ven for the unmodified Coulombian field contributes only about 
4 % (see equ, (44)). However, if A/b is appreciably less than there is 
a sensible difference between the average deflexion for a point nucleus and 
that for a nucleus of radius 6 . Taking b for lead -- 1-0 x 10 “^* cm., we find 
that these conditions obtain in the cosmic-ray experiments (see subsection 
(/) where is compared with A/b). Under these conditions the arith¬ 

metic mean deflexion is given by 

at = (2/7r)Jp(?i)9i*#t = {lln)jp(d)6»dd4 

We can use the fonnula for P(d) for a Coulombian field, viz. 2kl6^ (equ. (26)) 
provided we introduce the limits ^min, -'A/a, and {&max> -'A/ 6 , these limits 
representing the effects of shielding and nuclear size respectively. Thus 
ajJ « (2k/n) log (d„..,/ 6 >„ 4 „) « (2k/n) log (~o/ 6 ),and is determined by the ratio 

• Of. footnote *,p. 660. 

t See end of Appendix B. 

j is on the average equal to ^0*, 6 being the actual angle of eoattering, ^ its 
projeotion. 
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of the size of the atom to the size of the nucleus. The accurate treatment 
of shielding in Appendix A (equ. (i)) gives 

0min = 2-10(A/o). (366) 

Using the formula (206) for the scattering by a nucleus of radius 6 gives 

^max == l-20(A/6). (38) 

Hence = (2/7r) k log (0'6a/6). On substituting for a (equ. (16)) and taking 


6 = 0-1 Z^e^jmc^), 
oift = (19-6-3-llogio21)*<y. 


(39) 

(40) 


The condition A/b <i underlying this result is sufficiently satisfied to make 
it accurate within about 2 % if if' > 0-3/ffwhere Jfef' = Z* and 

Mi is the value of ilf' for 1 cm. of lead. An error of about 1 or 2 % may also 
arise from the approximate nature of the expression (20o) used to represent 
the electrical field of the nucleus. 

It has been shown in § 2a that the reduction in the sca^ering for angles 
greater than Ajb, effected by the finite size of the nucleus, serves to give to 
the mean square deflexion, af, an unambiguous value provided A/b is small 
(but not necessarily less than value, as shown in § 2a, is accurately 

given by d<f>. This is \7t times the above estimate of 3^, so that 

from (40) ^ (iff)*(19-5-3-llog,oZ)‘3. (41) 


(e) Efftci of non-electric forces 

When the moving particle passes through, or very close to an atomic 
nucleus, it may be deflected by other than electric forces. This effect will 
concern even small angle scattering when A is appreciably less than nuclear 
dimensions, which as we have seen obtains in the cosmic-ray experiments. 
The magnitude of the non-electric forces is not known from experiment, 
except when the incident particle is a neutron or proton. In the observations 
on the scattering of cosmic-rays most of the particles of medium energy 
are probably of the new type (“mesotrons”), with electrons predominating 
at lower energies (~ 10* V), and possibly protons amongst the higher energy 
ones (> 6 X 10* V). If the non-eleotrioal interaction between these particles 
and the nuclear particles were comparable with that found experimentally 
between slow neutrons and protons (deduced from the binding ene^ of 
light nuclei, etc.), the effect on the scattering under the conditions m the 
cosmic-ray experiments would be appreciable. 
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The effect of inelastic scattering is, in this connexion, greater than that 
of the elastic scattering, especially if we measure the scattering in terms of 
the mean square deflexion. Denoting the intensity of the inelastic scattering 
by Pin(&) its contribution, af„, to the mean square projected deflexion is 

which using the equation (246) for for d>A/S'f (and 
neglecting the electrical interaction with protons, i.e. p = 0) gives 


a 


2 

In 


n 

3 


A* l + 3z* 

2/ (1+zY 




(42) 


where j = ^»(f7tr/c*) and z = a-/d'. 

A similar calculation gives the effect of the elastic scattering due to the 
nuclear forces (equ. (23)) as 


where g = VbjZe^. 


all == 


(43)t 


(/) Distrihtdion of scattering 

The curve A in fig. 1 represents the distribution of the resultant scattering 
due to single scattering through ^ on the assumption that it is gaussian 
(equ. (29)), with an average deflexion given by (36). It is shown in Appendix 
C that this gaussian representation is correct within a few parts in a 1000. 
The scattering through but less than which marks the intersection 
of A and the single scattering distribution £ (equ. (32)), causes a certain 
broadening of the distribution. Since this broadening is small ("-20%), 
and since in the neighbourhood of the curve A is very steep, and much 
steeper than B, the broadened distribution is still very nearly gaussian. 
The average deflexion, a„, corresponding to it is the average deflexion a 
due to all (equ. (37)), mimis the contribution of ^ > ^j. Since is much 
greater than a this contribution is (in units ^) 

a, - I «= njftg, (44) 

^ The €aotor 1/2 allows for the fact that it is the mean square of the prcjecUd 
doiflexion that we require. 

t ^ in (24) is writt^ here to distinguish it from the unit of angle 
t in allowing for the elastic scattering due to the nuclear forces it must be remem¬ 
bered that the amplitude of this scattering has to be added to that due to the electric 
foi^, and then squared to give the intensity of scattering* The term l*4g in (43) 
hx)m the cross prodtici in the square. Its average value for positive and negative 
particles is zero if we assume the sign of the nuclear forces, to be independent of the 
charge. 
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and therefore (48)* 

The resultant distribution /J.(a) is now very nearly the new gaussian (Ustribu- 
tion, with mean deflexion = a„, i.e. 

P„(a) = (46) 

up to a = (f> 2 , and the sum of Pm(a) and the single scattering distribution 
Pg{a) = 7 r/a® lieyond with of course a “smoothing” in the r^on of 
(®®® flg- 3). The exact form of the curve near is, however, of little 
practical importance as its height in this region is very small, about l/lOOth 
of the maximum at a = 0. The gaussian component P„ intersects the single 
scattering distribution at a = say, given by 

( 2lna„) = 7r/a»,. (47) 

is about 20 % greater than ^ 4 ,, and for 1 cm. of lead its value in terms of d 
is about 16. The gaussian curve is very steep in this region and consequently 
there is a fairly sharp transition from multiple to single scattering in the 
neighbourhood of cc^. “Plural” scattering is thus limited to a very small 
region of angles. 

The effect of the finite size of the nucleus on the distribution depends on 
the relative values of and the angle A/b, where b is the radius of the 
nucleus. We have seen that this effect greatly reduces the single scattering 
for (j) greater than about Ajb (of. ( 206 )). Thus if Ajb is appreciably less than 
the single scattering “tail” beyond is cut out almost completely, 
and the resultant distribution is practically gaussian with an average angle 
of scattering given by (40). If on the other hand Ajb is greater than 
the effect is simply a modification of the single scattering tail (curve i^) 
to conform to (206). 

For fast particles (/? ~ 1) the ratio of A /6 to is independent of the energy 
of the incident particle, and is approximately equal to i-0jZb^(Nt). For 
lead, taking 6 = 8 x 10 ““ cm., this is about {0’3/^(t)). In most of the cosmic- 
ray experiments < ~ 1 cm., so that A /6 ~ 0-3a,„,. We thus have the first of the 

* It happens that a„ is given with considerable accuracy (error < 1 %) by 

= 21og(^,/0i„tn), which is similar to the expression (30rf) for aj, except that 
replaces The moan deflexion a due to all ^ may thus 1^ given an eiltemative 
expression to (37), vk, 

a = {2 log(fl^j/5JnUn)}* + <*7 a) 

This indeed may be a more accurate expression when the conditions are such that 
M (equ. (32 a)) differs in several orders of magnitude from its value for 1 cm. of lead, 
/? = 1 . 

t The total area under the composite curve thus formcsd is slightly greater 
unity ('^1-008), The difference from unity is however so small that it is unnecessary 
to introduce any correcting factors. 
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oonditioDs mentioned above, viz. ^/6 < a^. The single scattering tail is 
cut out. For ^—O’Ol cm., as in the recent experiments of Fowler and 
Oppenheimer Afb ~ Sa^,, and we have the second condition, the finiteness 
of the nucleus only modifying the single scattering tail at angles much 
larger than a^. In their experiments the energy of the electrons under 
observation is however such that a.^ is about 30°, and Ajb is in a region 
of large angles not investigated in the experiments. 



X • • • X • • • X P«(a) = (2/7ra„)e-«*'’'«*“, a«, = 3-82 (multiple) 

. P,(a) = njx’‘ (single) 

- Pr(a) = K^ltant distribution. 


Finally there is the effect of non-electric forces inside the nucleus. If 
these are of the same sign as the electric force, they tend to compensate for 
the absence of a Coulombian electric field inside the nucleus, and thereby 
restore to some extent the scattering through angles of the order of A/h 
(equ, (23)). This however does not apply to A/6. Even if we assume the 
nuclear forces to be as strong as those between slow protons and neutrons, 
which is unlikely to be the case for cosmic-ray particles, the restoration 
of the elastic scattering by the nuclear forces is insignificant for <j> greater 
than about twice A/6. 
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Inelastic collisions, as already indicated in section (e), are more likely to 
give evidence of non-electrical interaction with the nuclear particles if this 
interaction is of short, “range Assuming the interaction to be of the form 
f/g-r/tr (equ. (24a)) the intensity of inelastic scattering is (equ. (246) with 

except for small where the scattering is much less than this 

expression gives. The expression is a maximum at 2 = 0 , and bears its 
maximum ratio to the Coulombian scattering at « = sj3/2, i.e. 

“ “ (V^/2) W^)> scattering by lead. 

In the discussions to follow we shall use the interaction between slow 
neutrons and protons as a kind of yardstick for non-electrical interaction. 
This neutron-proton interaction is known approximately from the binding 
energy of light nuclei, and the scattering of slow neutrons by protons. 
Assuming it to be of the above form, vk. (and averaging over spin 

orientation) the data give 

J/V*- 12(cVmc»), er'- 1-2 x (49) 

The value of <r' is less certain than that of (7'cr'^. With these values we find 
that for the scattering by a 1 cm. lead plate the expression (48) bears its 
maximum ratio to Coulombian scattering at 0, — -- 2a,^, the ratio 

at this angle being about 6 . 

It is of considerable interest that for short range forces (o'-- 10 “^ cm.) 
occurs well beyond for at such angles the scattering due to electric 
forces (when the structure of the nucleus is taken into account) is very small. 
Actually the probability of scattering, both elastic and inelastic, through 
^ > l*3a^ due to electrical interaction alone is only about 0*0001. This 
absence of “background*’ due to electrical efifects makes the region particu¬ 
larly suitable for the investigation of the non-electric interaction between 
cosmic-ray particles and nuclear particles. The absolute probability of 
scattering into this region due to such interaction is unfortunately rather 
low (- 0*02 assuming the interaction represented by (49)). The possible 
methods of attack on this problem are however limited and the investigation 
of the scattering in the above region may prove valuable. 

* (246) refers to the actual scattering angled. (48) is the corresponding distribution 
of assuming the angles to be small. The average projected deflexion due to this 
inelastic scattering (by itself) is 

^ = (7r/2)(i/s)«{<r/A)(l + «?)“^^», (48a) 

where s = «i('^0*7) is taken as an effective lower limit to the applicability of (48). 



ScjOltering of fast electrons and of cosmic-ray particles 568 

The relation of non-electrical scattering assuming the above proton- 
neutron interaction to the electrical scattering is shown diagrammatically 
in fig. 4. The ordinates represent the intensity of scattering in terms of that 
given by the Rutherford-like expression, J? (equ. (13)), as unit. (The area 
under the curves measures the contribution to the mean square deflection.) 



Fio. 4. Showing scattering by 1 cm. lead plate due to “non-olectricar* 
and electrical forces respectively. 

At elastic scattering due to electrical interaction (multiple); inelastic scattering 
due to electrical interaction (height of curve >Z~^=l/82) (single); C, inelastic 
scattering assuming proton •neutron like non-electrical interaction (equ. 49) (single); 
Dt single scattering formula for unshielded point nucleus. Abscissae: log (deflexion 
in units d); ordinates: scattering probability in terms of scattering by unsluolded 
point nucleus as unit (Rutherford-like formula). 


3. Comparison with experiment 
(a) Ccmnic-ray region 

In the experiments on the scattering of cosmic-ray particles the radius 
of curvature (p) of the tracks of the particles in a magnetic field (H) is 
measured. Hxp ^ where M is the mass of the particle, fie its 

velocity, and ^ « (1-/?®)”!. Instead of ''Hp'' itself the quantity usually 
recorded is the energy, Ey in volts, calculated from the value of Hp 
assuming ^>1. E ^ 300/fp. In the foregoing calculations we have used 
S 3 = {%Ze^ (equ. (31)) as a unit of angle. In terms of E 

S = {600ZeyJ{Nt)//3E) « SJfi, (Sla) 

We see that for a given value of E, S is independent of M except in so far 
as M enters into the dependence of fi on E, This also applies to the factors 
by which i has to be multiplied to give the mean or mean square deflexion 
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(equ. (37), (40-43)). This is an important result because cosmic-ray particles 
are of different kinds, with different masses. Their energy, as may be judged 
from their specific ionization, is however, in general, sufficiently high that 
is very close to unity. In that case, for a particle with a given ” the 
mass need not be known at aU for calculating the scattering. 

The theoretical arithmetic mean deflexion, a, for a point nucleus (equ. (37)) 
is equal to {3*69+ 0-28logwhich for the scattering by 1 cm. 



Fio. 6. Scattering of cosmic-ray particles. (|)-experimental results of Blackett and 
Wilson, Curves represent theoretical values; A for point nucleus and electrons, 
B for point nucleus and mesotrons, C and D for electrons and mesotrons respectively 
allowing for finite size of nucleus, E for electrons assuming low energy loss to be due 
to breakdown of theory. 

of lead =“ (4‘06/yff)do* The dotted horizontal line A in fig. 5 represents this 
for /? — 1. For electrons the deviation from this line is too small to be 
shown. Curve B represents the scattering of particles with a mass about 
one-tenth that of a proton (mesotrons).* Even this deviates very little from 
the horizontal line A in the region above 2x10®. 

The experimental results of Blackett and Wilson are represented in the 

• The curves are stopped in the region of energy where they lose in the plate a laige 
fraction of their energy by ionization. 
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figure by cj),the vertical line indicating the probable experimental error 
It will be seen that there is a fairly satisfactory agreement with the 
theoretical values, as in fact Blackett and Wilson have already shown, using 
the approximate formula (30c) for a (which does not differ much from the 
more accurate one used here). We have seen in § 1 that by virtue of the 
scattering being through small angles the doubtful relativistic elements 
connected with “spin “ and the “ F®“ term (equ. (5a) and ( 6 )) do not enter 
into the calculations. The general agreement with experiment is therefore 
to be expected. 

We shall here digress a little to explain the significance of the curve {E). 
Before the suggestion of the existence of mesotrons it was thought that 
cosmic-ray particles were mainly electrons, and the low energy loss of the 
particles with jF> 2 x 10 ® V, as compared with the theoretical value for 
electrons, was attributed to a breakdown of the theory of the energy loss.f 
It was pointed out by the writer at the time ( 1935 a) that it would be difficult 
to conceive a type of breakdown that would not also reduce the theoretical 
scattering, which even the early measurements of Anderson showed to be 
in approximate agreement with theory. Curve E in fig. 5 represents the 
expected scattering on a “breakdown"’ hypothesis. It is calculated for 
a nuclear field modified so as to give an energy loss for electrons equal to 
that observed for the cosmic-ray particles.J It is seen that in the region 
of 4 X 10 ® V this gives a scattering only about 10 % of the observed. This 
result, as I have recently shown elsewhere ( 1938 a), constitutes very strong 
evidence against the breakdown hypothesis, and therefore in favour of the 
hypothesis that the low energy loss is due to the particles being of a new 
type—^the mesotron—with a mass much greater than that of electrons. 
The latter hypothesis makes the energy loss much less than the theoretical 
value for electrons (as required), but leaves the scattering unchanged 
because as we have seen the scattering of fast particles of a given “Hp” 

♦ Some of the points refer to the scattering by copper (2 cm. plate). These have been 
reduced to the conditions of 1 cm. of lead, the theoretical reduction factor being very 
nearly imity. 

t That the energy lose in this region is much less than the theoretical value for 
electrons was proved conclusively by Blackett and Wilson ( 1937 ). The reader will 
find a fiill account of the experiments and of their relation to a “ breakdown of theory 
hypothesis in the paper by these authors. 

X The modification assumed consists in cutting out the electric field of the nucleus 
imdde a certain radius r '—which was the type of hypothesis iised before the suggestion 
of the mesotron, r' is here adjusted to give the observed energy loss by electrons, and 
then the scattering calculated for this r' using (21). It might be remarked that the 
rapid variation of r' with energy, which this adjustment requires, constitutes in itself 
strong a prion evidence against the breakdown hypothesis. 
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is independent of the mass. In fact the results for scattering combined 
with those for energy loss constitute, independently of other facts, almost 
irrefutable evidence for the existence of mesotrons.* There is of course 
considerable other evidence, and the existence of mesotrons is now generally 
accepted. 

The results obtained by Blackett and Wilson for the energy loss indicates 
that the cosmic-ray particles in the energy range above about 2 x 10® V 
are nearly all mesotrons. Below this energy the particles observed are 
mainly electrons as is indicated by their specific ionization and the occur¬ 
rence of large radiative energy losses characteristic of electronic mass. 
The results obtained for the scattering therefore generally refer to mesotrons 
if the energy is above about 2 x 10® V and to electrons if it is below. At 
very high energies (5 x 10® V) it is also not unlikely that an appreciable 
proportion are protons. 

The expression (37) for the mean deflexion, which is represented by curves 
A and B, assumes a point nucleus. We have shown (§2d) that under the 
conditions of these cosmic-ray experiments (i.e. a^>A/6) the size of the 

• We say ‘‘almost*’ because it is possible to conceive hypotheses that will reduce 
the energy loss for fast electrons without reducing their scattering. Any such hypo¬ 
thesis however, will be found to be contradicted by other experimental foots, or ooxifiict 
with well established fundamentals such as the Lorentz transformation. March 
recently proposed a breakdown of theory hypothesis which in fact would reduce the 
energy loss without affecting the scattering (though the latter was not intended nor 
mentioned). In March’s theory it is postulated that light quanta of energy emc* 
greater than /u^o~(Ac/e*)mc*^ 137 wmj*, cannot bo emitted by on electron. Now a 
foaotion (1 — e/§) of the energy lost by a fast electron of initial energy fmc* is lost by 
the emission of quanta whose individual energy exceeds emc*. Thus for f > 137 March’s 
hypothesis reduces the energy loss to about 137/^ of its full theoretical value for elec¬ 
trons, and this would be a fair representation of the observed loss by cosmic-ray 
particles. The hypothesis leaves the scattering of fast electrons unchanged because 
the latter is practically independent of the radiative proot^ss. It would thus appeal* 
a very satisfactory hypothesis. The hypothesis however nins counter to the funda¬ 
mental tenets of Relativity because it gives the critical frequency of the emitted 
light-quantum the value (I37mc^/h) in the system where the material traversed by 
the emitting electron is initially at rest, and thereby gives this system a special 
signihcanco and makes physical laws for it different from those for other systems. 

The hypothesis of a critical frequency could be made relativistically invariant if 
the critical frequency is mode to refer to the system where the emitting electron 
is initially at rest. It has however been shown (Williams 1935 6 ) that the emission 
by a fast electron, in a nuclear collision, of a quantum of energy emc* when transformed 
to a system where the sUctron is initially at rest is merely the emission by the electron 
of a quantum of energy (c/g) me*. Even for the maximum value of e this is only of 
the order of me*, and is therefore very much less than the critical quantum energy, 
hp^t ^131me*, in March’s theory. Tlie application of March’s hypothesis in tins 
system (i.e, a “cut-off“ at would therefore leave the energy loss througli the 
emission of radiation practically unchanged. 
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nucleus begins to play an important part, the mean deflexion being actually 
determined by the ratio of the radius of the atom to that of the nucleus. 
For a nucleus of radius b the calculated mean deflexion (equ. (40)) is 
Sj, =* (19'6-*3'1 logioZ)*(<y), This expression and (37) for a point nucle\is 
have practically the same numerical values when A/b. Since in the 
experiments under consideration, though greater than A/6, is not many times 
greater, the use of (40) accordingly does not make a big numerical difference. 

The requirements of (40) for electrons and mesotrons resj^ectively are 
represented by the full curves C and D in fig. 5.* These are in better agree¬ 
ment with the experimental points, which is satisfactory as these curves 
represent the more correct theoretical result. Actually the average of all 
the observed points differs by only 3 % from the theoretical value calculated 
for a finite nucleus, while there is a deviation of about 10% from the 
theoretical value for a point nucleus. The statistical error in the experimental 
value is however of the order of 5-10 %. 

There is no evidence in the experiments for scattering by non-electrical 
forces. Such forces if as strong as the non-electrioal forces between slow 
protons and neutrons (equ. (49)) would increase the average deflexion by 
about 20 % (equ. (48a), footnote, p. 562) and this would bring disagreement 
with the experimental values. 

The scattering arising from a strong short-range interaction with nuclear 
particles, such as that between slow neutrons and protons, would, as shown 
in § 2/, take place at comparatively large angles where there is practically 
no scattering due to the electrical forces. Blackett and Wilson plot the 
distribution of {Ex a) against number. The theoretical distribution of this 
quantity is independent of E since for fast particles (/?--!) accdccljE, 
Measuring a in degrees, and A" in 10® V, Blackett and Wilson plot the number 
of particles scattered by 1 cm. of lead with E xa in the intervals 0 ± 0-6, 

± 0*6 ± 1*8,.... The theoretical distribution of Ea for a finite nucleus 

is practically gaussian with a mean value for 1 cm. of lead as scatterer of 
3*66^ xE, ^ 0*90 in the above units. The observed and theoretical distribu¬ 
tions are plotted in the form of histograms in fig. 6.t The agreement is very 

♦ A correction of (— 2 J %) has been applied to equ. (40) for this case, because the 
condition upon which this equation is based, viz. a„„>A/6 is not ideally satisfied. 

t This figure includes some particles with energy greater than 2xlO*V(<9x 10*) 
which are not included in fig. 5 for the average deflexion. Actually the average 
deflexion of these particles is somewhat greater than the theoretical value (represented 
by the continuation of C-D in fig. 5). Blackett and Wilson state that the discrepancy 
may be due to experimental error as the average deflexion, which varies inversely os 
the energy^ is very small for those energies (^ at 2 x 10* V). They suggest that if it 
k real it may be associated with the anomalous energy loss suffered by the same 
particles. 
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satisfactory, the deviations being witWn the experimental errors estimated 
by Blackett and Wilson. Thus not only is the average deflexion in good 
agreement with the theory but also the distribution of the deflexion. 

The feature of the observed distribution which bears on the non-eleotrioal 
forces is that, of the 116 particles represented, none have ^a>6. Tlie 



Fig. 6 . Distribution of scattering in terms of E x ot(W Y<E< 10^® V), 
- Theoretical;.Observed (Blackett and Wilson). 


theoretical probability of a deflexion giving Ea>b due to electrical inter¬ 
action is only about O-OOOl - 0*01 for 116 particles. However, a neutron- 
proton interaction would make the probability about 0*02,* for 116 
particles, so that the absence of any such deflexions indicates that such 
interaction does not exist, in conformity with our deductions from the 
results for the mean deflexion. The cosmic-ray particles concerned are 
presumably mostly mesotrons and the absence of a proton-neutron-like 
interaction is in agreement with Yukawa’s theory of these particles.f The 
existing data on the scattering are however inadequate to make any positive 

• These estimates are quoted from the eud of § 2/, the angle l*daM« mentioned there 
ooirasponding to = 6, 

t In Yukawa’s theory the non-elebtrical scattering of mesotrons is analogous to 
the Compton scattering of light-quanta. 
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pronouncement on the matter, and serve only to show the possibilities of 
the method. 

As bearing on nuclear disintegration by cosmic-ray particles it is of 
interest to consider the energy transfer corresponding to the maximum 
observed deflexion. A deflexion through an angle d means a momentum 
transfer of pxd, where p is the momentum of the scattered particle. If 
this is taken up by a nuclear proton or neutron, of mass if, assumed to be 
initially at rest,* the energy transfer, Qy isp^d^/2M --p^^^/if -- mV. 

The maximum value of i?a in the above observations of Blackett and Wilson 
is about 4, and this may be taken as the maximum value of E(f>y as it is 
unlikely that the resultant deflexion a after traversing the lead plate is 
less than the maximum deflexion produced by any one nucleus. = 4 
gives mV. About twice this energy would be required to enable 

a particle to leave the nucleus. In other words not one of the 116 cosmic-ray 
particles observed in these experiments is deflected to the extent expected 
if it had produced a nuclear disintegration in the lead plate, though about 
ten out of this number would actually pass through a lead nucleus. This 
would indicate that the “star” disintegrations known to be produced by 
cosmic-rays, in which several particles are ejected from the nucleus, are 
unlikely to be caused by fast particles through the kind of interaction 

which causes the scattering represented in fig. 6 . Since protons are known 
to be present in cosmic-rays these disintegrations may bo produced by 
protons which are sufficiently slow to be stopped by a nucleus and still 
sufficiently energetic to eject several particles from it. 

The low value of the energy transfer to particles of protonic mass, corre¬ 
sponding to the observed scattering, limits the possible interpretations of 
the anomalous energy loss which according to Blackett and Wilson ( 1937 ) 
is suffered by high energy cosmic-ray particles (% 10 * V). The average 
anomalous energy loss is of the order of 100 mV/cm. of lead. If this was 
spent in nuclear disintegrations in which the energy is taken up by protons 
or neutrons the scattering would be (from the foregoing calculations) 
considerably greater than that observed.! If the energy were taken up by 

• If the nucloar particle moves initially in the direction of the momentum transfer 
the energy transfer is greater tlian if it were at rest. This effect is however unlikely to 
introduce a factor of more than about 2 , and of course it can act in the opposite 
direction, i.e. reduce the energy transfer (cf. Williams 1938 6 ). 

t Assuming a loss of 100 mV to take place, and that it is shared amongst n particles 
of protonic mass, the cons^uent deflexion of the particle Idsing this energy would be 
a^n*(100/0'85n)* degrees, where E is expressed in 10 ® V. Thus for a 10 ® V 

partide the deflexion would be of the order of 16®, which is vastly in excess of the 
observed deflexion of these particles. 
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electrons the scattering would be negligible but far more electrons would 
in that case accompany these cosmic-ray particles than actually do so 
(Wilson 1938 ). It would indeed appear that to reconcile the anomalous 
energy loss and the scattering, the former must be assumed to be taken 
up by particles of intermediate mass such as the recently discovered meso¬ 
trons. Creation of slow mesotrons 1) might for example be suggested, 
or of neutral mesotrons if such particles exist. ♦ However, a large cross-section 
would have to be assumed if the anomalous process takes place in nearly 
every traversal of a cm. of lead. Further information on the latter and 
other points is necessary before more definite conclusions can be drawn. 

( 6 ) Scattering of eledrons of energy of the order of 1-20 mV 

This has recently been investigated by Fowler and Oppenheimer (X 938 ) 
and also by Crane and Slawsky { 1938 ). These observers in some of their 
exjxeriments use foils sufficiently thin that the average angii Of scattering 
is small (so that the calculations of this paper ai^ applicable. The 
shape of the observed distribution of scattering is in good agreement with 
that to be expected, viz, a gaussian curve with a single-scattering “tail”. 
The average angle of scattering in the experiments of Crane and Slawsky 
on the scattering of 0*9 mV electrons by an aluminium foil 0*0025 cm. thick, 
corresponds to an average deflexion of 6*5^ ±0*5. The theoretical value 
according to (37)t is 6*4®, or 5*9° after allowing for the exclusion of certain 
angles of scattering by the experimental arrangement (see Appendix D). 
The agreement is thus fairly satisfactory. The results obtained by Fowler 
and Oppenheimer for the scattering of higher energy electrons (10 mV) 
by lead foils are, however, in disagreement with the theoretical values. 
The observed average deflexion is only about one-half the theoreticah 

* There is experimental evidence, and also theoretical reasons, for the spontaneous 
transformation of a mesotron to an electron and a neutrino, with a period for a slow 
mesotron of about 10~* sec. Accordingly the creation of slow mesotrons which are 
stopped in the lead plate (mesotrons are hardly ever observed to emerge from the 
plate so that the creation of fast mesotrons is ruled out) would give rise almost 
simultaneously to fast electrons with energy of the order of 100 mV. The absence of 
any appreciable number of such secondary electrons would thus exclude the creation 
of charged mesotroxis. 

f The conditions here are rather far removed from those for the scattering by 
a 1 cm. lead plate and the expression for the average angle of scattering given (87 a) 
(footnote ♦,p. 550) is probably more accurate than (87). The differanoe between them is 
however small (87a) giving ass 6*3® (after correcting for the experimental arrange* 
ment). It might be noted that the theoretical contribution from the single scattering 
tail is only 0*2®. This tail is actually not represented in the Observations but this is 
not necessarily in conflict with the theory since with the limited number of electrons 
observed and the “cut-off’* imposed by the experimental arrangement slightly less 
than 1 electron would on the average be expect^ to be deflected into this tail. 
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The details of the relation of theory and experiment will ap|)ear in a paper 
by Fowler (1938). Afactor of \ in the average angle of scattering corresponds 
to a factor of 1 in the intensity of single scattering, the angles involved 
ranging from to ^2^2OO0min. Alternatively it may be inter¬ 

preted as a complete cut-out** of the scattering for angles between <f>* 
and with no reduction in the scattering for angles < <j>\ Then to fit the 
observations log(^7^miii)""il<^g(^a/?^miii).* This gives ^''-lO^min, corre¬ 
sponding to a distance of approach to the nucleus of a/20'-2(^/?nc). 
The experimental results would thus indicate that the effective nuclear 
field inside this radius is much less than the Coulombian field. Indeed, 
indications of such abnormalities have also come from the study of the 
single scattering of much lower energy electrons (-- 1 mV)t: for instance, 
according to recent experiments by Barber and Champion (1938), single 
scattering of one-million-volt electrons by mercury through angles 5: 20° is 
only about 15 % of the theoretical. The theoretical distance of approach in 
such collisions extends out to about 1 •5(^/wo), and is therefore of the 

same order of magnitude as it is in the collisions cut out to account for the 
results of Fowler and Oppenheimer. Itis very difficult to beUevein these inter¬ 
pretations, particularly as the theoretical scattering is in good agreement with 
experiment for electrons of about 10® V energy (as shown by the experiments 
of Blackett and Wilson for cosmic-rays), and as there is no indication at all 
of anomalies in the behaviour of the iC-electrons of heavy elements, which 
spend a large part of their time within distances of the order of hjmc of the 
nucleus. If the experimental results are confirmed they will require some 
radical innovations in the theory. 

The calculations described in this paper were carried out at Liverpool 
University, and I have great pleasure in thanking Professor J. Chadwick 
for his encouraging interest in this and allied work. I also wish to thank 
Professor P. M. S. Blackett and Dr J. G, Wilson for the opportunity of 
several discussions with them on the problem. 

Appsndix a 

Effect of skidding. We first have to evaluate I d^P(d)dB (see §25). 

P(<?) » (2kj0^) X F(2asin J5/A) « (2ifc/^) x F(a<9/A), represents the 

intensity of scattering through small angles for an unshielded nucleus. 

♦ Of. footnote p. 550. 

t Other serious discrepanoies between theory and experiment have been foimd in 
this region, such as a much greater scattering by nitrogen than is required by theory 
(Stepanowa 1937) and too frequent pair production (Skobelzyn 1934). 
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F represents the effect of shielding (§16, equ. (19)), and since from (32a) 
F is unity in the region of if>i. The above integral may be 

written 

(^'6\2k/0^) F(a0/A) = 2 A:r‘ ^(o0/A)dlog(o0/^). 

Jo Je-o 

In fig. 7 the values of F^adjA) calculated by Bullard and Massey ( 1930 ) 
are plotted against log {aOjA). The approximation previously made 



Fig. 7. Effect of shielding. 

(§ lo, and equ. (306)) corresponds to taking = 1 for 0>Ala, and .F = 0 
for 0 < A/a. It will be seen that this somewhat underestimates the rate at 
which shielding reduces the scattering for small angles. A numerical 
integration of the area under the curve in fig. 7 shows that the effective 

C*' 

lower limit fimin—defined by j F(a0jA)d\og0 »= log(^i/dmin)— 2 'lOA/o. 
Thus 

J V P{0) d0 - 2*log (^i/2-lO^). (i) 

In fig. 8 the angle 0 is represented by a radios vector in the plane, 
^ and being the project^ angles of scattering on two mutually perpen¬ 
dicular planes intersecting along a line parallel to the initial direction, i^noe 
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the angles are small ^ + The soatteiing is symmetrical about the 

initial direction and therefore on the average 0* =« It follows 

r^t 

that the contribution of the scattering through to I 

is equal to iP* O^P{6)d0 = k\ogii^i/2‘10Aja). This however is not the • 
J9-0 
r0i 

full value of We must add the eifect of scattering through 

J^-o 

angles for which tj> < ffty. Such 6 are represented by the shaded area 

in fig. 8. Since in this area Aja the distribution of 6 is given by the 



"unshielded” formula, i.e. P(d) » 2k/&^, Accordingly the probability that 
^ is between ^ and ^ + and between and is 

{{2kie*) + 2ne} X d(l> d<f>’ » {k/n) (^*+# d<^', 

and the contribution of the shaded area to P(^) d^ is 

P'(d)d6^i{ + 

The integral converges so rapidly, and the 6 concerned are so small, that the 
upper limit may be taken as infinite. The factor 4 allows for the four 
quadrants in fig. 8, P(^) referring to the absolute value of The integration 
^ves 

P'(<^) = (2kjn)^-»{in-/3-{Bin2/3), (ii) 

wtere 008 /S *■ (see figure). For yJ » 0 P'{^) reduces to kj^, which 
provea formula (27) for the distribution of the projected deflexion ^ due to 
all 9 (when there is no shielding). The contribution of the shaded area to 
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f9i 

J P(^) d<f> is now obtained by integrating from ^ = 0 to 

^ i.e. from to /? = 0. The contribution is rather small, viz. 

0‘184l:. Adding it to the main contribution, viz. k\og{ij>il2‘\0Kja), gives 
k log The effective lower limit to due to shielding, defined 

by j is thus . 

el 0 J 

9 imin = l-76(A/a) (iii) 

and af = ( 2 /v))!; log -76^/0). (iv) 

In terms of S (equ. (31)) as unit of angle, and substituting for tjt-y. A, and a, 
(iv) may be written 

“i* = Jog (Z*Nth^ll'15^2nm*fi*c*) = log Jf, say. (ivo) 


Appendix B 

Effect of scattering through (j> > is defined such that on tho average 

one collision takes place with a project^ deflexion whii^^he partide 

passes through the plate. We require the extent to which this deflexion 
increases the arithmetic mean projected deflexion, the value of which (S^) 
due to given by (36) or equ. (iv) of Appendix A. We shall denote 

the increase by S,. 

From a well-known theorem in probability a thing which happens once 
on the average does not happen at all in a fraction e~* (~0*37) “trials”, 
happens once in a fraction e~^,..., happens n times in a fraction (e~Vn I),.... 
Thus in a fraction e~^ traversals of the scattering plate a oqUision giving 
does not happen at all. On such occasions the resultant deflexion, 
which we shall denote by a, is just the deflexion arising from the scat¬ 
tering through The average value of a for these traversals is therefore 

the same as the average value of ctj given by (36), and the distribution 
of a is the same as the distribution of ax given by (29). 

A deflexion through takes place once in a fraction traversals. 
We shall denote by ag the resultant deflexion due to > ^x. When there is 
only one such deflexion the distribution Pg(ag) of ag is evidently the same as 
the single scattering distribution, i.e. Pg(ag) k/al, provided ag>^x- ^or 
ttg < ^ 1 , Pg(ag) is of course zero. The problem now is to calculate the increase 
in the average deflexion when this didribution Pg(ag) is superimposed on 
the gaussiah distribution Px(ax) of ax. A general formula for this inoTMUie 
may readily be obtained. let us consider those traversals for which 
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0,1 as cc', a, n Then if a{>a^ the resultant deflexion is always in the 
direction of a{, and its arithmetio mean value is a{, since oc, is as likely to 
be in the same as in the opposite direction to o^. Similarly, if the 

resultant deflexion is always in the direction of a^, and the average is aj>. 
A deflexion a'^ therefore increases the average deflexion only when 
and the average increase is then equal to — a^. It follows that the increase 
in the average deflexion due to aj = o^, for all a^, is 

J «1«0 

The average increase due to all is then 

Aflo pec pat 

72 = 'f2(“2) 72 (^ 2 ) ^^“2 = -p2(“2) <^2 “ “l) **l- (v) 

The resultant average deflexion o is 

_ _ •» rat 

a = «! + 72 = I *1 + I ■P 2 (« 2 ) I /i(ai) (a, - a,) da„ 

* (vo) 


f ^ 1 (^ 1 ) 1 

j* ftMdOif 

/ai-O J 

Ut-0 Ji 

I p2(aj)S2<tea+ j 
; at^i) J 

1*" P,(o,)doJ 


(v6) is equivalent to (vo), differing from it only in the order of integration. 

y^joi depends on aJ/Si, and this depends on the thickness and nature of the 
scattering material. However as this dependency is through a log term, 
and therefore not a sensitive one, yjdi changes very little even though there 
is a large variation of these factors. Actually if y, is calculated for a typical 
case the value for all practical variations from that case may easily be 
deduced. 

We shall take the scattering of fast particles (/? = 1) by a plate of lead 
1 cm. thick as standard. The value of di (equ. (36)) in terms of ^ as unit is 
then 3’23. Substituting this in (29) and carrying out the double integration 
in (iv) we find (in units $)* 

7 , =■ 0 - 88 , (Vi) 


dya/dSi = -0-21. 


(vii) 


♦ Tile integration does not involve much numerical work* For a, > 12 , 
the second integral in (v) is to a few parts in a 1000 equal to and the corre¬ 

sponding contribution to y, can then be calculated analytically. For a, <12 the 
exponential in ( 29 ) was expanded in powers of a], a simple integration then giving 
the corresponding contribution to yg in a power series. For the ag concerned this series 
converges faMy rapidly^ six terms giving the result to less than 1 in a 1000. To check 
the numerical work yg waa also calcxdated using (v6), thus reversing the order of 
integration. The $Mme result was obtained. 

36-a 
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Of the above increase due to ^ about 0-20 comes from the single scat¬ 
tering tail beyond %• remainder, -0-70, represents 

a broadening of the gaussian distribution. 

Let us next consider the traversals in which two collisions giving 
take place. These represent ^^1® totBl number of traversals. 

The first collision superimposed on the gaussian distribution (29) will 
increase the average deflexion by 0-88. The second will not produce an 
additional increase of quite the same amount because the first collision has 
made the distribution a little broader than the initial gaussian distribution 
(29). 0*88 is therefore an upper limit to the effect of the second collision. 
A lower limit, but a poor one, is zero. Similarly the upper limit to the eflFect 
of three collisions is 3 x 0*88 and a lower limit is 0*88, and for n collisions 
the hmits are w x 0*88 and 0*88. Remembering that n collisions through 
occur only in a fraction {er^jnX) traversals we find as an upper limit 
to the average effect of ^ for all traversals 


/ 2 3 n \ 

1 I ^ 9*88 = 0 * 88 , 

and as lower limit ^ 

xO-88 =K 0-56. 


Adding this to otj = 3-23 we get a resultant, a, between 3-79 and 4-11, the 
mean of these two values being therefore certainly correct within about 

3 %- 

The true value of is evidently much nearer the upper Mmit, and an 
estimate of a higher order of accuracy may be made in the following 
way. The average value, of ^ for single scattering through ^ is 


I ('frl^)^d^ = If the distribution of ^ giving this average was 

gaussian its superposition on the gaussian distribution of represented 
by (29), would increase the average deflexion by 


% = (3? + .?*)-a, » (3-23*+ 2ff)-3-23 « 0-86. 


The close agreement with (vi) shows that for a given value of 3, and ^ the 
resultant average deflexion is little dependent on the detailed forms of the 
distribution of and This procedure may therefore be safely used to 
estimate the slight difference between the effect of two collisions throt^h 
^>4>t and twice the effect of one, and between the effect of three and three 
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times the effect of one.* The method gives otg « 0*82, which is 0-06 less 
than the upper limit of 0*88. This then is the final estimate of the increase 
in the average deflexion due to single scattering through ^ > 0^. The average 
deflexion due to \&ai^ 3*23, so that oollisions with ^ increase 

the average deflexion by about 25 %. The arithmetic mean deflexion due 
to all angles of scattering is + *= 4 05. This applies to the scattering 

by 1 cm. of lead. The distribution of single scattering for ^ in the units 
used in these calculations is independent of the conditions, being represented 
by 7r/0®. The effect of a departure from the conditions of 1 cm, of lead 
and ^ 1 is to change i.e. the width of the gaussian distribution Pi(a). 
Ui is given by (36), and in the units S it is not sensitive to the con¬ 
ditions owing to its logarithmic form. A change in the thickness of the 
scattering plate from 1 cm. to 0*01 cm., for instance, reduces by only 
about 20 %. The smaller ctj is, the greater is the relative effect of the scattering 
through (l>><j>i, i.e. the greater is For 1 cm, of lead and = 1 we find 
on the basis of (vii) SoL^ — — 0*20^ai, and therefore 

SoL =5 <y(axH-a 2 ) “ O-SO^a^ = 0*80(y(logilf)* (from (iva), Appendix A)) 

= 0*40tf(log Ar)-^ai = 0*123log Jf/itfQ, 

where denotes the value of M for 1 cm. of lead. This expression for doL 
(which is equivalent to the first term in a Taylor expansion) is accurate 
within about 1 % for a lOOTold variation of Jf, and is therefore adequate for 
our purpose. The arithmetic mean deflexion in the general case is therefore 
« 4*05 + 0* 123 log^ (MIMq) = 4-05 -i- 0*28 logjQ MjMQ, The unit is 8 and intro¬ 
ducing this and substituting for MjM^, we have 

oL = (3-69 + 0*281ogio(ZVVW"/^^)} (^“) 

which is equ. (37) of the text. 

The above method has also been used to calculate the average deflexion, 
is!, when the effect of single scattering through angles greater than 
is left out, for various values of It is found that if is less than 0, 

(equ. (32), fig. 1) a'* is given within a few per cent by j ^*P(^)d0. 

Thifl result is used in the text to derive equ. (40) for the average deflexion 
idlowing for the finite size of the nucleus. The latter greatly reduces the 
single scattering formula for ^ % Kjb, so that corresponds to Kjb. 

* further accuracy may be achieved if this procedure is adopted only for the 
broadening of the gaunian distribution (^ < fi,), and the effect of n oollisions through 
^><p% then taken as n times the effect of one. The difference this makes in the results 
is however insignifioant, 
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Appbndix C 

Computational errors in derivation of mean deflexion, etc. Provided the 
angle of scattering is smaU the computational error in the result (37) is 
less than 1 %. The assumption of small angles introduces an error into the 
formula (27) for the probability of a projected deflexion if of the order 
of only fi* ( +higher terms), and is therefore negligible. An error of a 
higher order arises from the fact that the “initial” direction for single 
scattering changes as the particle traverses the plate. If we denote by a,' 
the component of the resultant deflexion on the plane perpendicular 
to that containing the observed projected deflexion a, then for such a 
traversal the correcting factor for this error is seca' ~(1 + |a'*), which on 
the average =• (1 + \7toP). The scattering of the particle in the plate also 
increases the effective thickness of material traversed. This increases the 
average angle of scattering by (1 + j)jra*). Combining the two gives a cor¬ 
recting factor (1 + f7ra^). This estimate of course also assumes that a is 
small, but it is sufficient to give a rough idea of the correction for S up to 
about 30°. In the experiments considered in this paper a varies from 
a fraction of a degree to about 10°, and even for the latter theeorrection is 
only about 4 % and may be discarded. We have also estimated the effect of 
the terms (rra/?*8in J6>) and (—/^* sin* Jd) in Mott’s relativistic formula 
(equ. (146)), which are neglected in the derivation of (37). While these terms 
affect quite appreciably the single scattering through large angles ~90°, 
their effect in the region of multiple scattering in the experiments under 
consideration here can be neglected. 

Lastly we must consider the possible error arising from our assumption 
that the distribution of multiple scattering due to single scattering through 
^ is exactly gaussian (equ. (29)), with an average deflexion given by 
(30). The essential condition for this is that the average number of collisions 
in any range of f which contributes appreciably to the average resultant 
deflexion, 3, be large. Owing to the rapid decrease in the number of collisions 
with increasing ij> this is least satisfled for the largest angles involved, i.e. ^ 
near if^^. Actually the average number of collisions which give if between 
\ifi and is 3, while they contribute {\ log 2)/log {filfmin ~ 800) 6 % to 

Xow this contribution may be obtained with higher accuracy by assuming 
a gaussian distribution for the multiple scattering due to ^ and using 

the general formula (36) to get the contribution from \^\<<f<fi> The 
result shows that the expression (30) for 3 repieamits this oonfribution 
with an error of about 0’S corresponding to an error of only 0*3 % x 6 % 
~ 0*02 % in 5. The error arising from all other regions of f (i.e. ^ < |^i) is of 
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the same order, so that the error in a as given by (80) is only a few parts 
in 10,000 and can therefore be neglected. The departure of the eJutpe of 
the distribution due to ^ from a gaussian form is similarly negligible. 

An important point to be mentioned here is that though the regions 
and have been treated separately in our oalculations the 

contribution of different ^ to ai fulfils satisfactorily the condition of con¬ 
tinuity at (f> <=> <^ 1 - The slight discontinuity that exists is only about 
{Ij6)^\j7ral, ~0'006 for the standard case considered (1 cm. lead, P = 1 ). 
The choice of angle for dividing the two regions is of course governed only 
by the convenience of the calculations. A division at an angle <P' differing 
appreciably from the angle chosen here would make the accurate treat¬ 
ment of very laborious if (j>’ < On the other hand if we chose 

(j> > the gaussian representation of the effect oi>f><4>' would not be valid. 
The situation is much the same as in the problem of the distribution of 
ionization energy losses by fast particles in passing through thin foils 
(Williams 1929 ) where collisions giving an energy loss Q>8 and those 
giving Q<8 are treated separately in the above fashion, 8 being such that 
on the average one collision takes place with Q> S. 

Appendix D 

Limitation of range of measured angles of scattering imposed by experimental 
arrangement. In the cloud chamber experiments on scattering such as those 
referred to in this paper angles of scattering greater than a certain value 
are automatically excluded from the observations. In the experiments of 
Crane and Slawsky, for example, only those tracks are included which 
have a length greater than 7-6 cm. on the emergent side of the scattering 
foil. The depth of the illuminated part of the chamber in the direction of 
photography is about 2-5 cm. while the scatterer is placed in the middle of 
the illuminated region. Thus, as Slawsky ( 1938 ) points out the component, 
a', of the resultant deflexion in the direction of photography is limited to 
(2-5/2x 7*5)~10°. This component is in the same direction as the com¬ 
ponent of fig. 8 , and in the plane perpendicular to that containing the 
measured projected deflexion a. In the cosmic-ray experiments of Blackett 
and Wilson a' is limited by the counter control, its maximum value, which 
we shall denote by being equal to half the sum of the angles subtended 
by the width of the scattering plate at the two controlling counters (which 
are placed above and below the chamber respeotitely). The finite size of 
the counters increases rjr somewhat. When these limitations are of impor¬ 
tance it would appear to be a better procedure to calculate the theoretical 



570 


£. J, Williams 


scattering for the conditions of the experiment, rather than attempt to 
correct for the excluded scattering from a knowledge of the scattering in 
the observed region (as is done by Slawsky). We shall therefore consider 
briefly the theoretical scattering when a' is limited to values less than 
Since throughout the paper we have only concerned ourselves with small 
angles of scattering we need only consider the effect when is small (< 20” 
say). (When rfr is large the probability of scattering through small angles is 
evidently unaffected.) 

In the region of multiple scattering where the distribution of a, and a' 
are gaussian the probability of a having a given value is independent of the 
value of a'. The observed shape of the distribution of a is therefore unaffected 
by a limitation of a' to a' < \jr.* It is only where the scattering is “single” 
(and to a less extent where it is plural) that the limitation of a' affects the 
distribution of a. We shaU consider this effect when the single scattering 
is given by the Rutherford-like formula (13), which for small angles gives 
jP(a) = kjofi (equ. (27)). The latter assumes that there is no limitation of 
the component a'. If this is limited to a' <ilr then from equ. (ii), Appendix A, 

P(a), =P^(a), = (2/;r)(i/a»)(/?-fJj»in2/S), (ix) 

where t&nfl = Tjrja. 

To a first approximation the effect of the limitation of a' may now be 
allowed for if we use (ix) in considering the single scattering tail instead of 
(27). Numerical evaluation of (ix) shows that P(a) is reduced by about 
20 % at a =* and to 60 % at a = 2^5". In the experiments of Crane and, 
Slawsky ^ = 10°, so that single scattering which starts at about 20” is 
reduced to about a half at that point. The single scattering tail is thus 
appreciably reduced. As this tail contributes very little to the average 
deflexion, 3, the effect on the latter is small. Actually it is found to be reduced 
from 6-4” to 6-9”.t 

In the cosmic-ray experiments of Blackett and Wilson the effect is 
negligible except possibly for the single scattering tail for the low energy 

* It is to be noticed that the experimental arrangement does not of oourse impose 
any limitation on the deflexions produced by different nuclei inside the foil. Deflexi<ms 
with may take place and the particle still be included if the component a' 

of the resultant deflexion on emergence is less than 

f Let Pex ’^probability (theoretical) that a track is excluded from the observations 
(due Uia'>ijf), and let Sex — average a for excluded tracks, am=average for inoluded 
tracks, 3 =average for all tracks. Then S s amfl-Pexi + Oexi’ex* When the 
difference between a and am is large this equation, or its equivalent, should 
be used to calculate the difference, in order to avoid any errors due to inoonceot 
normalisation. 
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particles obseired (~ 10* V). The limitation of the component a by the 
experimental arrangement usually takes place at much larger angles than 
does the limitation of the component and the effect can be neglected in 
all the experiments considered here. These effects however should be borne 
in mind when experiments of this hind are extended. 


Summary 

The relativistic theory of nuclear scattering through small angles is 
discussed, and corrections are applied for the effects of the finite size of the 
nucleus and the shielding of the nucleus by the atomic electrons. This is 
preliminary to calculations on the multiple scattering of fast electrons by 
thin metal foils and of cosmic-ray particles by metal plates. These calcula¬ 
tions lead to an accurate estimate of the average theoretical deflexion 
under the conditions of the ex|)eriments, and thereby permit a quanti¬ 
tative interpretation of the observations to be made. A general account 
of the statistical calculations, and an approximate treatment, are given 
in §2a. 

The experimental results of Blackett and Wilson on the scattering of 
cosmic-ray particles are in good agreement with the theoretical values, 
especially if the effect of the finite size of the nucleus is allowed for. The 
evidence which this agreement provides for the existence of mesotrons is 
discussed. There is no positive evidence in the experiments for a short-range 
non-electrioal force between the cosmic-ray particles and the nuclear 
particles of the matter traversed, similar to that between slow neutrons 
and protons. It is also inferred that the particles whose scattering was 
observed produced no nuclear disintegrations in the scattering plates. It is 
suggested that the observed anomalous loss of energy by cosmic-ray particles 
with energy around 10® V may be due to the production of neutral mesotrons, 
if such particles exist. 

The scattering of fast electrons (~ 10 mV) by tliin lead foils as recently 
observed by Fowler and Oppenheimer is much less than the present theore¬ 
tical values. This discrepancy seems to fall in line with observations by 
Klarman and Bothe and by Champion on the single scattering in heavy 
gases of electrons with energy of the order of 1 n)V. The scattering of 
million-volt electrons by a thin alriminium foil recently observed by 
Crane and Slawsky is in fair agreement with the present calculations, 
so that the above (^orepancy if real must be associated with a high atomic 
number. There is as yet no indication of how the discrepancy could be 
aooouxited for theoretically. 



672 


K J, Williams 


Bsfsbskoes 

Anderson 1933 Phye, Rev» 43, 381. 

Barber and Champion 1938 Proc, Boy* Soc, A, 168, 159. 

Blackett and Wilson 1937 Proc, Roy* Soc* A, 160, 804, 

- 3:938 Proc, Roy* Soc* A, 163, 909. 

Bothe 1929 Z* Phya* 54, 161 (also earlier papers). 

Bullard and Massey 1930 Proc* Cmnb* Phil* Soc* 36, 536. 

Crane and Slawaky 1938 Phya* Bee. (in preparation). 

Fowler 1938 Phya* Rev* (in the Press). 

Fowler and Oppenheimer 1938 Phya* Rev* 54, 320 
Heisenberg 1937 Leipzig* Ahad* der Wiaaen, 89, 369. 

EUarman and Bothe 1936 Z* Phya* 101, 489. 

March 1937 Z* Phya. 108, 128. 

Mott 1929 Proc* Roy* Soc* A, 134, 426. 

Skobelz 3 m 1934 Nature, Lond., 138, 646* 

Slawaky 1938 Thesis submitted for Ph.D. University of Michigan. 
Stepanowa 1937 Phya* Z* Soviet* 13, 5, 660. 

Wentzel 1922 Ann* Phya., Lpz*, 69, 336, 

Williams 1929 Proc. Roy* Soc* A, 135, 420. 

— 1935 a Phya* Rev* 47, 668 . Also Kem Phyaik, p. 123. Berlin; Springer. 

— Z935 b K* danake videnak. Selak* 13, 36. 

— 1938 a Phya* Rev, 53, 433. 

— 19386 ifature, Lond*, 143, 131. 

Wilson 1938 Nature, Lond*, 143, 72. 



The diffusion of radon gas mixtures 

By W. Hihst, B.Sc. and G. E. Habbison, Ph.D. 

Physics Department^ University of Birmingham 

(Communicated by M. L. E, Oliphant^ FM.S,—deceived 28 October 1938) 

The repulsive force, between diseiinilar molecules may be represented 

by the equation 


where d is the distance between the dissimilar molecules which are regarded 
as point centres of repulsive force, while «j 2 represents the repulsive force 
index, and the repulsive force constant between these molecules. 

Chapman ( 1 929 ) has given a special theory of thermal diffusion in mixtures 
of two gases in which one component is rare and heavy. He has shown that 
Fi, may be determined provided that thermal diffusion measurements for 
the given gas mixture have been made, and the coefficient of viscosity of 
the lighter gas at various temperatures together with the coefficient of 
diffusion of the two gases is known. 

Thermal diffusion measurements for radon-hydrogen and radon-helium 
gas mixtures have already been made by one of us (Harrison 1937 ), radon 
being the rare and heavy constituent of these mixtures. The variation of 
the viscosity of hydrogen and helium over a wide range of temperature was 
known, but no experimental value of the coefficient of diffusion of radon 
into hydrogen or helium was available. In the previous investigation, 
approximate values of the latter were therefore calculated from a formula 
given by Chapman ( 1917 ). Owing to uncertainty in the accuracy of these 
calculated values, was evaluated approximately for radon-hydrogen 
and radon-helium molecules, but /Ui, was not calculated, since the latter is 
much more sensitive to an error in the coefficient of diffusion than the 
former. The purpose of the present investigation was to obtain experimental 
values of the coefficient of diffusion of radon into hydrogen, helium, neon 
and argon, so that the repulsive force between radon-hydrogen and radon- 
h^um molecules can be derived from existing experimental evidence, and 
that f<nr radon'-neon and radon-argon can be obtained when the thermal 
diffusio n measurements for these two mixtures are completed. 

[ «8 ] 



674 


W. Hirst and G. E. Harrison 


Information concerning the very masaive, monatomic radon molecule 
obtained from diffusion experiments is of special interest, particularly as 
the molecular field cannot be obtained from viscosity measurements or the 
equation of state owing to the extremely small quantify of gas available. 


Early work and preliminary experiments 

Shortly after the discovery of the emanations actinon, thoron and radon, 
several attempts were made to determine their coefficient of diffusion into 
air or hydrogen in order to obtain the molecular weights of the emanations. 
The references to these early investigations are given at the end of this 
paper. 

The most notable feature about the results of these early experiments 
is that the values obtained for the diffusion coefficient of the isotopes actinon, 
thoron and radon into air or hydrogen show variations amounting to 
25 % or more. It appeared to us that these variations must be due to some 
common disturbing factor, and the most likely possibility, at first, seemed 
to be that local differences of temperature existed in the diffusion apparatus 
which would tend to set up convection in the gas mixture and so disturb 
the diffusion process. 

It was decided to perform a series of diffusion experiments using radon-cur 
and radon-hydrogen mixtures in which special care was taken to avoid 
temperature variations along the diffusion apparatus. The Loschmidt 
method was used as successful measurements hcul recently been made in 
this laboratory by L. E. Boardman and N. E. Wild ( 1937 ) using this method 
for the dete!rmination of the diffusion coefficient of non-radioactive gews 
mixtures. 

The apparatus consisted of a closed brass tube provided with a central 
tap. The tube wcm mounted vertically and a glass capillary containing 
radon was put into the lower half of the apparatus. Hydrogen or air was 
then introduced and the central tap closed. The radon capillary was broken 
and the apparatus left for 18 hr. to obtain a uniform gas mixture in the lower 
half. As the cunount of radon was extremely small compared with that of 
the other gas, the pressure was considered to be equal in the two halves of 
the apparatus. The central tap was then opened for a known time so that 
diffusion could take place and the diffusion coefficient was obtained firom 
measurements of the ratio of the amount of radon diffusing over into the 
upper half to that remaining in the lower half of the apparatus. The gas 
mixtures used in these experiments were at about atmospheric temperature 
and pressure. 
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The results obtained from these preliminary experiments showed varia¬ 
tions whioh were of the same order as those in the results obtained by the 
early investigators. It was concluded that the cause of these large variations 
must be due to an experimental difficulty peculiar to radioactive gas mix¬ 
tures. The relative proportion by volume of radon in the gas mixtures 
used in our experiments was extremely small (about 1 x 10 “*), The diffusion 
of radon alone was observed, the other gas having no direct effect upon the 
measuring instrument. If part of this small proportion of radon was not 
free to diffuse appreciable variations would be produced in the results 
obtained. 

Further experiments showed that radon adhered to the walls of the brass 
diffusion tube if it had been in the apparatus for a sufficient time. In an 
extreme case less than 2 % of the amount of radon put into the lower half 
of the apparatus diffused over into the upper half, as compared with about 
30 % had the diffusion been normal. We have also found that radon adheres 
to a glass apparatus, which supports the observations made previously 
by Lind and Livingston ( 1936 ). They noticed that if radon was left in pyrex 
glass bulbs for more than a few hours, appreciable adhesion of the radon 
to the glass took place. 

There is no doubt that this is the principal source of error in om prelimi¬ 
nary experiments and those of previous investigators. In the latter, the 
emanations were often left in the apparatus for several days, and the 
amount of adhesion, whioh increases with time, would then become a serious 
source of error. Since adhesion tends to fix the position of the emanation, 
it always leads to a low value of the diffusion coefficient. Rutherford and 
Miss Brooks ( 1901 ) obtained successively lower values of the diffusion 
coefficient for radon-air mixtures, which decreased from 0-16 to 0*08 
cm.* sec."^, the latter value being obtained after using the diffusion apparatus 
over a period of a year or so, 

A series of experiments were made with apparatus of the form already 
described to determine how adhesion of radon to the walls might be made 
of negligible acooimt in diffusion experiments. The apparatus had a volume 
of about 35 c.c. and the siuface area was about 50 cm,* About 50 me, of 
radon was used in each of these experiments, the relative proportion by 
volume of radon to the other gas thus remaining about 1 x 10 -*. The gas 
mixtures were varied, radon being mixed with either hydrogen, argon or 
wir. The following conclusions were drawn from these observations: 

( 1 ) When radon is enclosed in a brass or glass apparatus which has not 
previously been in contact with the gas and has not been chemically cleaned, 
it adheres to the surface of the container. The amount of radon whioh 
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adheres to an apparatus of the size already given is negligible during the 
first few hours after the radon is introduced but reaches 3 or 4 % after 
about 20 hr. and thereafter increases rapidly. These results are not materially 
affected by the presence of normal amounts of grease on taps, etc., attached 
to the apparatus or by the nature of the gas mixed with the radon. 

(2) If successive experiments are made using the same apparatus, the 
rate of adhesion gradually increases in each experiment. The adhesion thus 
depends on the total time of contact of radon with the apparatus. When 
about 2 mo. of radon per cm.® have been destroyed m the apparatus, the 
adhesion in subsequent experiments becomes considerable in a few hours. 

(3) If an apparatus which has been contaminated with radon is washed 
through with strong acid before it is used again, the rate of adhesion is 
increased. This is most probably due to a roughening of the surface of the 
apparatus by the acid, and this inference is supported by the observation 
that radon adheres to a rough brass surface more quickly than to a smooth 
glass one under similar conditions. 

(4) The adhesion forces holding the radon on the surface are weak. This 
might be expected since radon is monatomic. If the apparatus is evacuated 
or a stream of air is passed through it most of the radon adhering to the walls 
is removed.* 

(5) If pyrex glass is used and the latter is baked at 600° C after it has 
contained radon, so that the glass is softened, the original uncontaminated 
condition is restored and the rate of adhesion follows that given in note (1). 

The adhesion of radon must be distinguished from ordinary adsorption. 
The latter would probably result in a rapid deposition of radon on the walls 
immediately after the radon was put into the apparatus, and the rate of 
deposition would then decrease with time. In our experiments there is 
no measurable adhesion to the walls when the gas is first introduced. This 
suggests that if ordinary adsorption occurs it is of negligible amount. On 
the other hand, the rate of adliesion increases rapidly after radon has been 
in contact with the apparatus for several hours. This would indicate that 
the adhesion is due to a conditioning of the walls of the apparatus by the 
radon. This conditioning process is probably brought about by the radio¬ 
active properties of the gas. The bombardment by a-particles may result 
in a change in the condition of the surface so that radon atoms omi adhere 
or the presence of the active deposits on the wails may bring about this 
change in condition. 

* It should be noted that in the experimenta made by Lind and Livingstmx ( 1936 ) 
in which the relative proportion by volume of radon was much higher, the ad^ion 
to pyrex glass was more permanent. 



The ddfftmm of radon gas mixtures 677 

The oonolusion which may be drawn from these observations so far as 
the present experiments are concerned is that when radon is used in a dif¬ 
fusion apparatus there is no reliable method of estimating the amount 
adhering to the walls. As already mentioned, evacuation or even the passage 
of a current of air through the apparatus removes most of the radon 
adhering to it. There is no doubt that adhesion is negligible in a glass 
apparatus which has contained radon for less than 6 hr. If pyrex glass is 
used in the construction of the apparatus, it should be heated to 600° C 
periodically to reform the surface. The difficulty of adhesion may thus be 
overcome. 

In our first attempts to avoid prolonged contact of radon with the 
diffusion apparatus, an arrangement was used for the preliminary mixing 
in which a radon capillary was broken in a gas biuette. After the radon 
gas mixture had become uniform, it was subsequently introduced into 
one-half of the diffusion apparatus. This method proved to be an unsuitable 
one and it did not yield consistent results. 


Thb final bxfbrimbntal abranobment 
(o) Oenerdl principle of the method 

A plan of the final form of the diffusion apparatus is shown in fig. 1. 
It consisted of a uniform pyrex glass tube of length L — 42*7 cm. and of 
6 mm. bore, divided into three equal sections P, Q and R by taps 7\ and Tg 
of the same bore. 

The apparatus was filled to atmospheric pressure with the gas into which 
the radon was to diffuse, and the tap 7\ closed. A glass capillary tube 
containing radon was broken in P and the apparatus was left for 18 hr. to 
obtain a uniform gas mixture in this section. Tap 7\ was then opened for 
a known time, so that radon could diffuse over into Q and R, after which 
the taps 7\ and P, were closed simultaneously. The diffusion coefficient 
was obtained by measuring the ratio of the amounts of radon in sections 
Q and R after diffusion. 

It is important to notice that the measurement of the ratio wju of the 
amounts of radon in Q and R need only be obtained, and that the amount 
of radon in P need not be known, as is shown later in the theory of the 
experiment. This means that any radon which adhered to the walls in P 
during the long period of the initial mixing does not affect the results of the 
experiments. Radon did not come into contact with Q and R until diffusion 
took place. The diffusion time is relatively short (about ^ hr.), so that 
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adhesion in these sections was negligible. The gas pressore was uniform 
throughout the apparatus before diffusion commenced, and there were 
therefore no pressure changes in the sections when the taps were opened. 



Fio. 1. Flan of apparatus. 


The agreement between the results obtained in which the effects of the 
adhesion of radon are eliminated is as satisfactory as that between the values 
obtained by Boardman and Wild ( 1937 ) for non-radioaotive gas mixtures, 
ft should also be mentioned that the results of the thermal diffusion experi¬ 
ments given in the previous investigation (Harrison 1937 ) are unaffected 
by adhesion, any experimental vaJues which showed evidence of this being 
rejected. 

( 6 ) Experimental procedure 

As the amount of radon was extremely small, the density of the gas in 
P, Q and B could be regarded as constant, so that the apparatus could be 
mounted horizontally thus reducing convection. 

A glass capillary tube containing about 70 mo. of radon was pushed into 
the bore of the capillary tap T^ and a glass plate M waxed on the end. The 
apparatus was then connected by the ground joint / to a vacuum pump, 
manometer, and a cylinder of the gas into which radon was to be diffused. 
The taps Ti, and the capillary tap T, were then opened and the apparariis 
exhausted. It was filled with the gas to about atmospheric pressure. Tepe 
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and T) were then closed, tap remaining ox>en, and the radon capillary 
was broken in section P by turning 24 . 

The diffusion experiment was performed by opening the tap 2 j for a known 
time which varied from 15 to 40 min., depending on the gas mixing with 
the radon. Taps 2\ and were then closed simultaneously. Part of the radon 
originally in P had now diffused over into Q and P. 

As the bores of taps and formed part of the diffusion tube, a small 
side-hole was diilled in the barrel of each of these taps, so that when they 
were closed the gas in the bore of 2 \ was in communication with section Q, 
and that in the bore of was in communication with section P. This avoided 
any error due to gas being isolated in the bore of the taps when the latter 
were closed. 

The ratio of the amount of radon in Q to that in P, after diffusion, was 
measured by determining the relative intensity of the y-rays from the solid 
decay products radium B and C deposited on the walls in Q and P in the 
process of radioactive change. 

A block of lead 22 x 6 x 5 in. was mounted behind the pyrex tube. Two 
equal rectangular apertures and (lixf in.) were cut out of this 
block, so that the y-ray intensity from two uniform portions of Q and P 
could be observed. Four hours after closing the taps and T^y when the 
radon in the sections Q and P was approximately in equilibrium with the 
y-ray decay products, a y-ray electroscope with lead walls 5 mm. thick was 
placed in turn opposite each of the apertures A^ and Ag. The ratio of the 
amounts of radon opposite Ai and A^ was obtained by observing the rate of 
drift of the electroscope when placed opposite each aperture. The rate of 
drift of the electroscope was also determined when it was moved along the 
lead block out of line of the apertures, and the above ratio of the rates of 
drift was thus corrected for the natural leak of the electroscope and for 
stray y-radiation. 

The sections Q and P were of equal length and cross-sectional area. 
The radon in each section was uniformly distributed at the time of the radio¬ 
active measurements so that, when the apertures Ax and A^ are equal, the 
ratio of the amounts of radon opposite the apertures is equal to the ratio, 
wju, of the amounts of radon in the sections Q and P. 

In order to allow for any inequality in the effective sizes of the apertures 
Ax and A,, tap Ij was opened to allow the radon gas mixture in sections Q 
and P to become uniform. Four hours afterwards, a similar series of 
measurements of the rate of drift of the electroscope enabled the ratio of 
the effective sizes of the apertures to be obtained. 

Immediately after an experiment was completed the apparatus was 
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iime as possible. As a precaution the gas apparatus mas peiiodioa&y 
heated to flOO® 0. 

(c) Temperature precautiona 

To ensure a uniform temperature over the difFiision apparatus the pyrex 
tube wsts mounted in a cast iron box provided with a tight-fitting lid (fig. 1). 
The box was adjacent to the large lead block on one side, and water baths 
covered with felt were placed round the other three sides. A similar water 
bath was then placed over the iron box, and a wooden cover was fitted over 
the apparatus and sealed down to the table with plasticene as a protection 
against draughts. 

The taps J\ and were constructed with long handles, so that the ends 
projected through holes in the iron box and the water baths. They could 
thus be operated when the temperature lagging was in position, electrical 
contacts being employed to mark the “on” and “off” positions. 

Thermojunctions were used to record any small temperature difference 
between the two ends of the iron box containing the gas apparatus. One 
junction from each pair of couples was attached to the inside of the box 
at K and L, the other junctions being kept in a sealed thermos flask filled 
with water. These junctions were connected to a recording galvanometer, 
so that the temperature difference between K and L could be observed for 
some hours before diffusion commenced as well as while it was in progress. 
During the diffusion experiments, these differences of temperature did not 
exceed 0*05° C. 

The experiments were performed in a small room provided with thermo¬ 
statically controlled electric heating. 


(d) The theory of the experiment 

If p represents the number of radon molecules per c.c. at any point x 
along the axis of the tube at a time t after diffusion commences, the differen¬ 
tial equation determining the coefficient of diffusion, is 


Bt 


D, 


IS 


Bx*’ 
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Let L be the total length of the gas apparatus. 

The initial conditions (at time < » 0) are p • c, say, from a: « 0 to 
X » Lji in section P, while p 0 from x » L/S to a; » L in sections Q 
and B (fig. 1). 
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Similarly, let the total quantity of radon in li he u; • 

u = f pdx. 
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The solution may be expressed in the form 
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( 2 ) 


in which the series on the right-hand side converges rapidly. This equation 
may be solved by successive approximation. For the values of D 12 1 occurring 
in the present experiments only the first approximation was used, since 
this gave a solution correct to 0*3 %. This first approximation is 


w 

2w4-w? 


_i_ 


A more oonvenient form of this first approximation is 

(3) 

w 2n‘ 

It will be seen from equation (3) that the value of Dj, is independent of c. 
It is thus unaffeoted by the amount of radon in P and therefore by the 
adhesion of radon in this section. 

* Bqustion (2) is also oorroot for a radioaotive substance, the amount of which 
deoieasea exponentially with time. 

37-» 
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The time of diffusion, t, must be chosen for each gas mixture so that« 
and w each represent measurable quantities of radon and yet difibr &om 
one another by an amount which can also be determined with accuracy. 


(e) BesuHs 

The final experimental results are given in Table I. 


Table I. Final experimental results 


Conditions of Djg 



experiment 




om.* see 



^.. 

M „ 

Time of 



at 15 °1 

C 

Gasea 


Pressure diffiision 



and 

diffuBed 


cm. Hg 

sec. 

ujw 

cm.* sec. *' 

76 cm. Hg 

Kadon-air 

11*2 

72*5 

2400 

0*734 

0*126 

0*121 


Radon-air 

10*5 

76*7 

2400 

0*718 

0*121 

0*123 


Radon-air 

18*6 

76*9 

2400 

0*699 

0*116 

0*117 


Radon-air 

10-6 

74*8 

2400 

0*697 

0*116 

0*117, 


Radon-hydrogen 

12*4 

76*2 

610 

0*717 

0*476 

0*4711 

1 

Radon-hydrogen 

12*4 

76*2 

600 

0*721 

0*485 

0*48 IJ 

r 

Radon-helium 

130 

75*6 

600 

0*661 

0*336 

0*340\ 

Radon-helium 

9-5 

76*2 

600 

0*643 

0*360 

0*362/ 

Radon-noon 

19*4 

74*8 

1200 

0*091 

0*228 

0*2191 

1 

Radon-neon 

16*8 

70"O 

1200 

0*668 

0*217 

0*216j 

r 

Radon-argon 

9*1 

74*7 

2700 

0*636 

0*090 

0*091) 

1 

Radon-argon 

12*4 

75-4 

2700 

0*646 

0*092 

0*093i 



Mean value 
of D„ 


am.' 


'u 

sec.-* 


at 15"C 
and 


76 om. Hg 


0120 


0-476 

0-351 

0-217 

0-092 


It has already been mentioned that the adhesion of radioactive gas to the 
walls of a diffusion apparatus leads to an error in the experimental value 
of which makes the latter lower than the true one. The mean value of 
Dif finally obtained for radon air mixtures is about 14 % greater than that 
obtained in our preliminary experiments or in those of previous investi¬ 
gators. The agreement between the final experimental results given in 
Table I for a given radon gas mixture is much closer than that obtained 
hitherto in diffusion experiments using radioactive gas mixtures. 


The calculation of the intbrmolkoular fields 

Chapman ( 1929 ) has shown that if and represent the proportion by 
volume of the rare and heavy constituent of a gas mixture at the absolute 
temperatures T and T' respectively, after thermal diffusion, then 



(^) 
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where a is proportioxial to and for a given pair of gases, y? is given by 



(5) 


being the repulsive force index between like molecules of the lighter gas. 
When Cl and the ratio of the mass of the molecule of the lighter gas to that 
of the heavy one are both small, a first approximation to a, a(l), is 


3si2 — 5 HT 

1 8i^- 1 


( 6 ) 


where R is the gas constant per gram molecule, is the viscosity of the 
lighter gas at an absolute temperature T, and is the coefficient of diffusion 
of the mixture at any pressure p and absolute temperature T, is the 
mass of a gram molecule of the lighter gets. 

If 712 has been determined over a range of temperatures, 82 may be 
calculated. The experimental values of and the ratio c^/c^ obtained from 
thermal diffusion measurements, then suffice to determine the repulsive 
force index between dissimilar molecules, Sjj, using equations (4), (5) and (6). 

Measurements of Cijc[ have already been made for radon-hydrogen and 
radon-helium gas mixtures (Harrison 1937 ). In order to obtain 812 for these 
dissimilar molecules, the value of had at that time to be calculated, for 
each gas mixture, from a formula given by Chapman ( 1917 ) in the derivation 
of which it is assumed that the molecules behave as rigid elastic spheres. 
The results of the present experiments complete the exi>erimental informa¬ 
tion necessary to calculate Sja ^r radon-hydrogen and radon-helium mole¬ 
cules. 

For hydrogen molecules s* was taken as 12-0 and that for helium molecules 
as 14*6. Substituting the values, « 89 x 10 ^ c.g.s. units at 16° C for 
hydrogen and rj == 197 x 10 ~® c.g.s. units at 16° C for hehum, for radon- 
hydrogen molecules was found to be 6*0 and that for radon-helium molecules 


646. 

‘ Chapman ( 1929 ) has also shown that a first approximation to 
is given by „ .. J_ + B >T^ 

^ iew* MiM^ pNQitW ^ ’ 


where and ilf, are the molecular weights of the two constituents of the 
gas mixture and N is the number of molecules per gram molecule. £}is(ll) 
is defined by the equation 




irii 
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where /i{«i 2 ) is a constant for a given pair of molecules which has been 
evaluated for various values of Sjg and Ki^ is defined by the equation 


Mu ~ ^u 


Wli + TOj’ 


(9) 


j being the repulsive force constant between dissimilar molecules of masses 
nil respectively. 

When «i 2 is known, the experimental value ofDi^ is sufficient to determine 
from equations (7), (8) and (9). For radon-hydrogen molecules (Si 2 =9'0). 
/^(sig) i® 2-47 and for radon-helium molecules (s^g = 6'46), /i(Si 2 ) is 2'46. 
Thus the value of /tjg for radon-hydrogen molecules is 2-4 x 10-**, and that 
for radon-helium molecules 9*5 x The repulsive force between these 
dissimilar molecules may therefore be expressed by the equations 


Fia = 2-4 X radon-hydrogen, 

Fjg = 9-6 X radon-helium. 


Discussion 

The repulsive force index for radon-hydrogen and radon-helium molecules 
which are now derived from experimental evidence, are rather lower than the 
corresponding approximate values given in Table II of the previous investi¬ 
gation (Harrison 1937 ). But the revised values of s^g <^0 not differ funda¬ 
mentally from the previous ones and serve to emphasize the extremely 
"soft” nature of the radon molecule. This is readily seen if the values of 

Table II. Values of fob various dissimilae molecules 



Dj, om.* 



Gas 

15® C and 



mixture 

76 cm. Hg 

«18 

/*ii 

H,.N, 

0*748* 

8*3t 

6-1 X 10“«« 

H,-C0, 

0-598* 

6-9t 

2*9 X 10 -« 


0-476 

6-0 

2-4 X 10-« 

He-A 

0-704t 

9-Ot 

l-2xl0-« 

He-Rn 

0-361 

6-45 

9‘6xl0-w 


* Boardman and Wild (1937). t Ihbs and Grew (1931). f Lonius (1909). 

«ig obtained for radon-hydrogen and radon-helium are compared with th(»e 
between other unlike pairs of molecules contedning hydrogmi or helium, 
given in the table referred to above. 

It is also of interest to compare the values of ^ 1 . obtained for radon- 
hydrogen and radon-helium with that for other pairs of molecules. Tbe 
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necessary diffusion and thermal diffusion data ate available for hydrogen- 
nitrogen, hydrogen-carbon dioxide and helium-argon mixtures. Using the 
data for D^and are given in Table 11, the value of calculated 

for each of these pairs of molecules from equations (7), ( 8 ) and (9). These 
are shown in column 4 of the table, the corresponding values for radon- 
hydrogen and radon-helium being included. 

In each case, when radon is mixed with a particular gas it gives the highest 
value of for mixtures containing that gas. 

Thermal diffusion experiments using radon-neon and radon-argon mix¬ 
tures are in progress and when these experiments are completed jP^g may be 
calculated for these pairs of molecules from the experimental data. 

In conclusion, we wish to thank Professor M. L. E. Oliphant, F.R.S., 
for the full facilities which he has provided for carrying out this work. 
Our thanks are also due to Dr T. L. Ibbs for his valuable advice and criticism. 
One of us (W. H.) is also indebted to the Department of Scientific and 
Industrial Research for a grant to enable this work to be completed. 


Summary 

Diffusion measurements have been made for gas mixtures containing 
radon mixed with hydrogen, helium, neon, argon and air. The results of 
these experiments in the cases of radon-hydrogen and radon-helium 
mixtures, together with the thermal diffusion experiments already made 
(Harrison 1937 ), sufiSoe to determine the reptdsive force between these two 
pairs of molecules. 

It is shown that all previous measurements of the coefficient of diffusion 
of radioactive gas mixtures are subject to an error due to the adhesion of 
the emanation to the walls of the diffusion apparatus which always tends 
to reduce the experimental values obtained for the diffusion coefficient. 
An experimental study has been made of the means by which adhesion 
can be made of negligible account in diffusion experiments and an apparatus 
has been designed which eliminates this disturbing effect. The agreement 
between the final values obtained for the diffusion coefficient of radon gas 
mixtures is as good as that between the values recently obtained for the 
coefficient of diffusion of non-radioactive gas mixtures. 

The repulsive force between radon-hydrogen and radon-helium molecules 
is Coinpared with that between hydrogen-nitrogen, hydrogen-carbon dioxide 
and helium-argon molecules. The radon molecule is shown to be very 
“soft”. 
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391. 

Tabor (D.) See Bowden and Tabor. 

Temple (G.) The general theory of relaxation methods applied to linear 
systems, 476. 

Weiss (P*) On the Hamilton-Jaoobi theory and quantization of a dynamical 
continuum, 102. 
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Wynne-Jones (W. F. K.) See Everett and Wynne-Jones. 


X-radiation, excitation of (Curran and others), 269. 


END OF THE ONE HUNDRED AND SIXTY-NINTH VODltMB (SERIES A) 





